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Introduction

Motivation. This work grew out of our attempt to understand the analog
in algebraic geometry of the fundamental paper of Quillen on the cobordism
of differentiable manifolds [30]. In this paper, Quillen introduced the notion
of a (complex) oriented cohomology theory on the category of differentiable
manifolds, which basically means that the cohomology theory is endowed with
suitable Gysin morphisms, and in particular gives the cohomology theory the
additional structure of Chern classes for complex vector bundles. Quillen then
observed that the complex cobordism theory X +— MU*(X) is the universal
such cohomology theory.

This new point of view allowed him to shed some new light on classical
computations in cobordism theory. He made more precise the computation
by Milnor and Novikov of the complex cobordism ring MU* as a polynomial
ring: it is in fact the Lazard ring L, the coefficient ring of the universal formal
group law defined and studied in [16]. The isomorphism

L= MU”

is obtained via the formal group law Fpsy(u,v) on MU* defined as the ex-
pression of the Chern class ¢; (L ® M) of a tensor product of line bundles as
a power series in ¢; (L) and ¢; (M) by the formula

ci(L® M) = Fyy(ei(L), 1 (M)).

This result of Quillen is in fact a particular case of his main theorem
obtained in [30]: for any differentiable manifold X, the L-module MU*(X)
is generated by the elements of non-negative degrees. We observe that this is
highly non-trivial as the elements of L, in the cohomological setting, are of
negative degree!

Quillen’s notion of oriented cohomology extends formally to the category
Smy, of smooth quasi-projective k-schemes, with k£ a fixed field, see section
1.1. Our main achievement here is to construct the universal oriented coho-
mology theory £2* on Smy, which we call algebraic cobordism, and to prove
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the exact analogs of Quillen’s theorems in this setting, at least over a field of
characteristic zero. The computation

L = 2*(Speck)

is done in section 4.3, and the theorem asserting that 2*(X) is generated by
elements of non-negative degrees is proved in section 4.4. Surprisingly, this
result can be precisely reformulated, in algebraic geometry, as the generalized
degree formula conjectured by Rost. We will give on the way other applications
and examples, explaining for instance the relationship between our §2* and
the Ky functor of Grothendieck or the Chow ring functor CH™.

It is fascinating to see that in the introduction of his paper Quillen ac-
knowledges the influence of Grothendieck’s philosophy of motives on his work.
Here the pendulum swings back: our work is strongly influenced by Quillen’s
ideas, which we try to bring back to the “motivic” world. In some sense, this
book is the result of putting Quillen’s work [30] together with Grothendieck’s
work on the theory of Chern classes [11]. Indeed, if one relaxes the axiom from
the paper of Grothendieck that the first Chern class ¢; : Pic(X) — AY(X) is a
group homomorphism, then in the light of Quillen’s work, one has to discover
algebraic cobordism.

Overview. Most of the main results in this book were announced in [20, 21],
and appeared in detailed form in the preprint [18] by Levine and Morel and
the preprint [19] by Levine. This book is the result of putting these works
together!.

The reader should notice that we have made a change of convention on
degrees from [20, 21]; there our cohomology theories were assumed to be take
values in the category of graded commutative rings, and the push-forward
maps were assumed to increase the degree by 2 times the codimension. This
had the advantage of fitting well with the notation used in topology. But
as is clear from our constructions, we only deal with the even part, and for
notational simplicity we have divided the degrees by 2.

This book is organized as follows. In order to work in greater generality as
in [9], instead of dealing only with cohomology theories on smooth varieties, we
will construct 2* as an oriented Borel-Moore homology theory X +— £2,(X)
on the category of a finite type k-schemes.

In chapter 1, we introduce the notion of an oriented cohomology theory
and state our main results. In chapter 2, we construct algebraic cobordism over
any field as the universal “oriented Borel-Moore L.,-functor of geometric type”
on the category of finite type k-schemes. Our construction is not merely an
existence theorem, we define algebraic cobordism by giving explicit generators
and relations.

! The second author wishes to thank the first author very much for incorporating
his part, and for his work combining the two parts into a whole
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An oriented Borel-Moore L,-functor of geometric type has by definition
projective push-forward, smooth pull-back, external products and 1st Chern
class operators for line bundles, satisfying some natural axioms. However,
this structure is not sufficient for our purposes, as one needs in addition a
projective bundle formula and an extended homotopy property. In chapter 3
we establish our fundamental technical result: the localization theorem 1.2.8,
when k admits resolution of singularities. The rest of the chapter 3 deduces
from this theorem the projective bundle formula and extended homotopy in-
variance for algebraic cobordism.

Chapter 4 introduces the dual notions of oriented weak cohomology theo-
ries and oriented Borel-Moore weak homology theories. We develop the theory
of Chern classes for these theories, give some applications, and then prove all
the theorems announced in the introduction. One should note however that
theorems 1.2.2 and 1.2.6 are only proven here in the weaker form where one
replaces the notion of oriented cohomology theory by the notion of weak ori-
ented cohomology theory. However, the proofs of the other theorems such as
theorem 1.2.3, the various degree formulas and theorem 1.2.7 require only
those weak forms.

Chapters 5 and 6 of this work deal with pull-backs. The essential difference
between an oriented cohomology theory and an oriented weak cohomology the-
ory is that the latter have only pull-backs for smooth morphisms while the
former have pull-backs for any morphism between smooth k-schemes. It is
convenient to work with the dual notion of an oriented Borel-Moore homol-
ogy theory on the category of finite type k-schemes, which is introduced in
chapter 5. Our main task in this setting is to construct pull-back maps for any
local complete intersection morphism, which is done in chapter 6 (assuming
k admits resolution of singularities). We conclude in chapter 7 by finishing
the proofs of theorems 1.2.2 and 1.2.6, and extending many of our results
on the oriented cohomology of smooth schemes to the setting of Borel-Moore
homology of local complete intersection schemes.

Notations and conventions. We denote by Schg the category of separated
schemes of finite type over S and by Smg its full subcategory consisting of
schemes smooth and quasi-projective over S. For an S-scheme X, we shall
denote by mx : X — S the structural morphism. By a smooth morphism, we
will always mean a smooth and quasi-projective morphism. In particular, a
smooth S-scheme will always be assumed to be quasi-projective over S.

Throughout this paper, we let £ be an arbitrary field, unless otherwise
stated. We will usually, but not always, take S = Speck.

We denote by Ox the structure sheaf of a scheme X and by Oy, or simply
O when no confusion can arise, the trivial line bundle over X. Given a Cartier
divisor D C X we let Ox (D) denote the invertible sheaf determined by D
and Ox (D) the line bundle whose Ox-module of sections is Ox (D). For a
vector bundle E — X, we write Ox(E) for the sheaf of (germs of) sections
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of E. In general, we will pass freely between vector bundles over X and the
corresponding locally free coherent sheaves of Ox modules.

For a locally free coherent sheaf £ on a scheme X, we let ¢ : P(€) —
X denote the projective bundle Proje, (Symg  (€)), and ¢*&€ — O(1)¢ the
canonical quotient invertible sheaf. For a vector bundle £ — X, we write
P(E) for P(O(E)), and ¢*E — O(1)g for the canonical quotient line bundle.
For n > 0, O% will denote the trivial vector bundle of rank n over X, and we
write 7, for the line bundle O(1) gn+1 on P

For a an element of a commutative ring R, we write a for the R-valued
point (1 : a) of Pk := ProjzR[Xo, X1], and oo for the point (0 : 1). Similarly,
we use the coordinate = := X3 /Xy to identify P}, \ oo with Af,. For a functor
F defined on a sub-category of Schy we will usually write F'(k) instead of
F(Speck).

Acknowledgments. We would like to thank all those who made com-
ments and suggestions on earlier versions of this text, especially Annette
Huber-Klawitter, Jdnos Kollar, Alexander Merkurjev, Alexander Nenashev,
Ivan Panin, Joél Riou and Jorg Wildeshaus. We would like to thank Jorg
Schiirmann for pointing out an error in our construction of Chern classes
in oriented weak homology, and for discussions which helped lead us to the
correct version. The sections on refined pull-back and the excess intersection
formula were added to our original two papers following suggestions of Rahul
Pandharipande. We also thank the participants in the Oberwolfach Arbeitsge-
meinschaft on Algebraic Cobordism for presenting the material contained here
in a seminar setting and giving it a critical run-through. Finally, we would like
to thank the referee for several useful suggestions and the staff at Springer,
especially Ute Motz, for their help in bringing this project to fruition.

Beside our obvious debt to Quillen, the reader will not fail to notice our
repeated reliance on the ideas in Fulton’s book [9]. In fact, one can view a
large portion of this book as a revision of [9], replacing cycles with “cobordism
cycles” and adding a liberal dash of Hironaka’s resolution of singularities.

Marc Levine: Much of what went in to this book came out of discussions
with Fabien Morel during my visit in the summer of 2000 to the Université
de Paris 7, with subsequent work taking place during a number of visits to
the Universitdt Duisburg—Essen. I would like thank both universities for their
support and hospitality. Thanks are also due to Northeastern University for
encouraging and supporting my research. Finally, I am grateful for support
from the NSF via the grants DMS-987629, DMS-0140445 and DMS-0457195,
and the Humboldt Foundation through the Wolfgang Paul program.

Boston, Essen, Miinchen, Marc Levine
August, 2006 Fabien Morel
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1

Cobordism and oriented cohomology

In this chapter, we introduce the axiomatic framework of oriented cohomology
theories, and state our main results.

1.1 Oriented cohomology theories

Fix a base scheme S. For z € Z € Smg we denote by dimg(Z, z) the dimension
over S of the connected component of Z containing z

Let d € Z be an integer. A morphism f : Y — X in Smg has relative
dimension d if, for each y € Y, we have dimg(Y,y) — dimg(X, f(y)) = d. We
shall also say in that case that f has relative codimension —d.

For a fixed base-scheme S, V will usually denote a full subcategory of Schg
satisfying the following conditions

1. S and the empty scheme are in V.

2. If Y — X is a smooth quasi-projective morphism in Schg with X € V,
then Y € V.

If X and Y are in V, then so is the product X xg Y.

4. If X and Y arein V, sois X [[Y.

©w

(1.1)
In particular, V contains Smg. We call such a subcategory of Schg admissible.

Definition 1.1.1. Let f: X — Z, g: Y — Z be morphisms in an admissible
subcategory V of Schg. We say that f and g are transverse in V if

1. Torfz((’)y,(’)x) =0 for all ¢ > 0.
2. The fiber product X Xz Y isin V.

If V = Smg we just say f and g are transverse; if V = Schg, we sometimes
say instead that f and g are Tor-independent.
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We let R* denote the category of commutative, graded rings with unit. Ob-
serve that a commutative graded ring is not necessarily graded commutative.
We say that a functor A* : Sm’ — R* is additive if A*(0) = 0 and for any
pair (X,Y) € Sm% the canonical ring map A*(X 1Y) — A*(X) x A*(Y) is
an isomorphism.

The following notion is directly taken from Quillen’s paper [30]:

Definition 1.1.2. Let V be an admissible subcategory of Schg. An oriented
cohomology theory on V is given by

(D1). An additive functor A* : V°P — R*.
(D2). For each projective morphism f:Y — X in V of relative codimension
d, a homomorphism of graded A*(X)-modules:

fo i A5(Y) — A*H(X)

Observe that the ring homomorphism f* : A*(X) — A*(Y) gives A*(Y)
the structure of an A*(X)-module.

These satisfy

(A1). One has (Idx)« = Ida-(x) for any X € V. Moreover, given projective
morphisms f:Y — X andg: Z — Y inV, with f of relative codimension
d and g of relative codimension e, one has

(fog)s=fiog.: A%(Z) = A*HHe(X).

(A2). Let f : X — Z, g: Y — Z be transverse morphisms in V, giving the
cartesian square

’

w—L-x

A
Y

— 7 Z

Suppose that f is projective of relative dimension d (thus so is f'). Then
9" fe = flg"™.
(PB). Let E — X be a rank n vector bundle over some X inV, O(1) — P(E)
the canonical quotient line bundle with zero section s : P(E) — O(1). Let
1 € A°(P(E)) denote the multiplicative unit element. Define ¢ € AY(P(E))
by
£ = 5*(5.(1)).

Then A*(P(E)) is a free A*(X)-module, with basis

(1,&,...,6" 1.

(EH). Let E — X be a vector bundle over some X inV, and letp:V — X
be an E-torsor. Then p* : A*(X) — A*(V) is an isomorphism.
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A morphism of oriented cohomology theories on V is a natural transformation
of functors V°P — R* which commutes with the maps f..

The morphisms of the form f* are called pull-backs and the morphisms of
the form f, are called push-forwards. Axiom (PB) will be referred to as the
projective bundle formula and axiom (EH) as the extended homotopy property.

We now specialize to S = Speck, V = Smy, k a field. Given an oriented
cohomology theory A*, one may use Grothendieck’s method [11] to define
Chern classes c;(E) € AY(X) of a vector bundle E — X of rank n over X
as follows: Using the notations of the previous definition, axiom (PB) implies
that there exists unique elements c;(E) € A%(X), i € {0,...,n}, such that
co(E) =1 and

S -iamei=o.

i=0
One can check all the standard properties of Chern classes as in [11] using the
axioms listed above (see §4.1.7 for details). Moreover, these Chern classes are
characterized by the following properties:

1) For any line bundle L over X € Smy, ¢1(L) equals s*s.(1) € A(X), where
s : X — L denotes the zero section.
2) For any morphism Y — X € Smy, and any vector bundle E over X, one
has for each i > 0
ai(f*E) = f(ci(E)).
3) Whitney product formula: if
0—F —-FE—E"—=0

is an exact sequence of vector bundles, then one has for each integer n > 0:
cn(E) =Y ci(E) eni(E").
i=0
Sometime, to avoid confusion, we will write c¢{!(E) for the Chern classes of E
computed in the oriented cohomology theory A*.

The fundamental insight of Quillen in [30], and the main difference with
Grothendieck’s axioms in [11], is that it is not true in general that one has
the formula

Cl(L (9 M) = Cl(L) + Cl(M)
for line bundles L and M over the same base. In other words the map
c1 : Pic(X) — A(X)
L ¢ (L),

is not assumed to be a group homomorphism, but is only a natural transforma-
tion of pointed sets. In fact, a classical remark due to Quillen [30, Proposition
2.7] describes the way ¢; is not additive as follows (see proposition 5.2.4 for a
proof of this lemma):
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Lemma 1.1.3. Let A* be an oriented cohomology theory on Smy. Then for
any line bundle L on X € Smy, the class c1(L)™ vanishes for n large enough'.
Moreover, there is a unique power series

Fa(u,v) = Zai’j u'v? € A*(k)[[u, v]]

with a; ; € A'™"7I(k), such that, for any X € Smy and any pair of line
bundles L, M on X, we have

Falei(L), 1 (M) = e (L ® M).

In addition, the pair (A*(k), Fa) is a commutative formal group law of rank
one.

Recall from [16] that a commutative formal group law of rank one with coef-
ficients in A is a pair (A, F') consisting of a commutative ring A and a formal
power series
F(u,v) = Zam u' vl € Af[u,v]]
4,J
such that the following holds:

1. F(u,0) = F(0,u) =u € A[[u]].
2. F(u,v) = F(v,u) € Alu,v]].
3. F(u, F(v,w)) = F(F(u,v),w) € Al[u,v,w]].

These properties of F'4 reflect the fact that, for line bundles L, M, N on X €
Smy, one has:

1 LeOx=0x®L=1L EPiC(X).
2. L®M=M®L < Pic(X).
. LROMN)=(LeM)®N € Pic(X).

Lazard pointed out in [16] that there exists a universal commutative formal
group law of rank one (L, F1,) and proved that the ring L. (now called the
Lazard ring) is a polynomial ring with integer coefficients on a countable
set of variables x;, ¢ > 1. The construction of (I, FL) is rather easy. Set
L = Z[{Ai,| (i,j) € N?}], and F(u,v) = 3, ; A;ju'v? € L[[u,v]]. Then
define IL to be the quotient ring of L by the relations obtained by imposing
the relations (1), (2) and (3) above to F', and let

L= Zai’j u'v? € Ll[u,v])
i,J

denote the image of F by the homomorphism L — L. It is clear that the
pair (L, F1,) is the universal commutative formal group law of rank one, which

! In fact we will prove later on that n > dimg(X) suffices; this follows from theo-
rem 2.3.13 and proposition 5.2.4.
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means that to define a commutative formal group law of rank one (F, A) on
A is equivalent to giving a ring homomorphism @ : L — A.

The Lazard ring can be graded by assigning the degree ¢ + j — 1 to the
coeflicient a; ;. We denote by L, this commutative graded ring. We could as
well have graded it by assigning the degree 1 — i — j to the coefficient a; ;, in
which case we denote by L* the corresponding commutative graded ring. For
instance L =Ly =Z and L™ =L, =0if n < 0.

One can then check that for any oriented cohomology theory A* the ho-
momorphism of rings induced by the formal group law given by lemma 1.1.3
is indeed a homomorphism of graded rings

DL — A" (k)

Ezxample 1.1.4. The Chow ring X — CH"(X) is a basic example of an oriented
cohomology theory on Smy; this follows from [9]. In that case, the formal
group law obtained on Z = CH*(k) by lemma 1.1.3 is the additive formal
group law Fy,(u,v) = u + v.

Ezample 1.1.5. Another fundamental example of oriented cohomology the-
ory is given by the Grothendieck K° functor X +— KY(X), where for X
a smooth k-scheme, K°(X) denotes the Grothendieck group of locally free
coherent sheaves on X. For £ a locally free sheaf on X we denote by
[€] € KY(X) its class. The tensor product of sheaves induces a unitary, com-
mutative ring structure on K°(X). In fact we rather consider the graded ring
K°%X)[B3,87Y := K%X) ®z Z[3, 371], where Z[3, 371] is the ring of Laurent
polynomial in a variable 3 of degree —1.

It is endowed with pull-backs for any morphism f : Y — X by the formula:

f(er-pm) =1 "

for £ a locally free coherent sheaf on X and n € Z. We identify K%(X) with
the Grothendieck group Go(X) of all coherent sheaves on X by taking a finite
locally free resolution of a coherent sheaf (X is assumed to be regular). This
allows one to define push-forwards for a projective morphism f :Y — X of
pure codimension d by the formula

Fe([€]B87) = T (1) (R fu(E)] - 8774 € Ko(X)[B,671]

for £ a locally free sheaf on Y and n € Z. One can easily check using standard
results that this is an oriented cohomology theory.

Moreover, for a line bundle L over X with with projection 7 : L — X,
zero section s : X — L and sheaf of sections £, one has

8" (5:(1x)) = 8" ([Osx)871) = s"(L = [7*(£)"]) 3~ = (1L = [LY])B™"

so that ¢ (L) := (1 —[£Y])3~1. We thus find that the associated power series
F is the multiplicative formal group law
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Fo(u,v) :=u+v— fuv
as this follows easily from the relation
A-[(LaM)'])=0-[L])+ A= [M]) =1 [L]DA-[M])

in K°(X), where £ and M are invertible sheaves on X.

1.2 Algebraic cobordism

Definition 1.2.1. Let A* be an oriented cohomology theory on Smy with as-
sociated formal group law Fa.

1) We shall say that A* is ordinary if Fa(u,v) is the additive formal group
law.

2) We shall say that A* is multiplicative if Fa(u,v) = u+ v — buv for some
(uniquely determined) b € A=(k); we shall say moreover that A* is peri-
odic if b is a unit in A*(k).

Our main results on oriented cohomology theories are the following three
theorems. In each of these statements, A* denoted a fixed oriented cohomology
theory on Smy:

Theorem 1.2.2. Let k be a field of characteristic zero. If A* is ordinary then
there exists one and only one morphism of oriented cohomology theories
IGH . CH* — A*,
Theorem 1.2.3. Let k be a field. If A* is multiplicative and periodic then
there exists one and only one morphism of oriented cohomology theories
0% KO[B, 57 — A"

Theorem 1.2.2 says that, in characteristic zero, the Chow ring functor is
the universal ordinary oriented cohomology theory on Smy. It seems reason-
able to conjecture that this statement still holds over any field. Theorem 1.2.3
says that K°[3,37!] is the universal multiplicative and periodic oriented co-
homology theory on Smy.

Remark 1.2.4. The classical Grothendieck-Riemann-Roch theorem can be eas-
ily deduced from theorem 1.2.3, see remark 4.2.11.

Remark 1.2.5. Using theorem 1.2.3 and the fact that for any smooth k-scheme
the Chern character induces an isomorphism

ch: K°%X)®Q=CH(X)®Q

(where CH denotes the ungraded Chow ring), it is possible to prove Q-versions
of theorem 1.2.2 and theorem 1.2.6 below over any field.
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Well-known examples of ordinary cohomology theories are given by the
“classical” ones: the even part of étale ¢-adic cohomology theory (with ¢ #
char(k) a prime number), the even de Rham cohomology theory over a field of
characteristic zero, the even part of Betti cohomology associated to a complex
embedding of the base field. In some sense theorem 1.2.2 and its rational
analog over any field explains, a priori, the existence of the cycle map in all
these classical cohomology theories.

The following result introduces our main object of study:

Theorem 1.2.6. Assume k has characteristic zero. Then there exists a uni-
versal oriented cohomology theory on Smy, denoted by

X = 27(X),

which we call algebraic cobordism. Thus, given an oriented cohomology theory
A* on Smy, there is a unique morphism

9: 0" — A*
of oriented cohomology theories.

In addition, we have two main results describing properties of the universal
theory (2* which do not obviously follow from universality. The first may be
viewed as an algebraic version of Quillen’s identification of MU*(pt) with L:

Theorem 1.2.7. For any field k of characteristic zero, the canonical homo-
morphism classifying Fg,

b L* — 02%(k)
is an isomorphism.

The second reflects the strongly algebraic nature of 2*:

Theorem 1.2.8. Let i : Z — X be a closed immersion between smooth vari-
eties over k, d the codimension of Z in X and j : U — X the open immersion
of the complement of Z. Then the sequence

-k

22) 5 07 (X) L 27 (U) = 0
is exact.

The construction of £2* is directly inspired by Quillen’s description of com-
plex cobordism [30]: For f : Y — X a projective morphism of codimension d
from a smooth k-scheme Y to X denote by [f : Y — X]a € A4(X) the ele-
ment f,(1y). For each X, 29(X) is generated as a group by the isomorphism
classes of projective morphisms Y — X of codimension d with Y smooth.
The morphism ¥ necessarily maps f : ¥ — X to [f : ¥ — X]4, which
proves uniqueness of 9. Observe that 2"(X) = 0 for n > dim(X). When
X = Speck we simply denote by [Y] € 274(k) and [Y]4 € A~4(k) the class
of the projective smooth variety Y — Spec k of dimension d.
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Remark 1.2.9. One should note that the relations defining £2* are not just the
obvious “algebraization” of the complex cobordism relations. Indeed, one can
consider projective morphisms of the form f : Y — X x P! with ¥ smooth
and f transverse to the inclusion X x {0,1} — X x P!. Letting fo : Yo — X,
f1:Y7 — X be the pull-backs of f via X x0 — X xP! and X x1 — X x P!,
respectively, we do have the relation

[fo:Yo— X]=[fi: V1 — X]

in 2*(X). However, imposing only relations of this form on the free abelian
group of isomorphism classes of projective morphisms f : Y — X (with YV
irreducible and smooth over k) does not give 2*(X), even for X = Speck,
and even for algebraically closed k. To see this, consider 271(k), i.e., the
part of 2*(k) generated by the classes of smooth projective curves C' over k.
Clearly, the genus and the number of (geometrically) connected components
is invariant under the “naive” cobordisms given by maps Y — P!, but we
know that L=! = Z, generated by the class of P'. Thus, if one uses only the
naive notion of algebraic cobordism, it would not be possible to make a curve
of genus g > 0 equivalent to (1 — g)P!, as it should be.

Ezample 1.2.10. In [30], Quillen defines a notion of complex oriented cohomol-
ogy theory on the category of differentiable manifolds and pointed out that
complex cobordism theory X — MU*(X) can be interpreted as the universal
such theory. Our definition 1.1.2 is so inspired by Quillen’s axioms that given a
complex imbedding o : k — C, it is clear that the functor X — MU?*(X,(C))
admits a canonical structure of oriented cohomology theory (X, (C) denoting
the differentiable manifold of complex points of X X C). From the universal-
ity of algebraic cobordism we get for any X € Smy, a canonical morphism of
graded rings
2%(X) — MU**(X,(C)).

Given a complex embedding o : k — C the previous considerations define
a ring homomorphism
PP 0* — MU,

In very much the same way, given an extension of fields £ C K and a
k-scheme X denote by X the scheme X Xgpecr Spec K. For any oriented
cohomology theory A* on Smy, the functor

(Smy)” — R*, X v A*(Xx)

is an oriented cohomology theory on Smy. In particular, we get natural mor-
phisms 2*(X) — 2*(Xk), giving in the case X = Speck a canonical ring
homomorphism

(k) — Q" (K).

Theorem 1.2.7 easily implies:
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Corollary 1.2.11. Let k be a field of characteristic zero.
(1) Given a complex embedding o : k — C the canonical homomorphism
oloP . (0% (k) — MU (pt)

18 an isomorphism.
(2) Given a field extension k C F, the canonical homomorphism

2% (k) — 2°(F)
s an isomorphism

Remark 1.2.12. Suppose char(k) = 0. Let X be a smooth irreducible quasi-
projective k-scheme, with field of functions K. One then has a canonical ho-
momorphism of rings 2*(X) — 2%(K) defined as the composition of the
canonical morphism 2*(X) — 2*(Xg) (extension of scalars) with the re-
striction 2*(X k) — £2*(K) to the tautological K-point of X k. It corresponds
to “taking the generic fiber” in the sense that given a projective morphism
f Y — X of relative codimension d and generic fiber Yy — Spec K, a
smooth projective K-scheme, its image by the previous homomorphism is the
class [Yx] € 24(K).

The composition 2*(k) — 2*(X) — 2*(K) is an isomorphism by corol-
lary 1.2.11(2). We denote by

deg : 2*(X) — 2°(k)

the composition of 2*(X) — £2*(K) and the inverse isomorphism 2*(K) —
£2*(k). Now, for a morphism f : Y — X of relative codimension 0, we have
the degree of f, denoted deg(f), which is zero if f is not dominant and equal
to the degree of the field extension k(X) — k(Y) if f is dominant. We observe
that 2°(k) is canonically isomorphic to Z and that through this identification,
deg([f : Y — X]) = deg(f) in case f has relative codimension zero.

From theorem 1.2.8 and corollary 1.2.11 we get the following result, which
is a very close analogue of the fundamental results in [30] concerning complex
cobordism.

Corollary 1.2.13. Let k be a field of characteristic zero and let X be in Smy,.
Then 2*(X) is generated as an L*-module by the classes of non-negative
degrees (Recall that 1L* is concentrated in degrees < 0).

Indeed corollary 1.2.11, with F' = k(X), implies that a given element
n € 2*(X) is “constant” over some open subscheme j: U — X of X:

j*n = deg(n) - 1y.

By theorem 1.2.8, the difference n—deg(n) - 1x comes from 2* of some proper
closed subscheme Z (after removing the singular locus of Z), and noetherian
induction completes the proof. In fact, since each reduced closed subscheme
Z of X has a smooth birational model Z — Z, we get the following more
precise version, which we call the generalized degree formula:
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Theorem 1.2.14. Let k be a field of characteristic zero. Let X be in Smy.
For each closed integral subscheme Z C X let Z — Z be a projective birational
morphism with Z smooth quasi-projective over k and let [Z — X] € 2*(X)
denote the class of the projective morphism Z — X. Then 2* (X) is generated
as an L*-module by the classes [Z — X].

In particular, for any irreducible X € Smy, 2*(X) is generated as an L*-
module by the unit 1 € 2°(X) and by the elements [Z — X] with dim(Z) <
dim(X), that is to say of degrees > 0 in 2*(X). More precisely, for n €
2*(X), there are integral proper closed subschemes Z; of X, and elements
a; € 2%(k), i=1,...,r, such that

n = deg(n) - [ldx] + Z o - [Z: — X]. (1.2)

Given a smooth projective irreducible k-scheme X of dimension d > 0,
Rost introduces (see [23]) the ideal M (X) C L* = £2*(Speck) generated by
classes [Y] € L* of smooth projective k-schemes Y of dimension < d for which
there exists a morphism Y — X over k. The following result establishes
Rost’s degree formula as conjectured in [23]. It is an obvious corollary to
theorem 1.2.14 and remark 1.2.12.

Theorem 1.2.15. Let k be a field of characteristic zero. For any morphism
f:Y — X between smooth projective irreducible k-schemes the class [Y] —
deg(f)[X] of L* lies in the ideal M (X). In other words, one has the following
equality in the quotient ring L* /M (X):

[Y] = deg(f) - [X] € L*/M(X).
We shall also deduce the following

Theorem 1.2.16. Let k be a field of characteristic zero. Let X be a smooth
projective k-variety.

1. The ideal M (X) is a birational invariant of X.
2. The class of X modulo M(X):
[X] e L*/M(X)
is a birational invariant of X as well.

For instance, let d > 1 be an integer and let N; be the d-th Newton
polynomial,
Ny(z1,...,zq) € Zlx1,...,24].

Recall that if o; is the ith elementary symmetric function in variables ¢y, to, . . .,
then
Nd(O'l, ey O’d) = Eitgl.
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If X is smooth projective of dimension d, we set
Sd(X) S degNd(Cla s ,Cd)(TX) € Z7

Tx denoting the tangent bundle of X and deg : CHd(X ) — Z the usual degree
homomorphism. One checks that if X and Y are smooth projective k-schemes
of dimension d and d’, one has Sgyq/(X xY) =0 if both d > 0 and d’ > 0.
We also know (see [3]) that if d is of the form p™ — 1 where p is a prime
number and n > 0, then s4(X) := % is always an integer. In that case,
using theorem 1.2.14 and observing that if dim(Z) < d then s4([W]-[Z]) # 0

implies dim(Z) = 0 one obtains the following result:

Corollary 1.2.17. Let f : Y — X be a morphism between smooth projective
varieties of dimensions d > 0. Assume that d = p™ — 1 where p is a prime
number and n > 0. Then there exists a 0-cycle on X with integral coefficients
whose degree is the integer

54(Y) — deg(f) - sa(X).
This formula was first proven by Rost?, and then generalized further by
Borghesi [4].
Consider now the graded ring homomorphisms

P, L =7
and
P, L* — Z[3, 871

classifying respectively the additive and multiplicative formal group laws.
Theorem 1.2.6 obviously implies that, over a field of characteristic zero,
the ordinary oriented cohomology theory

X = 29(X) @ Z

obtained by extension of scalars from §2* via &, is the universal ordinary
oriented cohomology theory. In the same way theorem 1.2.6 implies that, over
a field of characteristic zero, the multiplicative oriented cohomology theory

X = 2°(X) @ Z[B, 7]

obtained by extending the scalars from (2* via @,, is the universal multi-
plicative periodic oriented cohomology theory. Over a field of characteristic
zero, we get from theorem 1.2.6 canonical morphisms of oriented cohomology
theories
2" — CH"

and

@ — K°[3,67).
We immediately deduce from theorems 1.2.3 and 1.2.6 the following result:

2 V. Voevodsky had considered weaker forms before.
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Theorem 1.2.18. Owver a field of characteristic zero, the canonical morphism
2" — K3, 57
induces an isomorphism
2" ®L- Z[B, 7' = K°[B, A7)

Theorem 1.2.18 is the analogue of a well-known theorem of Conner and Floyd
[5]. Theorems 1.2.2 and 1.2.6 similarly imply the analogous relation between
0* and CH™:

Theorem 1.2.19. Let k be a field of characteristic zero. Then the canonical
morphism
2" — CH*

induces an isomorphism
* R+ L — CH".

In fact, we prove theorem 1.2.19 before theorem 1.2.2, using theorem 1.2.3,
theorem 1.2.6, theorem 1.2.7 and some explicit computations of the class of
a blow-up of a smooth variety along a smooth subvariety. We then deduce
theorem 1.2.2 from theorems 1.2.6 and 1.2.19.

Remark 1.2.20. The hypothesis of characteristic zero in theorems 1.2.6, and
the related theorem 1.2.18 is needed only to allow the use of resolution of
singularities, and so these results are valid over any field admitting resolution
of singularities in the sense of Appendix A. Theorem 1.2.7 uses resolution of
singularities as well as the weak factorization theorem of [2] and [37]. Thus
theorems 1.2.2 and 1.2.19 rely on both resolution of singularities and the weak
factorization theorem.

Our definition of the homomorphism deg, on the other hand, relies at
present on the generic smoothness of a morphism ¥ — X of smooth k-
schemes, hence is restricted to characteristic zero, regardless of any assump-
tions on resolution of singularities. Thus, the explicit formula (1.2) in theo-
rem 1.2.14 relies on characteristic zero for its very definition. Since the proof of
theorem 1.2.19 relies on theorem 1.2.14, this result also requires characteristic
zero in the same way.

Remark 1.2.21. Theorem 1.2.19, together with the natural transformation de-
scribed in example 1.2.10, immediately implies a result of B. Totaro [34] con-
structing for any smooth C-variety X, a map

CH*(X) — MU**(X) ®- Z

factoring the topological cycle class map CH*(X) — H?*(X,Z) through the
natural map MU**(X) @« Z — H**(X,Z).



1.3 Relations with complex cobordism 13

Remark 1.2.22. Unoriented cobordism. Let X +— MO*(X) denote unoriented
cobordism theory and MO* := M O*(pt) the unoriented cobordism of a point,
as studied by Thom [33]. Given a real embedding o : & — R, then for any
smooth k-scheme X of dimension d denote by X, (R) the differentiable man-
ifold (of dimension d) of real points of X. Then clearly, the assignment

X s MO*(X,(R))

has a structure of oriented cohomology theory on Smy (one can use [30];
observe that the associated theory of Chern classes is this case is nothing but
the theory of Stiefel-Whitney classes in M O*(X,(R))). Thus we get from the
universality of 2* a natural transformation

2" (X) — MO*(X,(R)).

From theorem 1.2.7 we thus get for any real embedding k¥ — R a natural
homomorphism:

WkﬁR : ]L* = Q*(k) — MO*

which (using corollary 1.2.11) does not depend on k; to compute ¥y_g, we
may thus assume k = R. Concretely, ¥y : L* = 2*(SpecR) — MO* is the
map which sends the class [X] of a smooth projective variety X over R to the
unoriented class of the differentiable manifold X (R) of real points.
From [30], the theory of Stiefel-Whitney classes in M O* defines an iso-
morphism of rings
L*/[2] - MO*

where [2] denotes the ideal generated by the coefficients of the power series
2](u) := FL(u,u). One easily checks that the induced epimorphism L* —
MO* is the homomorphism Y above.

From all this follows a geometric interpretation of the map ¥ : L* —
LL*/[2] using the identifications L* = 2*(R) = MU?* and L*/[2] = MO*: let
x € MU?" be an element represented by a smooth projective variety X over
R. Then ¥(x) is equal to the unoriented cobordism class [X (R)] (which thus
only depends on x).

1.3 Relations with complex cobordism

At this point, let’s give some heuristic explanation of the whole picture.

For X a finite CW-complex, one can define its singular cohomology groups
with integral coefficients H*(X; Z), its complex K-theory K*(X), and its com-
plex cobordism MU*(X) (see [3], for instance). These are complex oriented
cohomology theories, they admit a theory of Chern classes and the analogue
of lemma 1.1.3 implies the existence of a canonical ring homomorphism from
L* to the coefficient ring of the theory (which double the degrees with our
conventions).
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Quillen in [29] refined Milnor’s [22] and Novikov’s [26] computations that
the complex cobordism MU* of a point is a polynomial algebra with integral
coefficient by showing that the map

PP L* — MU

is an isomorphism (here we mean that #*°? double the degrees and that the
odd part of MU* vanishes). Then in [30], Quillen produced a geometric proof
of that fact emphasizing that MU* is the universal complex oriented coho-
mology theory on the category of differentiable manifolds.
The theorem of Conner-Floyd [5] now asserts that for each CW-complex
X the map
MU*(X) @1, 2[5, 5] — K*(X)

is an isomorphism (beware that in topology 3 has degree —2).
However, in general for a CW-complex X the homomorphism

MU*(X) ®LZ — H"(X; Z)

is not an isomorphism (not even surjective), even when restricted to the even
part. Thus contrary to theorem 1.2.18, theorem 1.2.19 has no obvious coun-
terpart in topology.

To give a heuristic explanation of our results we should mention that
for smooth varieties over a field singular cohomology is replaced by motivic
cohomology H**(X;Z), complex K-theory by Quillen’s algebraic K-theory
K**(X) and complex cobordism by the theory M GL** represented by the al-
gebraic Thom complex M GL (in the setting of A'-homotopy theory, see [36]).
One should note that these theories take values in the category of bigraded
rings, the first degree corresponding to the cohomological degree and the sec-
ond to the weight. In this setting, one should still have the Conner-Floyd
isomorphism?

MGL**(X) @ Z[3,871] = K (X)[5,87"]

for any simplicial smooth k-variety X (beware here that @ has bidegree
(—2,—1)). However the map MGL**(X) @« Z — H**(X) would almost
never be an isomorphism. Instead one expects a spectral sequence? from mo-
tivic cohomology to MGL**(X); the filtration considered in §4.5.2 should by
the way be the one induced by that spectral sequence. Then theorem 1.2.19 is
explained by the degeneration of this spectral sequence in the area computing
the bidegrees of the form (2n,n).

In fact, the geometric approach taken in the present work only deal with
bidegrees of the form (2n,n). Indeed, one can check that for any oriented

3 This has been proven over any field by the second author jointly with M. Hopkins,
unpublished.

4 This spectral sequence has been announced in characteristic zero by the second
author jointly with M. Hopkins, in preparation.
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bigraded cohomology theory A** in the setting of A! homotopy theory, the
associated functor X +— @, A?™"(X) has a structure of oriented cohomology
theory on Smy in our sense. In particular the universal property of 2* yields
a natural transformation

2*(X) - MGL***(X)

which we conjecture to be an isomorphism.

We are hopeful that our geometric approach can be extended to describe
the whole bigraded algebraic cobordism, and that our results are only the first
part of a general description of the functor M GL*"*.



2

The definition of algebraic cobordism

The basic structures that we emphasize in chapter 2 consists of three types
of operations: push-forwards f, for projective morphisms, pull-backs f* for
smooth morphisms, and a first Chern class endomorphism ¢ (L) for each line
bundle L.

In §2.1-2.3 we develop the formalism of oriented Borel-Moore functors,
which encodes these three structures, and discuss their elementary properties.
In §2.4 we give the definition of algebraic cobordism as the universal oriented
Borel-Moore functor satisfying some explicit geometric axioms and make some
elementary but important calculations in §2.5.

In this chapter k is an arbitrary field and V is an admissible subcategory
of Schy. We let V' denote the subcategory of ¥V whose morphisms are the
projective morphisms. Ab, will denote the category of graded abelian groups.

2.1 Oriented Borel-Moore functors

The notion of an oriented Borel-Moore functor axiomatizes the basic relation-
ships between projective push-forward, smooth pull-back and the first Chern
class operators. This leads us directly to the universal such object, the functor
of cobordism cycles.

2.1.1 Push-forwards, pull-backs and first Chern classes

Definition 2.1.1. A functor H, : V' — Ab, is called additive if for any finite
family (X1,...,X,) of finite type k-schemes, the homomorphism

®i—1 H. (Xi) — Ho (I, X5)

induced by the (projective) morphisms X; C III_; X; is an isomorphism. Ob-
serve that in particular we must have

H.(0) = 0.
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Definition 2.1.2. An oriented Borel-Moore functor on V is given by:

(D1). An additive functor H, : V' — Ab,.
(D2). For each smooth equi-dimensional morphism f :Y — X in'V of relative
dimension d a homomorphism of graded groups

5 HAX) = Hoa(Y).

(D3). For each line bundle L on X a homomorphism of graded abelian groups:
&i(L) : Ho(X) = Hor (X).

These data satisfy the following azioms:

(A1). For any pair of composable smooth equi-dimensional morphisms (f :
Y - X,9:Z —Y) respectively of dimension d and e, one has

(fog)* =g of : H(X) — Hutaye(Z).

In addition, Idy = Idy, (x) for any X € V.
(A2). Let f : X — Z, g: Y — Z be morphisms in V, giving the cartesian
square

W—>X

f f

Suppose that f is projective and g is smooth and equi-dimensional. Then

g* f* fl I*

(A3). Given a projective morphism f :Y — X and a line bundle L over X,
one has

feotr(f*L) = &(L) o fx

(A4). Given a smooth equi-dimensional morphism f :' Y — X and a line
bundle L over X, one has

a(f*L)o f* = [T oa(L).
(A5). Given line bundles L and M on X €V one has:
& (L) ocr(M) =& (M) o (L)
Moreover, if L and M are isomorphic, then ¢1(L) = é(M).

Remark 2.1.8. Let L — X be a line bundle on some X € V), and let £ be the
invertible sheaf of sections of L. As a matter of notation, we define é (L) :
H*(X) — H*_l(X) to be 51([1)
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Given an oriented Borel-Moore functor H, and a projective morphism
f Y — X the homomorphism f, : H.(Y) — H,(X) is called the push-
forward along f. For a smooth equi-dimensional morphism f : ¥ — X of
relative dimension d , the homomorphism f* : H.(X) — H,14(Y) is called
the pull-back along g. And for a line bundle L on X, the homomorphism ¢é (L)
is called the first Chern class operator of L.

A morphism ¢ : G, — H, of oriented Borel-Moore functors is a natural
transformation ¥ : G, — H, of functors V' — Ab, which moreover commutes
with the smooth pull-backs and the operators ¢;.

Remark 2.1.4. Any oriented Borel-Moore functor A.(—) on some admissible
subcategory W of Schy, defines by restriction an oriented Borel-Moore functor
on all admissible V C W.

Conversely, an oriented Borel-Moore functor A, on Smj determines an
oriented Borel-Moore functor AZM on Schy, as follows.

One first takes ABM(Y)) for Y smooth to be A,(Y). Then for any finite
type k-scheme X, we consider the category C/X whose objects are projective
morphisms Y — X with Y smooth and morphisms from Z — X to Y — X
are (projective) morphisms Z — Y over X. Then one sets

APM(X) := colimy _ xee/x A« (Y).

Push-forward morphisms f, : APM(Y) — ABM(X) for a projective morphism
f Y — X in Schy, pull-backs along smooth equi-dimensional morphisms,
action of ¢;(L) and external products are induced in the obvious way by the
same operation on the subcategory of smooth k-schemes. All the axioms are
easy consequences of those on the category Smy.

Of course, the restriction of the oriented Borel-Moore functor ABM to
Smy, equals A,. But the converse of course is not true in general. Given an
oriented Borel-Moore functor A, on V and given X € V there is a canonical
morphism

APM(X) = colimy _ xec/x Au(Y) 24, A.(X),
which defines a morphism of oriented Borel-Moore functors on V. In general
this is not an isomorphism. In case ¢4 is surjective, we shall say that A, is
generated by smooth schemes and if ¢4 is an isomorphism shall say that A,
is detected by smooth schemes

2.1.2 Cobordism cycles

For X a scheme of finite type over k, denote by M (X) the set of isomorphism
classes (over X) of projective morphisms ¥ — X with Y in Smy; M(X)
becomes a monoid for the disjoint union. We let M (X) denote its group
completion graded by the dimension over k of the Y’s. Given a projective
morphism f:Y — X with Y smooth, we let either [f : Y — X], or [Y — X]
or [f], depending on the context, denote the image of f: Y — X in MF(X).
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We observe that the class of the empty scheme ) — X is [} — X| = 0 and that
M} (X) is the free abelian group on classes [Y — X] with Y — X projective
and Y smooth and irreducible.

Given a projective morphism f : X — X’ in Schy, composition with f
defines a graded group homomorphism f, : MF(X) — MF(X’). Given a
smooth equi-dimensional morphism f : X’ — X, of relative dimension d, one
has the homomorphism f* : MF(X) — M ,(Y),[Z — X] — [ZxxY —=Y].
It is easy to check that the operations f, and f* satisfies axioms (Al) and
(A2) of definition 2.1.2.

Let H, be an oriented Borel-Moore functor on some admissible V C Schy,
and choose an element a € Hy(k). Following Quillen, we construct a canonical
natural transformation

ﬁH,a : Mj — H*
of functors V' — Ab, as follows: for each projective morphism f:Y — X in

VY with Y smooth and irreducible, set

Vaa(lf Y — X]) = fu o7y (a),

where my : Y — Speck denotes the structural morphism. Clearly ¥p , is also
natural with respect to smooth pull-backs in V.

Remark 2.1.5. It would have been possible to define algebraic cobordism work-
ing only with M (X) (see lemma 2.5.11). Instead we will consider a slightly
more sophisticated theory, mainly the universal oriented Borel-Moore functor
X +— Z,(X) which we are going to construct; Z, is obtained from M} by
formally adding the first Chern class operators. This approach simplifies the
definition of algebraic cobordism.

Definition 2.1.6. Let X be a k-scheme of finite type.
(1) A cobordism cycle over X is a family (f :Y — X, Lq,...,L,) consisting
of:

(a) a projective morphism f:Y — X with Y in Smy and integral.
(b) a finite sequence (L1, ..., L) of r line bundles over'Y (this sequence is to
be interpreted as empty if r =0).

The dimension of (f :Y — X, L1,...,Ly) is dimp(Y) — r € Z.
(2) An isomorphism @ of cobordism cycles
(Y- X,Ly,..., L) =2 (Y - X,L},...,L.)

isatriple®=(¢:Y =Y o, (1,...,10)) consisting of:

(a) an isomorphism ¢ : Y — Y’ of X-schemes.
(b) a bijection o : {1,...,r} =2 {1,...,7'} (so that r must equal v’).
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(c) for each i € {1,...,7r} an isomorphism of line bundles over Y: 1; : L; =
B (L ).

(3) We let C(X) be the set of isomorphism classes of cobordism cycles over
X and Z(X) be the free abelian group on C(X). We observe that the dimen-
sion of cobordism cycles makes Z.(X) into a graded abelian group called the
group of cobordism cycles on X. The image of a cobordism cycle (f :' Y —
X,Ly,..., L) in this group is denoted [f : Y — X, Li,...,L;], or simply
[fsL1,..., L], or [Y — X, Ly,..., L], depending on the context.

If Y — X is a projective morphism with Y smooth over k, we denote by
Y — X] € Z.(X) the sum of the classes [Y,, — X] corresponding to the irre-
ducible components Y, of Y. We thus have a natural graded homomorphism

ME(X) = Z.(X),

which is easily seen to be a monomorphism. When X is smooth and equi-
dimensional of dimension d, the class [Idy : X — X] € Z4(X) is simply
denoted 1x.

More generally, given Y = II;Y; in Smy with line bundles Ly,..., L,
on Y and a projective morphism f : Y — X in Schy, we write [f : ¥ —
X, L,...,L,] for the sum Zj[fj :Y; = X, Lj, ..., L] in Z,(X), where f;
and Lj; are the restrictions of f and L; to Y.

Remark 2.1.7. Clearly given finite type k-schemes X and X', the natural ho-

momorphism
Z(X)® Z(X) = Z(X T X)

is an isomorphism of graded abelian groups, so that Z, is additive.
Moreover if X is a finite type k-scheme and X, are the irreducible com-
ponents of X then clearly the homomorphism

DaZi(Xa) = Z:(X)
is an epimorphism.

Let g : X — X’ be a projective morphism in V. Composition with g defines
the map of graded groups

4ot Z.(X) = 2.(X')
[f:Y—>XaL17"'7LT]'_>[gof:YHX/aLly"'aLT]a

called the push-forward along g.

If g : X — X' is a smooth equi-dimensional morphism of relative
dimension d, sending [f : Y — X,Li,...,L;] to [p2 : (VY xx X') —
X', pi(L1),...,pi(L,)] defines the homomorphism
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g Z.(X) = Z, (X))

called pull-back along g..
Let X be k-scheme of finite type and let L be a line bundle on X. We call
the homomorphism

(L) : Z4(X) = Z.1(X)
[f: Y =X L,...,L,]—[Y =X Lq,..., L, f*(L)]
the first Chern class homomorphism of L.

Remark 2.1.8. Let (f: Y — X, L1,...,L,) be a standard cobordism cycle on
X. Then one obviously has the formulas (in Z,(X)):

[f:Y = X,L1,.... L] = fuo [y, Ly,..., L]
= feoéi(Ly)([Idy, L1, ..., Ly—1])

= feoci(Ly)o---0é(L1)(ly)
= fioci(Ly)o---0¢1(Ly)omy (1),

where 7y : Y — Speck is the structure morphism and 1 € Zy(k) is the class
of the identity map on Spec k.

Lemma 2.1.9. Let V be an admissible subcategory of Schy. The functor

Z,:V — Ab,
X - 2.(X),
endowed with the above operations of smooth pull-backs and first Chern classes
s an oriented Borel-Moore functor on V. Moreover, Z, with the distinguished
element 1 € Zy(k) is universal in the following sense: given an oriented Borel-

Moore functor Hy, on'V and an element a € Hy(k) there is one and only one
morphism of oriented Borel-Moore functors

19H,a 1 Z, — H,
such that Vg (1) = a € H. (k).

The proof is rather easy. To prove the universality one uses remark 2.1.8
to show that one must have

ﬁH,a([f Y > X Ly,..., L)) = fioér(Ly) o0& (L) (ny(a))
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2.1.3 External products
We define an external product
X Z (X)X Z,(Y) = Z.(X x Y)

on the functor Z, by:

[f: X' = X, Ly,..., L x[g: Y =Y, My,..., M)
=[fxg: X' XY — X xY,pi(L1),...,pi (L), p3(M), . .., p5(My)]
x is associative and commutative. Moreover 1 := [Id;] € Zy(k) is a unit
element for this product. In particular, Z,(k) becomes a unitary, associative,
commutative graded ring and for X € V the external product gives the group

Z,.(X) the structure of a graded Z,(k)-module. We are led to the following
definition:

Definition 2.1.10. An oriented Borel-Moore functor on V with product con-
sists of an oriented Borel-Moore functor on V, H,, together with:

(D4). An element 1 € Ho(k) and, for each pair (X,Y) of k-schemes in V, a
bilinear graded pairing (called the external product)

X Ho(X)x H(Y) = H (X xY)
(a, ) —axp
which is (strictly) commutative, associative, and admits 1 as unit.
These satisfy

(A6). Given projective morphisms f and g one has
X o (fi X gs) =(f xg)ox.

(A7). Given smooth equi-dimensional morphisms f and g, one has
xo(ffxg")=(fxg)ex

(A8). Given k-schemes X andY inV and a line bundle L on X one has for
any classes a € H (X) and 8 € H.(Y)

&i(L)(a) x B =& (pi(L)) (e x B).

Given an oriented Borel-Moore functor with product A, we observe that
the axioms give A.(k) a commutative, graded ring structure, give to each
A4 (X) a structure of A, (k)-module, and imply that all the operations f., f*
and ¢; (L) preserve the A, (k)-module structure. For p : Y — Speck in Smy,
we denote the element p*1 € A,(Y) by 14}, or just 1y if the meaning is clear.
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Remark 2.1.11. Endowed with its external product, Z, is an oriented Borel-
Moore functor on V with product, for all admissible V. Moreover, one easily
checks that it is in fact the universal one: given an oriented Borel-Moore
functor on V with product A,, there exists one and only one morphism of
oriented Borel-Moore functors with product

Ja: 2, — A,
Indeed, one easily checks that the transformation
Va2 — A
given by lemma 2.1.9 is compatible with the external products.

Definition 2.1.12. Let R, be a commutative graded ring with unit. An ori-
ented Borel-Moore R,-functor on V, A, is an oriented Borel-Moore functor
on V with product, together with a graded ring homomorphism

& : R, — A.(k).

For such a functor, one gets the structure of an R.-module on A.(X)
for each X € V, by using @ and the external product. All the operations
of projective push-forward, smooth pull-back, and ¢ of line bundles are R,-
linear.

For instance, given an oriented Borel-Moore R,.-functor A, and a ho-
momorphism of commutative graded rings R, — S,, one can construct an
oriented Borel-Moore S,-functor, denoted by A, ®g, Sk, by the assignment
X — A.(X) ®g, Si. The push-forward, smooth pull-back, and & of line
bundles are obtained by extension of scalars (—) ®g, S..

2.1.4 Standard cycles

Let A, be an oriented Borel-Moore R.-functor with product on V. By
lemma 2.1.9, we have the morphism of oriented Borel-Moore functors 94 ; :
Z, — A,.For X in V, let A,(X) be the sub-A, (k)-module of A,(X) generated
by 941(Z2.(X)). It is easy to see that this defines an oriented Borel-Moore
R.-functor on V with product, A,. We call the element

’19,471([']0 Y — X,Ll, .. .,LT]) = f*(él(Ll) o.. El(LT)(ly))
a standard cycle on X, and write this element as [f : Y — X, Lq,...,L,]a.

Remark 2.1.13. For Y € V with structure morphism f : Y — Speck, we write
[Y]a for [f : Y — Speck]a. Note that 1y = [Idy]4 and that [Y]4 = fi(1y).
It follows from the additivity of A, that lypy: =1y + 1ys in A (Y IIY') =
A V)@ A (Y, and [YII Y|4 = [Y]a + [Y]4.
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2.1.5 Imposing relations

Let H. be an oriented Borel-Moore functor and, for each X € V, let R.(X) C
H.(X) be a set of homogeneous elements. We will construct a new oriented
Borel-Moore functor denoted by H,/R. together with a morphism of oriented
Borel-Moore functors « : H, — H,/R. with the following universal property:
given any oriented Borel-Moore functor GG, and any morphism of oriented
functors ¥ : H, — G, such that, for each X, the homomorphism ¥(X) :
H.(X) — G.(X) vanishes on R.(X), then there is one and only one morphism
of oriented Borel-Moore functors ¢ : H, /R, — G, such that ¢ om = 9. This
oriented Borel-Moore functor will then be said to be obtained from H, by
killing the elements in the R«(X), or that H, /R, is the quotient of H, by the
relations R..

To construct H,/R., we proceed as follows: For X € V denote by
(R)(X) C H.(X) the subgroup generated by elements of the following form:

f*Oél(Ll)O---Oél(LT)Og*(p) (21)

with f : Y — X a projective morphism in V, (Ly,...,L;), r > 0, a family
of line bundles over Y, g : Y — Z a smooth equi-dimensional morphism and
p € R.(Z). Then (R.) is an oriented Borel-Moore sub-functor of H,, and is
the smallest one which contains each of the R.(X).

The assignment X +— H,(X)/(R.)(X) thus has a unique structure of ori-
ented Borel-Moore functor which makes the canonical projection 7 : H,(X) —
H.(X)/(R.)(X) a morphism of oriented Borel-Moore functors. We denote
by H./R. this oriented Borel-Moore functor. It is clear that the morphism
7 Hy — H,/R. is a solution to our problem.

Remark 2.1.14. Let A, be an oriented Borel-Moore functor with product. As-
sume we are given for each X a set R.(X) of homogeneous elements in A, (X)
such that for p € A,(X) and 0 € A.(Y) one has

pxo€R(X XY)

if either p € R« (X) or o € R.(Y). Then there is one and only one external
product on the oriented Borel-Moore functor H./R. compatible with the
projection H, — H,/R.. This statement easily follows from (2.1).

2.1.6 Cohomological notations

Let A, be a oriented Borel-Moore functor on Smy. For X in Smy, let the
X, denote the irreducible components of X and set d, := dimg(X,). We
introduce the following notation:

AM(X) = BaAd, —n(Xa).

Given a smooth morphism f :Y — X, the pull-back morphism in A, associ-
ated to f defines a homomorphism of degree zero, A*(X) — A*(Y). Given a
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projective morphism f : Y — X of relative codimension d, the push-forward
morphism in A, defines the push-forward f, : A*(Y) — A*T(X). The en-
domorphism ¢& (L) of A.(X) associated to a line bundle L on X induces the
endomorphism ¢ (L): A*(X) — A*T1(X). Finally, an external product on A,
induces an external product A*(X) @ A*(Y) — A*(X xY).

The assignment X +— A*(X) will be called the oriented cohomological
functor on Smy, associated to A,. One can rewrite all the axioms for an
oriented Borel-Moore functor A, on Smy in terms of A*. Clearly A* and A,
are thus determined by each other and the category of oriented Borel-Moore
functors on Smy is equivalent to that of oriented cohomological functors on
Smy,. We have as well the notion of an oriented cohomological functor with
product on Smy, with the analogous equivalence to the category of oriented
Borel-Moore functors with product on Smy,.

2.2 Oriented functors of geometric type

We introduce three additional axioms for an oriented Borel-Moore functor.
Recall from §1.1 that L, denotes the Lazard ring homologically graded
(which means that L,, = 0 if n < 0) and that FL(u,v) € L,[[u,v]] denotes the
universal formal group law.
Given a line bundle L — X on some X € Sm; with zero-section sg, a
section s of L is transverse to the zero-section if the cartesian diagram

Xxp X— X

L)

X T> L
is transverse in Smy, i.e., if the subscheme of X defined by s is a smooth

codimension one closed subscheme of X.

Definition 2.2.1. An oriented Borel-Moore L, -functor A, onV is said to be
of geometric type if the following three axioms holds:

(Dim). For any smooth k-scheme Y and any family (L1, ..., Ly) of line bun-
dles on'Y with n > dimg(Y'), one has

&1(L1) o0& (Ly)(ly) = 0 € A,(Y).

(Sect). For any smooth k-scheme Y, any line bundle L on'Y and any section
s of L which is transverse to the zero section of L, one has

a(L)(ly) = ix(1z),

where i : Z — 'Y 1is the closed immersion of the zero-subscheme of s.
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(FGL). Let ¢4 : L. — A.(k) be the ring homomorphism giving the L.-
structure and let Fa € A, (k)[[u,v]] be the image of the universal formal
group law Fy, € L.[[u,v]] by ¢a. Then for any smooth k-scheme Y and
any pair (L, M) of line bundles on'Y, one has

Fa(ei(L),ei(M)(1y) =& (L@ M)(1y) € A(Y).

Remark 2.2.2. The axioms (Dim) and (Sect) make sense for any oriented
Borel-Moore functor with product, and we will sometimes use them in this
less restrictive context.

Remark 2.2.3. To make sense of the left-hand side of axiom (FGL), we use
the vanishing stated in (Dim) and the fact that & (L) and é (M) commute. In
fact, only the following weak form of axiom (Dim) is needed for the left-hand
side of (FGL) to make sense:

(Nilp). For each smooth k-scheme Y there exists an integer Ny such that, for
each family (L4, ..., L) of line bundles on Y with n > Ny, one has

El(Ll) o---0 51(L7L)(1y) =0¢c A*(Y)

For instance, this property holds in A, if, for each given X, A,(X) vanishes
below some degree.

We will prove below (in theorem 2.3.13) that an oriented Borel-Moore
L.-functor H, which satisfies (Nilp), (Sect) and (FGL) also satisfies (Dim).

Ezample 2.2.4. The Chow group functor
X — CH,(X)

endowed with projective push-forward, smooth pull-back, the action of the ¢
of line bundles and the external product of cycles (see [9, Chapters 1 & 2])
is an oriented Borel-Moore functor on Schy,. Moreover, given line bundles L
and M (over the same base) one has the formula

(L@ M)=2¢1(L)+ éa(M).
This gives CH, an LL,-structure: the formal group law is given by
Feu(u,v) = Fo(u,v) = u +v.

One easily checks (using the results of [9]) that CH, is of geometric type.
Moreover, using resolution of singularities, one can see that the Chow group
functor X +— CH,(X) is detected by smooth k-schemes (in the sense of sec-
tion 2.1.4) when k has characteristic zero.

Example 2.2.5. Another fundamental example of an oriented Borel-Moore
functor on Schy, is given by Go-theory, X — Go(X), where Go(X) denotes the



28 2 The definition of algebraic cobordism

Grothendieck K-group of the category of coherent O(X)-modules (see Fulton
[9, Chapter 15] for instance).

We have already introduced K°(X), the Grothendieck K-group of locally
free sheaves on X. For X an arbitrary finite type k-scheme, the tensor product
of coherent sheaves induces a unitary, commutative ring structure on K°(X)
and gives Go(X) a natural structure of K°(X)-module.

Let Go(X)[B,871] be Go(X) ®z Z[3, 3], where Z[3,37!] is the ring of
Laurent polynomials in a variable § of degree +1. Define push-forward for a
projective morphism f : Y — X by

fe[M]-B7) = D20 (1) [R' f(M)] - B € Go(X)[8,671]
for M a coherent O(Y)-module and n € Z, thus defining a functor
Sch, — Ab,
X = Go(X)[8,571].

It is endowed with pull-back along a smooth equi-dimensional morphism f :
Y — X of relative dimension d by the formula:

Fr(IM]-B7) = [f*(M)] - B

The first Chern class endomorphism associated to the line bundle L on X €
Schy, is defined by the multiplication by (1 — [£Y]) -~

a(L)=—Ul—[LY)- 87" Go(X)[B, 87" — Go(X)[5, 57,

where £ is the invertible sheaf of sections of L, using the K°(X)-module
structure on Go(X). One can easily check that together with the external
product

Go(X)[8,871] x Go(Y)[B,671] — Go(X x Y)[B, 37"
(IM]B%, INB°) 1= [k (M) @xxy 75 (N)] B+

our functor X +— Go(X)[8,87 ] is an oriented Borel-Moore functor with
product on Schy. Moreover, if L and M are line bundles over X, the formula

& (L@ M) =¢&(L)+& (M) — o (L)oé& (M)

mentioned in example 1.1.5 gives Go[3, 37!] an L-structure with associated
formal group law

Fg(u,v) = Fpp(u,v) == u+ v — fuv.

One can then check that Go[3, 371] is of geometric type. However, we do not
know whether or not the functor X — Go(X)[3, 3] is detected by smooth
k-schemes, even in characteristic zero.
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Go[B3, 371] is however generated by smooth k-schemes if k admits resolu-
tion of singularities. This follows easily from the well-known facts that Go(X)
is generated by the classes [Oz], with Z C X an integral closed subscheme,
and for p : Z — Z a resolution of singularities, p.([03]) = [Oz] +n in Go(Z),
where n € Go(Z) is some class in the image of Go(W) for some proper closed
subscheme W of the integral scheme Z. Thus an easy noetherian induction,
using the right-exact localization sequence for Gy, gives the desired generation

of G()(X)

2.3 Some elementary properties

The imposition of the axiom (Sect) gives an oriented Borel-Moore functor
with product some of the flavor of classical cobordism. In this section, we
derive some of these properties, and also show how the axiom (Dim) can be
replaced by the seemingly weaker axiom (Nilp).

2.3.1 The axiom (Sect)

We fix an admissible subcategory V of Schy and let A, be an oriented Borel-
Moore functor with product on V, satisfying the axiom (Sect).

Remark 2.3.1. Let [f : Y — X, L1,..., L., L]z be a standard cycle over some
X € V. Suppose that L has a section with smooth divisor ¢ : Z — Y. Then

[f:Y = X, Ly,....Le,Lla=[foi:Z— X,i*Ly,...,i*L,]a.

Indeed, applying f. o é1(L1)o...0é (L) to the identity ¢1(L)(1y) = i.(1z)
given by (Sect) yields this relation.

Definition 2.3.2. Let Y be in Smy. A geometric cobordism over Y is a pro-
jective morphism f: W — Y x P!, with W € Smy, and with ps o f transverse
(in Smy,) to the inclusion {0,00} — PL.

Lemma 2.3.3. Take Y € Smy, and let f : W — Y x P! be a geometric
cobordism over Y. Let fo: Wy — Y, foo : Woo — Y be the fibers of poo f :
W — P! over 0,00, resp., with morphisms fy, fo induced by py o f. Then

[fO Wy — Y]A = [foo Wy — Y]A~

Proof. Both ig : Wy — W and iy : Wy, — W are subschemes of W defined
by sections of (py o f)*Op1(1), hence by axiom (Sect) we have

i0x(1wy) = €1((p2 © £)"Opr (1)) (1w) = oox (1w, )-

The result follows by pushing forward to Y by p; o f. O
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Lemma 2.3.4. Let L be a finite separable k-algebra. Then
[SpecLla=[L:k]-1

in Ao(k).

Proof. Since [YIIY']4 = [Y]a + [Y']4 (see remark 2.1.13), we may reduce to
the case of connected Spec L, which means that L is a finite separable field
extension of k. Thus there exists € L such that L = k[z]. Let f € k[X]
be the monic irreducible polynomial of x, of degree d = [L : k]. If f(X) =
X4 4 Z?;OI b; X%, let F(Xo, X1) be the homogenized form of f, F(Xg, X1) =
X{ -+ 30 biX{XG

Assume first that & is infinite. Choose distinct elements aq,...,aq € k,
and let G = Hle(Xl —a;Xp). Since f is irreducible, no a; is a root of f. Let
H=Y, -F+Y- -G, and let

W C P! x P' = Proj;,(k[Xo, X1]) x Proj, (k[Yo, Y1])

be the closed subscheme defined by H. Using the Jacobian criterion, one checks
that W is smooth over k. Via the projection on the second factor, W is finite
over P}, and defines a geometric cobordism over Spec k, with fibers Spec L
over (Yp: Y1) = (1:0) and d disjoint copies of Speck over (Y : Y1) = (0: 1).
By lemma 2.3.3, we have the identity

[SpecL]a = d - [Speckla =d-1

in Ao(k)

If k is finite, we proceed by induction on d = [L : k]. If d = 2 the same
argument as above applies. So we may assume d > 2. We choose an irreducible
polynomial h € k[U] of degree d—1 (such an h always exists) and an a € k. We
set g = (X —a) x h. Note that h is automatically separable since k is perfect.
Then the above reasoning applies to show that [Spec L] 4 = 1+[Spec k[X]/h] 4,
and the inductive hypothesis gives the result. O

Lemma 2.3.5. (1) Let k C L be a finite separable extension of fields. For a
scheme X €V, denote by n(L/k) : Xp — X the natural morphism. Then the
composition:

w(L/k)* m(L/k)x

A (X) A (X1) A (X)

is multiplication by [L : k.
(2) Let k C Fy and k C Fy be finite separable fields extensions of k, of

relatively prime degree. Then for any scheme X in V the homomorphism:

A (X) m(F1/k) 4 (k2 /k)"

A*(XFI) S A*(XFZ)

s a split monomorphism.



2.3 Some elementary properties 31

Proof. (1) Let p : Spec L — Spec k be the morphism induced by & — L. Then
7k = p X Idx. Thus, for z € A,(X) = A.(Speck x X), we have

7L et = (% 1dx ) (p x 1dx)*(1 x )

=p«(p*(1)) x &
= [Spec L]4 x =z,

using axioms (A6) and (A7) of definition 2.1.10. The result thus follows from
lemma 2.3.4.

(2) Let u and v be integers such that u[F} : k] + v[F> : k] = 1 Then the
homomorphism

urm(F1/k)«+om(Fa/k) s

A (X)
is a left inverse to the given homomorphism. O

Recall from §2.1.4 the sub-functor A, of A, with A,(X) generated over
A, (k) by the standard cycles [f : Y — X, Ly,...,L.]a.

Lemma 2.3.6. Let Ox be the trivial line bundle on X € Schy. Then the
homomorphism B B
¢1(0x) 1 Au(X) — A1 (X)

is the zero homomorphism. In particular, if X is in Smy, then ¢1(Ox)(1x) =
0.

Proof. For any standard cycle [Y — X, Ly,...,L;]4 on X, one has

El(Ox)([Y — X,Ll, NN ,L,«]A) = [Y — X,Ll, NN ,LT,Oy]A
=[0— X,Ly,...,L]a =0,
by (Sect), because the constant unit section of Ox never vanishes. O
Another useful result is the following:

Lemma 2.3.7. Take X € V, let a be a k-point of P! and take x € A.(X).
Let iX : X — X x P! be the section with constant value . Then

in () = &1 (p30(1)) (97 (2)).
In particular, if a and 3 are any two k-points of P', then
i () = i3, ().

Proof. By definition 2.1.10(A7), with f = Idx, g : P! — Speck the structure
morphism, we have
pi(x) = x 1p

By (A8), we have
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a1 (p20(1))(p1(x)) = z x &1 (O(1))(Lp ).
The axiom (Sect) implies & (O(1))(1p1) = i52°°%(1); by (A6), we have

@ x gk (1) = il (v)

completing the proof. O

Remark 2.3.8. Suppose that k has characteristic zero. Let f : Y — X be a
projective morphism with X finite type over k and Y smooth quasi-projective
over k. Choose a line bundle L on X generated by sections si,...,s,. Then
the set of points z = (21,...,%,) € A" such that > ., z;f*(s;) is a section
transverse to the zero section of f*(L)y, (@ on Yy is an open dense subset;
see [25, Bertini’s theorem 2.3] for instance.

Suppose that k has positive characteristic, Y = X and L is very ample. If
S1,...,8p are sections of L which give a closed immersion of Y into P*~!, then
as above, the subscheme of sections > ; z; f*(s;) of L which are transverse
to the zero section is a dense open subset of A™.

Thus:

(1) If k has characteristic zero and L is globally generated, or if k is an infinite
field of positive characteristic, Y = X and L is very ample, such an open set
has always a rational point over k, and thus there is always a section of L
transverse to the zero section.

(2) When £k is finite, the open set may not have a rational point but will
always have two closed point = and y with [k(z) : k] and [x(y) : k] relatively
prime. Thus, assuming Y = X and L is very ample, there are finite extensions
k C Fy and k C F, such that [F} : k] and [F; : k] are relatively prime and
such that the pull-back of L to Xz, and Xp, have sections transverse to the
zero section.

Lemma 2.3.9. (1) Let Y be in Smy, and let (Ly,...,Ly,) be a family of line
bundles overY . Suppose that each of the L; is very ample and thatn > dimgY .
Then for all line bundles My, ..., M, onY,

51([11) O:---0 El(Ln)([Idy,Ml, SN )MT]A) =0.

(2) Suppose k has characteristic zero. Let X be in ¥V C Schy, n be an integer
such that n > dimg(X) and (Ly,...,Ly) be a family of line bundles over X.
Assume that each of the L; is generated by its global sections. Then

& (Ly) o0& (Ly) =0 € End(A,(X)).

In particular, for a globally generated line bundle L, one has

&1(L)" = 0 € End(A,(X)).
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Proof. For (2), choose a standard cycle x := [f : ¥ — X, My,...,M.]a
and let X = f(Y). We proceed by induction on N := dimyX to show that
(IT7—, & (L)) (x) = 0 for n > N. If dimp X = 0, each f*L; is trivial and the
result follows from lemma 2.3.6. We assume dim; X > 0.

We know by remark 2.3.8 that for a general section s of L,, the pull-
back of s to Y is transverse to the zero section of f*(L,). Let j : Z — Y
denote the closed immersion of the zeros of f*(s) and let S = f(j(2))
be the image of Z. Observe that either Z = (), which means f*L, is triv-
ial, or dimg(S) < dimy(X), because we may assume that s is non-zero at
the generic point of X. In the first case & (f*L,) = 0 and there is noth-
ing to prove, so we assume we are in the second case. One then has (using
remark 2.3.1):

61(L1)O"'061(Ln)([fZY—)X,Ml,...7MT]A)
( OC]_( )([f Y—)XMl,...7MT7f*Ln]A)
( OCl( )([fO]Z—>X7j Ml,...,j*Mr}A)

Since dimy(S) < dimg(X), the last term vanishes by the inductive hypothe-
sis.

For (1), if k has characteristic zero, we may use (2). If k has posi-
tive characteristic and is infinite, the same argument as above, using re-
mark 2.3.8(1) proves (1). If k is finite, then one chooses (using 2.3.8(2))
two finite extensions k C Fy and k C Fy such that [Fy : k] and [Fy : K]
are prime together and such that the pull-back of L to Xp, and Xp, have
sections transverse to the zero section. The same reasoning shows that the
element

I
o

1)o
1) o

Il
o

El(Ll) O---0 61(Ln)([ldy,M1, . e 7MT]A)

maps to zero into both A,(Xp, ) and A,(Xf, ). The result then follows easily
from lemma 2.3.5.
O

2.3.2 The axiom (Dim)

Throughout this section A, will be an oriented Borel-Moore L,-functor with
product on an admissible subcategory V of Schy, satisfying the axioms (Nilp),
(Sect) and (FGL). The main result of this section shows that such an A, also
satisfies (Dim).

Let F(u1,...,un) € Au(k)[[u1, ..., u,]] be a power series, which we expand

as
F(ug, ... u,) :ZCLIUI,
I

where I runs over the set of r-tuples I = (ng,...,n,) of integers and a; €
A, (k),. We will say that F is absolutely homogeneous of degree n if for each
I, ayis in Ajj—n(k), where [I| =ng + -+ n,.
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We have the universal formal group law (L., F1.). Recall the existence of a
(unique) power series x(u) € Ly [[u]], with leading term —u and which satisfies
the equality

Fi(u, x(u)) = 0.

Note that x(u) is absolutely homogeneous of degree 1. In the sequel, we will
freely use the following notations:

u—+pv:= Fp(u,v) € Li[u,v]],
[—1pu = x(u) € La[[u]],
u—pv:=Fp(u,x(v)) € Li[[u, v]].

We will also use the same notation for the image of these power series
by the homomorphism L, — A,(k). If f, g are locally nilpotent commuting
endomorphisms of an A, (k)-module, we also denote by f +p g the endomor-
phism obtained by substituting f for v and ¢g for v in u +r v, f —F g and
[—1]Ff for those obtained in the same way from v — v and [—1]pu.

The following lemma is an immediate consequence of the definitions, noting
that the endomorphisms é; (L), ¢; (M) are locally nilpotent and commute with
each other:

Lemma 2.3.10. Suppose A, satisfies (Nilp), (Sect) and (FGL). For any fi-
nite type k-scheme X and any pair (L, M) of line bundles on X one has the

following relations in End(A.(X)):

1.&(L)+p (M) =a(L®M)
2.8 (L) —p & (M) = & (Lo M)
3. [-1]pér1 (L) = é1(LY)

where ¥ denotes the operation of dualization.

Remark 2.3.11. Let X be a finite type k-scheme. Let End® (A, (X)) denote
the sub-A, (k)-algebra of the A, (k)-algebra End 4 (1 (A, (X)) generated by the
¢1(L). Observe that this algebra is commutative graded. Then each element
in End®, (A,(X)) (the subgroup of elements of degree —1 of that algebra)
is locally nilpotent, and the map (f,g) — f +r g defines an abelian group

structure on this set, with f +— [—1]rf as inverse. Moreover, the map
¢ : Pic(X) — End™, (A, (X))
is a group homomorphism. This is a reformulation of the previous lemma.

Remark 2.3.12. Let X be a quasi-projective k-scheme. For each line bundle L
on X, there is a very ample line bundle M such that M ® L is very ample.
From lemma 2.3.10, the endomorphism ¢ (L) of A,(X) can be computed as

a(l)=a(M®L)—pcr(M)
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Theorem 2.3.13. Let A, be an oriented Borel-Moore L, -functor with product
on an admissible subcategory V of Schy, satisfying the axioms (Nilp), (Sect)
and (FGL).

(1) Let k be a field of characteristic zero. Let X be inV and let (Lq,...,Ly,)
be a family of line bundles on X with n > dimg(X), such that one of the
following two conditions is satisfied:

(a) The line bundles are all globally generated.
(b) X is a quasi-projective k-scheme.

Then one has
¢1(Ly)o---0¢(Ly) =0

in End(A.(X)).
(2) Let k be an arbitrary field. Let Y be in Smy. Then for any family
(Ly,...,Ly) of line bundles on' Y with n > dimy(Y'), one has

El(Ll) 0---0 El(Ln)(ly) =0
In particular, A, satisfies the axiom (Dim).

Proof. Case (1a) follows from lemma 2.3.9(2). Assume now that X is a quasi-
projective scheme. Using remark 2.3.12, we see that for each i € {1,...,n}
there exists two very ample line bundles M; and N; such that L; &£ M; ® NZ.V.
But then from lemma 2.3.10 we have

&i(Ly) o+ o0ei(Ly) = Iy (61 (M;) —F E1(IV;)).

Thus the endomorphism ¢;(Ly) o -+ 0 ¢ (Ly,) is a sum of terms of the form
a-éi(Ly)o---oéi(Ly,), with a € A.(k), each L very ample, and m > n.
Using lemma 2.3.9 again completes the proof of (1b)

The proof of (2) is essentially the same as the proof of (1b), where we use

lemma 2.3.9(1) instead of lemma 2.3.9(2). O

Remark 2.3.14. We do not know in general whether or not the previous the-
orem holds for any finite type k-scheme and any family of line bundles.

Remark 2.3.15. Beware that the theorem 2.3.13(1) doesn’t hold in End(A,)
in general.
2.4 The construction of algebraic cobordism

Starting with the cobordism cycles functor Z,, we complete the construction
of algebraic cobordism by imposing the axioms (Dim), (Sect) and (FGL).
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2.4.1 Power series.

Suppose that A, satisfies the axiom (Dim). Let
F(uy,...,u) € A (k)[[u1, ..., ur]]

be a formal power series in (uq,...,u,) with coefficients in the graded ring
Ay (k). Suppose that F' is absolutely homogeneous of degree n.

Given line bundles (Lj,...,L,) on X € V, the operations é (L), ...,
é1(L,) are locally nilpotent on A,(X) (by axiom (Dim)) and commute with
each other. In the endomorphism ring End(A, (X)) we may thus substitute
¢1(L;) for w; in F and get a well-defined homogeneous element of degree —n:

F(E (L), ... e (L)) : Au(X) — Ay p(X) C A_n(X). (2.2)

If X is a smooth equi-dimensional k-scheme of dimension d, we have the class
1x € Aq(X) and we set

[F(Ly,...,L)]a = F(e1(L1),...,e1(L)(1x) € Ag_n(X)

Similarly, if f: Y — X is in M(X), with X in V, we write [f : Y — X]4 for
f«(1y). Using these notations, the equation in axiom (Sect) can be written as

[Lla=[Z—Y]a
and that in axiom (FGL) as
[Fa(L,M)]a = [L® M]a4.

We sometimes omit the subscript A if the meaning is clear from the context.

2.4.2 Imposing the axiom (Dim)
Definition 2.4.1. Let X be a smooth and irreducible k-scheme. We let
RI™(X) C 2.(X)
denote the subset consiting of all elements of the form
Y - X, Ly,..., L], where dimi(Y) <.
We denote by Z, the oriented Borel-Moore functor Z,/RP"™.
Of course, Z, is by construction the universal oriented Borel-Moore functor

on V satisfying (Dim).
The following lemma is easy to prove using formula (2.1) of §2.1.5:
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Lemma 2.4.2. Let X be a finite type k-scheme. Then (RP"™)(X) is the sub-
group of Z,.(X) generated by standard cobordism cycles of the form:

Y — X, n*(Ly),..., 7" (L), My, ..., Ms],

where w1 Y — Z is a smooth quasi-projective equi-dimensional morphism, Z
is a smooth quasi-projective irreducible k-scheme, (L1, ..., L;) are line bundles
on Z and r > dimg(Z).

One easily checks using this lemma and remark 2.1.14 that the external
product on Z, descends to give Z, an external product which makes Z, an
oriented Borel-Moore functor with product on Schy.

Remark 2.4.5. Of course, for any X € Schy, one has Z,(X) =0 if n < 0 by
construction.

The following lemma is immediate:

Lemma 2.4.4. Let X be a k-scheme of finite type and L a line bundle on
X. Then the endomorphism ¢ (L) of Z,,(X) is locally nilpotent, i.e., for each
a € Z,(X) there is an n € N such that (¢1(L))™(a) = 0.

2.4.3 Imposing the axiom (Sect): algebraic pre-cobordism
Definition 2.4.5. Let Y be a smooth and irreducible k-scheme. We let
RZCUY) C Z,(Y)
denote the subset consisting of all elements of the form
(L] -2 = Y],

where L is a line bundle over Y, s: Y — L is a section transverse to the zero
section and Z — Y is the closed subscheme of zeroes of s (which is smooth over
k by assumption on s). We denote by §2, the oriented Borel-Moore functor
Z, /R, It is called algebraic pre-cobordism.

Remark 2.4.6. In other words, the elements in R2¢(Y) are exactly those of
the form [Oy(Z)] — [Z — Y] for Z — Y a smooth divisor.

The following lemma is easy to prove using formula (2.1) of §2.1.5:

Lemma 2.4.7. Let X be a finite type k-scheme. Then (R¢°*)(X) is the sub-
group of Z.(X) generated by elements of the form:

Y = X,Li,.... L] — [Z — X,i*(L1),...,i" (Ly_1)]

with r > 0, [Y — X,L1,...,L,] a standard cobordism cycle on X, and i :
7 —'Y the closed immersion of the subscheme defined by the vanishing of a
transverse section s : Y — L,. Thus one has

Y - X,Ly,...,L,] = [Z — X,i*(L1),...,i"(Ly—1)]
in 2,(X).
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The elements of the above form are called elementary cobordisms. One
easily checks using the previous lemma and remark 2.1.14 that the external
product on Z, descends to give {2, an external product which makes 2, an
oriented Borel-Moore functor with product on Schy.

Remark 2.4.8. Let f : W — X x P! be a geometric cobordism over X. In
particular, the closed subschemes Wy := f~1(0) and Wy := f~1(1) are smooth
over k. We call the difference [Wy — X| — [W; — X] € M(X)" a naive
cobordism, we let N,(X) € M (X) denote the subgroup generated by the
naive cobordisms and we denote by 27%v¢(X) the quotient M7} (X)/N.(X).
It is clear that the image of NV, (X) vanishes in 2, (X). In fact, by lemma 2.3.3,
the difference [Wy — W] — [W; — W] even vanishes in £2,(W). We thus get a
homomorphism 27%v¢(X) — (2 _(X). This homomorphism is not in general
an isomorphism. In fact it is not in general a surjection because there are line
bundles which have no sections transverse to the zero section.

2.4.4 Imposing (FGL): algebraic cobordism

Recall from §1.1 the Lazard ring L., and the universal formal group law
Fi(u,v) = 3, 50 aiju'v’. Ly is graded and the degree of a;; is i +j — 1.
Thus Fp(u,v) 1s absolutely homogeneous of degree 1. We also observe that
a;; = 0 when ij = 0, except for a1,0 = ap,1 = 1. In the sequel we will consider
the oriented Borel-Moore L,-functor X — L, ® £2,(X) obtained from {2, by

extension of scalars. This functor satisfies the axioms (Dim) and (Sect) by
construction.

Definition 2.4.9. Let Y be a smooth irreducible k-scheme. We let
REGLHY) CL.® 2,(Y)
be the subset of elements of the form
[FL(L, M)] - [L @ M]
where L and M are line bundles over Y .

If S, C L, ® £2,(X) is a graded subset, we denote by L.S C L, ® £2,(X)
the subset of elements of the form ap with a € L, and p € S..

Definition 2.4.10. We define algebraic cobordism f2,,

to be the oriented Borel-Moore L, -functor on Schy which is the quotient of
L, ® 2, by the relations L, RECL,

Q. =L, 2, /(LRI
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Remark 2.4.11. Tt is easy to see that (L,REEF)(X) has the explicit description
as the L,-submodule of L, ® 2,(X) generated by elements of the form

fe(@(Ly) o0& (Ly)([FL(L, M)] — [L ® M])),

where f: Y — X is in M(X), and Lq,...,L,, L and M are line bundles on
Y.

Remark 2.4.12. One could imagine that we could have defined algebraic cobor-
dism directly as the quotient of L, ® Z, by L. (Rf ect | JREGE ) However, for
the elements in REFCL to be defined, we need to have some vanishing of prod-
ucts of the ¢;, which is guaranteed by axiom (Dim). This forces us to start by
killing RP%™ first.

One easily observes that the sets < L,REYF > (X) satisfy the conditions
of remark 2.1.14. The external product on L, ® §2, thus descends to (2,
making algebraic cobordism an oriented Borel-Moore L.-functor with product
on Schy.

Let’s denote the composite homomorphism L, — L, ® £2, (k) — 2.(k) by

®(k) : L, — 2.(k)

a — |a].

& (k) turns (2, into an oriented Borel-Moore L.-functor of geometric type. The
following theorem is clear by construction.

Theorem 2.4.13. Let V be an admissible subcategory of Schy. Algebraic
cobordism is the universal oriented Borel-Moore L, -functor on V of geomet-
ric type. More precisely, given an oriented Borel-Moore L, -functor on V of
geometric type, Ay, there is a unique morphism of oriented Borel-Moore LL,-
functors

Va2, — A,

Remark 2.4.14. (1) The functor 9 4 is given by
Yala@[f: Y =X, L1...,L.))=ax[f:Y = X,Li...,L]a.

(2) Given any oriented Borel-Moore L,-functor of geometric type A., the
morphism 194 clearly induces a morphism

’L§A D82, ®L, A*(k) — A,

from the oriented Borel-Moore L,-functor obtained from {2, by the extension
of scalars L, — A,. Observe that the left hand side X +— 2,(X) ®r, A.(k) is
still an oriented Borel-Moore L,-functor of geometric type.

We shall say that A, is free if the morphism Ja: 9, ®L, A (k) — A, is an
isomorphism. This means that to give a morphism of oriented Borel-Moore
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L.-functors from A, to an oriented Borel-Moore L,-functor of geometric type
B, is the same as to give a factorization L, — A, (k) — B. (k).

Many of our main results can be rephrased by saying that a given theory
A, is free. For instance, we conjecture that the Chow groups functors as well
as the K-theory functor are free, over any field. We will prove this conjecture
in characteristic zero in chapter 4. For the K-theory functor we “only” need
the resolution of singularities, for the Chow groups we need the resolution of
singularities and the weak factorization theorem of [2] and [37].

Algebraic cobordism is detected by smooth k-schemes:
Lemma 2.4.15. For any X € Schy the homomorphism
QPM(X) = colimy_ xec/x 2.(Y) = 2.(X)
18 an isomorphism.

Proof. Indeed generators of £2,(X) clearly come from the left hand side, and
this is still true for the relations: they all come from explicit relations on
smooth k-schemes. O

Remark 2.4.16. Clearly §2,(X) is generated as an L,-module by the standard
cycles [f : Y — X, Ly,...,L,] for every X € Schy, i.e., 2, = .. Thus, all

the identities in End(A,) found in §2.3 are valid in End({2,).

2.5 Some computations in algebraic cobordism

In this section, A, will be an oriented Borel-Moore functor of geometric type
on an admissible subcategory V of Schy, and Fa(u,v) = 2, ; a; jutvd €
A, (K)[[u, v]] is the associated formal group law. We will drop the subscript A
in the notation [f : Y — X]4 and [F(Lq,...,L;)]a. Sometimes an alternate
notation is more useful: for line bundles L; — X on X € Smy, i =1,...,r,
we write ¢1(L1)™ ...c1 (L) for é1(L1)™ o...0é& (L))" (1x).

We will compute the class of a blow-up of X in A,(X) and give a geometric
description of the coefficients a;; of Fa. Of course, since {2, is universal,
such computations are equivalent to making the computation for A, = (2,
so working in full generality is somewhat illusory. We will also derive some
useful facts about generators and relations in (2,.

2.5.1 The inverse for Fy

We have the inverse for the group law Fa, xa(u) = >_._,a;u’ € AL (k)[[u]],

which satisfies the equality

>0

Fa(u,xa(u)) =0
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Thus, for each line bundle L on X € Smy, we have the relation in A.(X):
[xa(L)] = [L]

An easy computation gives:

xa(u) =—u-+ a1’1u2 — (a171)2u3 +( (a171)3 + a1 a1 + 2a3;1 — ag)g) U
+ terms of degree >5 (2.3)

2.5.2 A universal formula for the blow-up

Let i : Z — X be a closed embedding between smooth k-varieties. We recall
the Fulton-MacPherson deformation to the normal bundle'; we present the
entire diagram first and then explain the various terms:

Zx1e— sy, ——=Xx1 (2.4)
)
Z x P Y —— X x P! - P!

(\l
ZXO% o i
P 20
%4

Here p: Xz — X x0 = X is the blow-up of X along Z, 7 : Y — X x P! is the
blow-up of X xP! along Zx0, P — Y is the inclusion of the exceptional divisor
7 1(Z x 0) with ¢ : P — Z x 0 the map induced by 7. Y := 7~ }(X x 0) and
Y} := 77 1(X x 1). The maps p; and ps are the ones induced by the projections
p1: X xP' = X and py : X x P! — PL.

The restriction of 7 to the proper transform 7~ 1[X x 0] identifies 7~ 1[X x 0]
with Xz as X-schemes; under this identification, Yy = Xz UP.

Since Z x 0 is a Cartier divisor on Z x P! ¢ X x P!, the closed immersion
ixid: Z x P! — X x P! lifts to the closed immersion 7 : Z x P! — Y. Since
7 is an isomorphism away from Z x 0, the inclusion X x 1 — X x P! defines
the closed immersion i1 : X =Y; —» Y.

Let n; be the conormal sheaf 77 /7% of i; g : P — Z is identified with the
projective bundle of the conormal sheaf of Z x {0} C X x P! ie

P=P(n ® Oz).

! see [9].
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The intersection P N Xz is the subbundle P(n;) C P corresponding to the
projection 1; @ Oz — n;; as a subscheme of Xz, PN X is the exceptional
divisor E of the blow-up X7z — X. The complement of E in P is the normal
bundle N; — Z and the inclusion s : Z x0 — P is the zero-section sg : Z — N;
followed by the open immersion j : N; — P.

Proposition 2.5.1. Let i : Z — X be a closed embedding of smooth k-
schemes. Let p: Xz — X the blow-up of X along Z, n; the conormal sheaf of
i, P:=P(n; ® Oz) and q : P — Z the projection. Then we have the equality
m Ad(Y>.'

[Xz % Y] = [X 5 Y]+ [xa(Oy (P))]

Proof. We have the identity of divisors 7*(X x {0}) = P+ Xz. Thus we have
the isomorphism
Oy (P) @ Oy (Xz) = p3(0(1)),

where Oy (P) and Oy (Xz) are the line bundles on Y of the divisors P and
Xz, respectively, and O(1) is the tautological quotient line bundle on P!.
Similarly, we have Oy (X) = p5(O(1)), and hence

Oy(Xz) = Oy (X) @ Oy (P)". (2.5)
From lemma 2.3.10 and the isomorphism (2.5)
Xz = Y] =& (0y(Xz))(1ly) (2.6)
=2_aii&1 Oy (X)) o (xa(@(Oy (B (ly)
= [X = Y]+ [xa(Oy (P))]
+ Y ai&(Oy (X)) o (xa(@(Oy (B)Y (1y).

i>1,5>1

Now the restriction of Oy (P) to X is clearly trivial since PN X = (). In
particular, in A,(Y) one has

&1(0y (B)) 0 & (Oy (X))(1y) = &

(
(

= i1 (@1(i50y (P)(1x) )
i1 (1 (

by lemma 2.3.6. Thus, in our formula (2.6), the terms with ¢ > 1 and j > 1
all vanish, completing the proof. O

We can simplify this formula further. Let g(u) € A.(k)[[u]] be the power
series uniquely determined by the equation

xa(u) =u-g(u).
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We thus have by (2.3)

g(u) =-1 + a1 — (a1,1)2u2 + ((a1,1)3 + a11-0a21 + 2(1371 — a272) u3
+ terms of degree >4 (2.7)
Proposition 2.5.2. Let i : Z — X be a closed immersion of smooth k-
schemes. Let Xz — X the blow-up of X at Z, n; the conormal sheaf of i,
P:=P(n; & Oz) CY the exceptional divisor of w, and q : P — Z the projec-
tion. Let Op(—1) denote the dual of the canonical quotient line bundle Op(1).
Then one has the equality in Aq(X):

[Xz — X] = [ldx] + i. 0 ¢ ([9(Op(=1))]) (2.8)

Proof. Let ¢ : P — Y denote the inclusion, and let £ = PN Xz; E is the
exceptional divisor of the blow-up Xz — X. It is easy to see that F is defined
by the vanishing of the composition

Op =q"0z — q* (1 ® Oz) — O(1),

so Op(E) =2 O(1).
Note that ¢.(1lp) = é(Oy(P))(1ly). Using the axiom (A3) of defini-
tion 2.1.2, it follows that
¢+([F (67 Oy (P))]) = &1 (Oy (P))([F(Oy (P))]) = [(uF)(Oy (P)]

for any power series F(u) € A.(k)[[u]]. In particular, one has the equality in
A (Y):
[xa(Oy (P))] = 6. (l9(¢" Oy (P))]).
Since X NP = (), we have ¢*Oy (X) =2 Op. Thus, from (2.5) we see that
¢"Oy (P) 2 ¢*Oy (—Xz) = Op(—E).
Thus ¢*Oy (P) = Op(—1), giving us the identity in in A,(Y):

[xA(Oy (P))] = ¢« ([9(Op(-1))]).

Substituting this identity in the formula of proposition 2.5.1, and pushing
forward to A.(X) by the projective morphism ¥ — X x P! — X yields the
desired formula. O

Remark 2.5.5. Tt is useful to have a formula using Op(1) instead of Op(—1),
as the former is sometimes very ample, and one can then use the relation
(Sect) to give an explicit formula in terms of subvarieties of P. To rewrite the
formula (2.8) in this way, we note that x(x(u)) = u implies that

1
9(x(w)) = o)

so letting h(u) = 1/g(u), we have
[Xz — X] = [ldx] + ix © . ([A(Op(1))]) (2.9)
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2.5.3 Projective spaces and Milnor’s hypersurfaces

Let n > 0 and m > 0 be integers. Recall that ,, denotes the line bundle on P™
whose sheaf of sections is O(1). Write 7, ,, for the line bundle pi (v,) @3 (vm)
on P x P,

We let ¢ : Hy, ,p, — P x P™ denote the smooth closed subscheme defined
by the vanishing of a section of v, ,, transverse to the zero-section.

Remark 2.5.4. The smooth projective k-schemes H,, ,,, are known as the Mil-
nor hypersurfaces [3]. Taking m < n, it is easy to see that, choosing suitable
homogeneous coordinates Xo, ..., X, for P” and Yy,...,Y,, for P, H, ., is
defined by the vanishing of Z;ZO X,;Y;; this also shows that the isomorphism
class of H,, ,, as a k-scheme is independent of the choice of section. This also
shows that, for m =1 < n, Hy,,, C P" x P! is the standard embedding of the
blow-up of a linear P*~2 in P". In general, the projection H,, o — P makes
Hyoma P"~!_bundle over P™. In the special case n = m = 1, we see that Hy,
is (up to a change of coordinates) the diagonal P! in P! x P!

Lemma 2.5.5. Write the formal group law of A, as Fa(u,v) =3, ; a;jutol,
Then we have the equation
[Hpm = P x P =3 ) " ay [P x P70 — P" x P (2.10)
i>0 >0
in A.(P" x P™), where P"~% x P™™J — P" x P™ is the product of linear
embeddings P"~" — P", P~ — P™. We also have the equation

(Hpm] = [B"]- P71+ P71 [P+ ) ) aq [P P 7] (2.10)
i=1j=1
in Ay(k).
Proof. The formula (2.11) follows from (2.10) by pushing forward from P™ x
P™ to Speck, after noting that [P"~¢] . [P™~J] = [P"~¢ x P™~J], and that
ajp=ao1 =1, apo =agm =0forn >1orm > 1.
To prove (2.10), one has the following computation in A, (P™ x P™):

¢1(Yn,m) (1pn xpm )
alp (%) ® p3(¥m))) (1pn xpm )

Fa(&1(pi(m)); 1(p3(ym)))) (1pn xpm)
1 (7)) (Lpn xprm ) + E1(p3 (Ym)) (1pn e )

&p
+ (Y ay @ i(m) 0 @@ (ym))?) (Lpn ).

i>1,7>1

[Hpm — P* x P™]

The last expression can be computed easily: since the sections of ~, define
hyperplanes in P", applying the axioms (Sect) and definition 2.1.2(A3) re-
peatedly yields
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&1 (pi(7n))" © E1(P5 (ym))? (Lpnxpm) = [P"7" x P77 — P™ x P™].
One thus gets the right hand side of formula (2.10), proving the lemma. O
Remark 2.5.6. We observe that equation (2.11) for n = m = 1 gives:
[Hia] = [P] + [P'] + [a1,1] - 1.

By remark 2.5.4, H; ; is isomorphic to the diagonal P! in P! x P!, and the
formula (2.11) yields
[a1,1] = —[P'] € Ay (k).

Remark 2.5.7. Using remark 2.5.4 again, we find that Hs; C P?xP! is isomor-
phic to the blow-up of a k-rational point p = Spec k in P?. Using the notation
of proposition 2.5.2, we have n; = Og, and hence P = P(k @ k @ k) = P? and
Op(—1) = 75 . Using this with our formula for g and proposition 2.5.2, we find

[Hzy — P?] = [Idp2] + iwge ( — [Idp2] — [P'] - 1 (75) — [P']* - 1 (%))

Let P! — P2 be the linear embedding, pt — P? the inclusion of a k-point.
By (Sect), c1(72) = [Pt — P?], ¢1(72)? = [pt — P?] and c¢1(y2)® = 0. Since
c1(vy) = x(c1(72)), we have from (2.3)

a(y) =—c(r) +arici(2)?
= —[Pl — ]P’z] — [Pl] - pt — IPQ]

a1(15)? = (—a1(2) + ar1c1(72)%)?
= [pt — P?]

and thus
[Hy,1 — P?] = [Idp2] — i ([P? — p]) — [P'] - i (=[P' — p] — [P'] - [1d,)])
— [P1)? - i ([1d,)])
= [ldg2] + (= [P?] + [P']?) - [p — P?]

Pushing forward to Speck yields [Ha 1] = [P1]%.
The formula of lemma 2.5.5 gives [Hz 1] = [P?]+[P']- [P!] +a1 1 [P']+ a2
which finally yields the formula in A, (k):

a1 = [Pl]z - [IPQ]'
Remark 2.5.8. We may solve for a,, , in the formula (2.11), giving
tn,m = [Hnm] = [P°] - [P = [P"71] - [P™]
- > ayPr P

1<isn, 1<j<m
(i,7)#(n,m)
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This gives an inductive formula for a, ,, in terms of the classes [P‘] and
[H; ;]. Thus, the image of L, in A, (k) is contained in the subring generated
by these classes. In addition, for n > 1 and m > 1, this formula shows that in
A (k), [Hn,m] equals ay, ,,, modulo decomposable elements (sums of products
of element of degree > 0).

2.5.4 Generators for algebraic cobordism

We have the graded subgroup M (k) of Z.(k) generated by the cobordism
cycles [Y — Speck] = [Y]; the product on Z,(k) makes M (k) a graded
subring. We have the canonical ring homomorphism L, — £2,(k) induced by
the quotient map L, ® £2, (k) — 2.(k).

Lemma 2.5.9. Let X be a finite type k-scheme. Then 2,(X) is generated as
a group by standard cobordism cycles

Y — X,Lq,...,L;]
In other words, the evident homomorphism Q2,(X) — 2.(X) is surjective.

Proof. The L,-module (2,(X) is clearly generated by the standard cobordism
cycles. Since the L, action on {2, factors through the canonical homomorphism
L, — Q.(k), via the external product action §2,.(k) ® 2.(X) — 2.(X), it
suffices to show that the ring homomorphism

Z.(k) — Q2.(k)

is surjective. As the ring homomorphism L, ® Z, (k) — §2,(k) is surjective by
definition, it suffices to prove that the image of L, — (2,(k) is in the image of
Z.(k) — 2.(k). In fact, the image of L, — §2,(k) is generated by the image
of the subring M} (k) of Z,(k), as one sees by applying remark 2.5.8 to the
case A, = (2,. O

Lemma 2.5.10. For X € Schy, £2.(X) is generated as an M (k)-module by
classes of the form [Y — X, Ly, ..., L], where each of the line bundles L; on
Y is very ample.

Proof. Given any cobordism cycle (f : Y — X, Ly,...,L,) on X € Schy, we
have the formula from remark 2.1.8

[f: Y =X, Ly,...,L) = feoci(L1)o---0c (L) (1ly).

This identity and remark 2.3.12 imply that (2,(X) is generated as an L,-
module by classes of the desired form; remark 2.5.8 implies that 2,(X) is
generated as an M (k)-module by classes of the desired form. O
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Lemma 2.5.11. Let X be a finite type k-scheme. Then the canonical homo-
morphism

MI(X) = 02.(X)

is an epimorphism. In other words, the graded abelian group $2,(X) is gener-
ated as a group by the classes [Y — X] of projective morphisms Y — X with
Y smooth quasi-projective and irreducible.

Proof. From lemma 2.5.10 we know that (2,(X) is generated as a group by
classes of the form

[fopl Y X Z — XapTL17"'7pTLT]7

where Z is smooth and projective over k, f : Y — X is in M(X) and each
L; is a very ample line bundle on Y. If k£ is infinite, using remark 2.3.8 we
may find sections s; of L; such that the subschemes s; = 0 are smooth and
intersect transversely on Y, for i = 1,...,r. Using lemma 2.4.7, we see that

Y X Z — X, piLq,...,piLy]
=1 x Z— X,piLs,...,piL,]
==Y, xZ— X]

where Y; = ﬂ;zl{sj = 0}, proving the statement.
If k is finite, we apply the same reasoning, using remark 2.3.8(2) and
lemma 2.3.5. a

Theorem 2.5.12. Let k be a field. Then the homomorphism Py(k) : Lo —
20(k) is an isomorphism and §2o(k) is the free abelian group on 1 = [Speck].
Moreover, given any smooth variety X = Spec A of dimension zero over k,
then [X] = dimy(A) - 1 in 2o(k).

Proof. The last formula has been established in lemma 2.3.4. The surjectivity
of @y (k) follows from that formula and from lemma 2.5.11 which implies that
£2y(k) is generated by classes [Spec L] where L is a (separable) finite field
extension of k. Thus Z = Ly — {2y(k) is surjective.

For injectivity, we have the natural transformation {2, — CH, given by
the universality of (2, (theorem 2.4.13); the map 29(k) — CHy(k) = Z is a
left inverse to Lo — §29(k), which is thus injective. O

2.5.5 Relations defining algebraic cobordism

It will be useful to give explicit generators for the kernel of the natural sur-

jection (see lemma 2.5.11):
2, — ..

For this, first use remark 2.5.8 to choose for each (i, j) with ¢ < j an element
a;; € M;‘+j71(k) lifting [a;;] € $2;4;-1(k); for j < i we set a};, = aj;. Let

)

F(u,v) € £2,(k)[[u, v]] be the power series
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Flu,v) =u+v+ Z a;juivj.
4,521
Definition 2.5.13. Let X € Schy,. Let R.(X) denote the subgroup of £2,(X)
generated by elements of the form

feo&(Li)o---o& (L) ([F(L, M)] - [L & M]),

where f:Y — X is in M(X), and (L1, ..., Ly, L, M) are line bundles on Y.
We denote by $2,(X) the quotient group £2,(X)/R.(X).

Lemma 2.5.14. Let X € Schy. Then R.(X) is also the subgroup of £2,(X)
generated by elements of the form

feodi(Ly)o--- o0& (Ly)(F(éi(L),é(M))(n) — e (L © M)(n)),

where (f Y — X, L1,...,L.,) is a standard cobordism cycle on X, L, M
are line bundles on'Y, and n is in 2,(Y).

Proof. Indeed, £2,(Y) is generated by the standard cobordism cycles (g :
Z —Y,Mi,...,Ms) on Y. But then using the notations of the lemma with
n=1[g:Z—Y,M,..., M| we have

feoci(Li)o-oci(Ly)o F(ci(L),e1(M))(n)
= (fog)xoci(g"L1)o---0é1(g"Ly)oci(My)o---o0é (M) ([F(g"L,g" M)])

and

f* Oél(Ll) O - Oél(LT) Oél(L(g)M)(’I])
=(fog)ioci(g"Li)o-- 08 (9"Ly)oer(Mi)o--- o0& (Ms)([g"L ® g*M])

which verifies our assertion.
O

As a consequence of the lemma, together with remark 2.1.14, one sees that
X — 02.(X) is an oriented Borel-Moore functor with product on Schy,.

It is easy to see that the elements in R, (X) become zero in £2,(X) through
the projection 2, (X) — 2,(X), giving a natural epimorphism 7y : 2,(X) —
02.(X).

Proposition 2.5.15. Let X be a finite type k-scheme. Then the homomor-
phism R

Tx 1 2:(X) — 2.(X)

s an isomorphism.
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Proof. Tt suffices to show that (F,f2,(k)) is a commutative formal group.
Indeed, if this is so, we have the canonical homomorphism

(rb : L* - Q*(k)a

with ¢(a;;) = aj;. Using the Q. (k)-module structure on 2., we get the sur-
jective morphlsm of oriented Borel-Moore functors with product

9 L* ®Q* i Q*;
9a ) = B(a)b

extending the natural transformation 2, — fZ* If L and M are line bundles
on X, we have

I(FL(E1 (L), 61(M))) = F(é1(L),¢1(M))

as endomorphisms of Q*(X ), hence ¢ descends to a surjective natural trans-
formation 2, — (2, which is easily seen to be inverse to 7.
Now, to show that (F, £2,(k)) is a commutative formal group, we need only
verify the associativity F(F(u,v),w) = F(u, F(v,w)) in 2, (k)[[u, v, w]].
Suppose the associativity relation F(F(u,v),w) = F(u, F(v,w)) is satis-
fied modulo (u™, v™*+1 wPT1). Write

F(F(u,v),w) = Zaijluivjwl; F(u, F(v,w) Zawlu vl
15l ijl

Let (a, b, c) be integers, and let Ox (a, b, c) denote the line bundle whose sheaf
of section is O(a, b, c) := piO(a) ® p30(b) @ p30(c) on X :=P" x P™ x PP.
Then, as endomorphisms of £2,(X), we have
F(F(El(OX(lv 0, 0))’ 61(OX(07 L 0)))7 él(OX(Ov 0, 1)))
= F(&1(0x(1,1,0)),&(0x(0,0,1)))
61( (15 1, 1))
= F(¢,(0x(1,0,0)),¢1(0x(0,1,1))
= F(¢:(0x(1,0,0)), F(¢1(0Ox(0,1,0),¢(0x(0,0,1))).

Evaluating both sides on Idpn «pm «pr gives

D aipHYD x HO x HO — X] = "aly[HD x HD x HO — X

ijl ijl

in 2, (X), where H (1) stands for the intersection of i independent hyperplanes.
Pushing forward to Spec k, using our induction hypothesis, and the fact that
H™ »x H™ » H®) pushes forward to the identity in (2,(k), we find that
the associativity relation F(F(u,v),w) = F(u, F(v,w)) is satisfied modulo
(untL, ym*+L wPT1), The same argument allows us to increase the degree in v
and in w, which completes the proof. a
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Fundamental properties of algebraic cobordism

In this chapter we show, assuming the base-field admits resolution of singu-
larities, that algebraic cobordism has the properties expected of a reasonable
Borel-Moore homology theory, namely, the projective bundle formula (theo-
rem 3.5.4) and the extended homotopy property (theorem 3.6.3). Crucial to
the proofs of these results is the fundamental right-exact localization sequence
(see theorem 3.2.7), which is the main technical result of this chapter. As
preparation, we construct in § 3.1 the class of a strict normal crossing divisor
FE on some smooth W as an element of the algebraic cobordism of the support
of E.

In addition, we prove a moving lemma (proposition 3.3.1) which shows
that, for W € Smy, with smooth closed subscheme Z, {2, (W) is generated by
f:Y — W in M(W) which are transverse to the inclusion Z — W. This
will be important in showing that {2, is the universal Borel-Moore homology
theory on Schy in chapter 7.

3.1 Divisor classes

For a Cartier divisor E on some W € Smy, we have the class ¢;(Ow (E))(1w)
in £2,(W), denoted [Ow (E)]. Letting i : |E| — W be the support of E, the
main object of this section is to define a class [E — |E|] € 24(|E|), in case E
is a strict normal crossing divisor, such that i.([E — |E|]) = [Ow (E)].

3.1.1 Some power series

For a formal group law (F,R), recall that we simply write u +p v for
F(u,v), and extend this notation in the evident way for the other formal
group operations such as formal opposite, denoted [—1] -r v (which satisfies
u+p[—1]-Fu = 0), formal difference, denoted u— v (equal to u+p[—1]-F(v)),
n-fold formal sum uy +p + - - - +p un, and formal multiplication by n € Z, de-
noted [n] - u.
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In this section we will be using the formal group law (F, R) = (Fp, 2.(k))
unless explicit mention to the contrary is made.
Given integers nq, ..., Ny, we will use the notation

Fromm(uy oo u) =[] pur +r oot E ] R um

Ezxample 3.1.1. By the relations encoded in the definition of §2,, we have for
line bundles L1, ..., L, on a finite type k-scheme X:

Fraeomtm (& (Ly), ... é1(Ly)) = & (L™ @ ... @ LE™).

For a sequence J = (J1s---5Jdm) € N™ of non-negative integers j;, let
wl =l We set [|J]] = Sup;i(ji)-

Lemma 3.1.2. Any power series H € R[[uq,. .., un]] can be uniquely written
as

Hluryooyun) = S0 w - Hyu, . ),
J, (1111

where each monomial hy yu’, J' = (j1,...,4..), occurring in Hy has j, =0
ifjs::0~

Proof. Write H(u1,...,um) = > hx -uf, and let J = (j1,...,jm) with
|[7]] < 1. Let Hy = 3% hxgu®~7, where the sum is over all K = (ki,..., k)
such that k; > j; for all 7, and k; = 0 if j; = 0. Uniqueness is easy and left to
the reader. O

Applying the above lemma to F™~"m we have power series
FPomm (g, ) € 20(k)[[u, .. u]l; || <1,
with

Froesmm(uy, ) = S FP I (g ),
7 7l

Ezxample 3.1.3. Assume m = 2 and nq = ny = 1. Then

FbY(u,v) = F(u,v) = Zaiﬁjuivj

=ut+v+ E a; ju'v’

121,521
:u+v+uv( Z aiﬂ'ui_lyj_l)’
i>1,5>1
1,1
S0 F(oo)_o (10)(u v) =1, F(01)( v) =1 and

i1
Fip(uv) = > aiu™/™h

i>1,57>1

Similarly, F(”1 T)L =0 for all (ny,...,n;).
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3.1.2 Strict normal crossing divisors

Definition 3.1.4. Let W be in Smy. Recall that o strict normal crossing
divisor E on W is a Weil divisor E = Zgl n; - E; where each n; is > 1,
each E; is an integral closed subscheme of W and for each I C {1,...,m} the

subscheme
Er = ﬂ E;
iel

is smooth over k of codimension |I| on W. Ey is called a face of E.

We denote by i : |[E| — W the support of F, i.e., the reduced closed
subscheme whose underlying space is the union of the F;. We remind the
reader that Ow (F) denotes the line bundle on W corresponding to E, which
means that its Oy -module of sections is Ow (E).

Let W be in Smy, and let E be a strict normal crossing divisor on W.
Write £ = ZT:l n;E;, with the E; integral. For each index J = (j1,...,jm)
with ||J]| < 1, we have the face

EJ = ﬂi’ jizlEi

of E. Of course, By = E’U) where J(I) = (j1,...,jm) with j; = 0if i & T
and j; = 1ifi € I. Let iy : E/ — W be the inclusion.

Let «/ : B/ — |E| be the inclusion. Let L; := Ow(E;), and let LY =
(i) L;.

Definition 3.1.5. Define the class [E — |E|| € £2.(|E|) by the formula

[E—|B= Y dJ(F" (L, L)), (3.1)
I, ]It

If f . |[E| — X is a projective morphism, we write [E — X]| € 2,(X) for
f+([E — |E]]).

Ezxample 8.1.6. Assume m = 2 and ny = ny = 1, so that £ = E; + E and
|E| = E1 | Fa. From example 3.1.3, we see that

1,0 0,1 1,1 , 1,1 1,1
(B — Bl = ") (1g,) + %D (1g,) + SV IEY, (28D, L5Y)]
1

L,1)[ g1, 1,1) (1,1
= [By — |E|| + [B> — |E| + £V RS (@Y, 1Y)
In particular, assume that L; and Lo are trivial. Then equation (3.1) becomes
[E = |Ell = [Ex — |El| + [B2 — | B[] + [a1,1] - [Epn 2y — [E]]

which equals (using remark 2.5.6):

(B — |E|] = By — | Bl + [E2 — | B[] - [P'] - [Epa 2y — |E]]
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Remark 3.1.7. Let E be a strict normal crossing divisor on some W in Smy.
Write E = Y.!_, n;E;, with the E; the irreducible components of |E|. Let
L>; C L, be the ideal of elements of positive degree, and let L, — Z be the
ring homomorphism with kernel L>;. Then, in £2,(|E|) ®L, Z, we have

[E — |E|] = ZmEHW

Indeed, it follows directly from the definition of F™1»-"r that
F7o"(ug, .. up) =0 mod Ly

if |J| > 1. If J = (j1,.--,jr) with j; = 1 and 5, = 0 for [ # 4, then
F7vom(ug, ... up) =0 mod Lisg.

This yields the desired formula.

Lemma 3.1.8. Let W be in Smy, and let E = Z?ll E; be a strict nor-
mal crossing divisor on W. Let i : Egy gy — W be the inclusion. Let
H(uy,...,u,) be a power series with .(k) coefficients, and let Ly,..., Ly,
be line bundles on W. Then

Proof. By induction on m it suffices to prove the case m = 1; write E for Ej.
We have

i [H(" Ly, ..., i* L)) = i (H(E (" Ly), ..., &1(* L)) (1dg))
Hél(L:L),.. 701(Ln>)(E—>WD
=H 51(L1)7 . ,Cl(Ln)) (@) El(OW(E))(Idw)

Proposition 3.1.9. Let W be in Smy, let E be a strict normal crossing di-
visor on W. Then
[E — W] = [Ow(E)].

In particular, let X be a finite type k-scheme, let f : W — X be a projec-
tive morphism, and let E, E' be strict normal crossing divisors on W with

Ow (E) =2 Ow(E"). Then
B — X] = [B' - X]
in £2,(X).



3.2 Localization 55

Proof. Write E = " n;E; with the E; smooth and irreducible and let
L; = Ow(E;). Write F for F™»mm Fy for Fy " Let F) = u’Fy, so

that
F=>Fj
J
Let i/ : E/ — W be the inclusion. By lemma 3.1.8, we have
il ([Fy(L{,....L))]) = [F}(L1,..., L))
Thus

J
= S UFY(Las e L))
J

= [F(L1,...,Ly)]
= F(&1(L1), ..., (L)) (Idw)

(L™ ®...@ L2 )(Idw) (cf. example 3.1.1)
= [Ow (E)].

3.2 Localization

Let X be a finite type k-scheme i : Z — X a closed subscheme, and j : U — X

the open complement. It is obvious that the composite §2,(Z) LR 2.(X) -

£2,(U) is zero, so the sequence

02.(2) 2 0.x) 5 0.U) >0 (3.2)

is a complex. Our main task in this section will be to show that (3.2) is exact
(theorem 3.2.7), at least under the assumption that the base field k£ admits
resolution of singularities. The most difficult part of the argument concerns
the exactness at £2,(X); one reduces fairly easily to two types of classes:

1. the difference of two cobordism cycles [Y — X] — [V’ — X] with Y = Y’
over U.

2. the difference of two cobordism cycles [f : Y — X L] —[f:Y — X, L]
with L 2 L' on f=Y(U).

Thus, we begin by analyzing the effect of a birational transformation on the
class [Y — X] and the effect of twisting a line bundle L by Oy (D) on the
class [Y — X, L].
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3.2.1 Blow-ups

Let f: W' — W be a projective birational map, with W/ and W smooth over
k. In this section, we consider the problem of writing the class W' — W] in

By [12], there is a closed subscheme T' of W such that f is the blow-up of
W along T. Since W is smooth, we may assume' that the support of T is the
fundamental locus of f, i.e., W\ |T| is exactly the set of x € W over which f
is an isomorphism. Let E C W’ be the exceptional divisor f~1(T).

We form a version of the “deformation to the normal cone” as follows: let
p:Y — W x P! be the blow-up of W x P! along T x 0. Let (W x 0) denote
the proper transform of W x 0, let (T x P) denote the proper transform of
T x P!, let E be the exceptional divisor of w and set

Yy = pt (W x 1)
Yo :=p YW x 0) = (W x 0) UE.

This gives us the deformation diagram (compare with the deformation dia-
gram (2.4))

Txl(—i>Y1—Wf<1 (3.3)
~ G

(T x PL)C Y — WJxPl - P!

J (Win\—%WxO

Lemma 3.2.1. The restriction of 1 : Y — W x P! to

g (Wx0)y—W,
is isomorphic over W to f : W' — W. In addition, Y \ EN(T xP') is smooth,
and contains (W x 0). Finally, if E is a strict normal crossing divisor, then

E+ (W x0)\ (T x P is a strict normal crossing divisor on Y \ EN (T x P')

Proof. Via the projection W x P! — P!, all schemes and morphisms involved
are over P1. Since 1 is an isomorphism over P1\ {0}, we may restrict everything

! See [12, Exercise 7.11(c)].
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over the open subscheme Al = P!\ {00} of P'. We indicate this by replacing
P! with A! in the notation, but leaving all other notations the same.

The assertions being local over W, we may assume that W = Spec A for
some smooth integral k-algebra A. Let I C A be the ideal defining T, J C A[t]
the ideal defining T' x 0, so J = (I, ).

Suppose I = (fo,..., fm). Then W' = Proj,(®,I") is the subscheme of
P} defined by the kernel Ny of the surjection of graded rings

A[XOW"?Xm} - EBnIn
9(Xoy- -, Xim) — g(fo, -, fm)-

Similarly, Y is the subscheme of IF’ZL[# defined by the kernel Ny of the sur-
jection of graded rings

A[t] [X07 cee aXm; Xerl] - @an
g(X()v ey vaXm+1) = g(f(], ceey fm,t)

We claim that Ny is the ideal generated by Ny~ and the elements
fiXm+1 —tX;, j = 0,...,m. To see this, take g € Ny of degree d, and
expand g as a sum of monomials X’ X7 . (I = (ig,...,im), [I| = >

9= Z gIXIXZn+17
|T|+i=d

with

Nr
gr=>_git’; gl €A g #0.
=0

Modulo the elements f;X,,+1 —tX;, we may rewrite g as

d M
g = ZQ’EX’I’TL+1 + (Z ajtj)ngrh
i=0 j=1

with g, € A[Xo, ..., X,»] homogeneous of degree d—i, and a; € A. Evaluating
g', we have

d

M
0= g/(an"'afm7t) = Zg;(f()a 7fm)tl +Za/itd+ia
i=1

=0

hence each a; = 0, and each g, is in Ny, proving our claim.

Next, we note that multiplication by X,,+1, XX;mq1 1 Oy — Oy (1), is
injective. Indeed, multiplication by X, 11 on the homogeneous coordinate ring
of Y is just multiplication by ¢ on &,J™, which is evidently injective. This
implies the injectivity of XX, 41 on the sheaf level. Additionally, it is clear
from our description of Ny that, for 0 < i < n,



58 3 Fundamental properties of algebraic cobordism
AlXo, .oy Xon, X,V /Nw 2 A[t][Xo, -+ s X1, X; ]/ (Ny, Xony1),

so W' is isomorphic to the subscheme of Y defined by X,,,+1 = 0. Since W' is
smooth, and X,,, 11 is a non-zero divisor on Oy, this implies that Y is smooth
in a neighborhood of X,,+1 = 0. Finally, since the proper transform (W x 0)
is irreducible and dense in (X,,+1 = 0), we see that the equation X,,;1 =0
defines the subscheme (W x 0).

We now look at the proper transform (T x A'). Let A/ denote the sheaf
of ideals on Y defining (T x A'), and let Z be the sheaf of ideals defined
by the homogeneous ideal (X, ..., X,,). We claim that NV = Z. Indeed, on
the subscheme of Y defined by (Xo,...,X;n), Ximt1 is invertible, hence the
relations f; Xm41 —tX; in Ny imply that Z D (fo, ..., fm)Oy, and we have
equality of ideal sheaves after inverting t. Thus AN/ = Z after inverting ¢, hence
N D ZI. Since the subscheme of Y defined by Z is evidently isomorphic to
T x A' via the projection to X x Al, T is thus maximal among ideal sheaves
J with J[t~!] = Z[t~!]. Thus N = Z, as claimed.

On the other hand, consider the affine open subscheme U; of Y defined by
X; # 0, and the similarly defined subscheme V; of W’. Our description of Ny
in terms of Ny implies that U; & V; x Al using X,,11/X; as the map to Al.
Thus Uj; is smooth. Since Y — X x A! is an isomorphism over X x A\ T x 0,
this proves that Y \ E N (T x A') is smooth.

Finally, both EOUZ- C U; and ENV; C V; are the subschemes of U; and V;,
respectively, defined by f;. Again referring to the explicit equations defining
Y, we see that ENU; CU; is isomorphic to E x A! ¢ V; x Al, using as above
the coordinate X,,1/X;. Thus E\ (T x A') is a strict normal crossing divisor
on Y \ EN(T x A'). We note that (W x 0) is smooth, and (W x 0) N E is the
strict normal crossing divisor £ on W'. Write E = ZZ n;D;. Since E = ExA!
in a neighborhood of (W x 0), this implies that £ = Y, n;D; x Al in a
neighborhood of (W x 0). Thus (W x 0) intersects each irreducible component
of E transversely, hence E + (W x 0) \ (T x A') is a strict normal crossing
divisor on Y\ E N (T x A'). 0

3.2.2 Preliminaries on classes of divisors

Let F be a strict normal crossing divisor on some W € Smy. We have defined
in §3.1 the class [E — |E|] in £2.(]E]); for later use we will need a somewhat
more detailed description of this class. Write £ = Z:’;l n;D; with the D;
distinct and integral, so D := " | D; is a reduced strict normal crossing
divisor. Write Eyuy := E — D, and Ereq = Zni:l D,. Define

|Elsing := (Uicj |Ds| O [Dj]) U |Emuel,

50 | Elsing is the singular locus of |D|, together with the union of the |D;| with
n; > 1.
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Lemma 3.2.2. Let W be in Smy, and let E = Z —1 Dy be a strict normal
crossing divisor on W ; supposen; =1 fori =1,...s, andn; > 1 fori > s. Let
Lsing © | Elsing — |E| be the inclusion. Then there is an element n of 2,(|Elsing)
such that

S

[E = |El| =) [Ei — |E|] + tsingsn-

i=1
Proof. Let n =73, n;, and let F;, denote the n-fold sum
Fn(ul,...,un) = U1 —|—F —i—Fun

We have F(u,v) =u+v+ 5 ;5 aijutv, from which it follows that

n
— i1 A
Fn(ulwuaun) = § U; + 5 Qjy i, Uy oWy
=1

121,00 21

Thus, if we expand
1,..., 1,n. s o
F et m'_F(ula"'7us7us+17"'7u8+17"'7um7"'7um)

as required for the definition of [E — |E|],

1,1 nsq 1,y J
F + - E U FJ<u17"'7um)7
g, [1711<1

we find
S
4
Floobmetioesnm — E u; + E u’ Fyp(ut, ... tm),
i=1 J

where each J’ has either two nonzero entries, or an entry j; = 1 with [ > s.
We thus have

[E—|E]= Y dF"0w(Dy),....i"" Ow(Dn))]
J, 117111

S

= Z L]* IdD

j=1

+ 3L Er (70w (D), .7 Ow (D)),

J!

where ¢; : D; — |E|, ./ : D — |E|, i/ : D7 — W are the inclusions. This
gives us the desired decomposition, because each Lf " factors through tgings. 0O

Lemma 3.2.3. Let j : V. — Y be an open subscheme of some Y € Smy,
and let D be a strict normal crossing divisor on Y such that D := ]*D 18
smooth (and reduced). Let jp : D — |D| be the inclusion. Then there is a
class [D]x € M*(|D|) such that
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1. j5[D)* =1dp € MH(D). o

2. The image of [D]* in 2.(|D]) is [D — |D|].
Proof. We may write D as D = Y7, D; e Dj, with the D; smooth
and irreducible, and with >7_; D; the closure of D in Y. We may suppose
that n; > 1 for all j > s; otherwise, just enlarge V. Let i : |Dl|sng — |D| be
the inclusion. By lemma 3.2.2, there is a class 17 € £2.(|D|sing) such that

[D — 1D} = Z[f?j — |DI] + .

Let n% be a lifting of i to an element of ./\/l+(|D|bmg) (use lemma 2.5.11).

Since 3°_, j5[Di — |D|] = Idp, and |Dlsng and Dj, j > s are contained in
Y\ V, taking

S

[D]x =) [Dj — D] + i

j=1

gives the desired element of M*(|D]). O

3.2.3 Main result
In this section we assume that k admits resolution of singularities.

Proposition 3.2.4. Let p : W/ — W be a birational projective morphism,
with W and W' in Smy. Let ip : ' — W be a reduced closed subscheme
containing the fundamental locus of w, and let E be the exceptional divisor
of w. Suppose that E is a strict normal crossing divisor. Then there is an
element n € 2.(F) such that

[ W' — W] =1Idw +ir.(n)

Proof. We may suppose that F' is the fundamental locus of pu. Let T be a
closed subscheme of W supported in F' such that p is the blow-up of W along
T.Let q: Y — W x P! be the blow-up of W x P! along T x 0, and let E be the
exceptional divisor. By lemma 3.2.1, we have the identification of W/ — W
with the restriction of ¢ to go : (W x 0) — W x 0. Furthermore, the singular
locus of Y is contained in |E| N (F x P'), which is disjoint from (W x 0).
Finally, (W x 0) + F is a reduced strict normal crossing divisor away from
Yiing := | E| N (F x PY).

Thus, by the resolution of singularities, we may find a projective birational
map p : Y — Y in Smy, which is an isomorphism over Y \ Ysing, such that
(gp)* (W x0) is a strict normal crossing divisor. Thus, (gp)*(W x0) = 1- (W x

0) + 3, n:D; with (W x 0) + 31" | D; a reduced normal crossing divisor, and
with (¢p)(D;) C F for all i.
Let D =37 D;, and let
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i |(Wx0)+D| =Y,
iwxo) : (W x 0) = [(W x 0) + D],
ip| |D| — |(W x 0) + D|

be the inclusions. Let f : Y — W be the morphism p1gp and let f¥ : \D\ — F
be the restriction of f.
Since the divisors (gp)*(W x oc0) and (gp)* (W x 0) are linearly equivalent

strict normal crossing divisors on Y, it follows from proposition 3.1.9 that

S (W < 0) + Zmbi = Y]) = fullap)" (W x 00) — V]

in £2,(W). Since gp is an isomorphism over W x (P! \ {0}), we have

fo([(qp)* (W x 00) — Y]) = Idw.

By lemma 3.2.3, there is an element 7 € £2,(|D|) such that
(W x 0) + > n;D; — |(W x 0) + DI
i
= [(W % 0) — (W x 0) + D[] +1|5.(7)
in 2.(|(W x 0) + D|). Let n = fF(r) € 2.(F). We thus have

Fe([(W x 0) = Y]) + ip.(n) = Idw.

Since f : (W x 0) — W is isomorphic to p : W' — W, this proves the
proposition. a

Lemma 3.2.5. Take Y in Smy, let 7 : U — Y be an open subscheme, and
let LY, Ly,..., Ly, be line bundles on'Y . Suppose that

1. The complement i : Z — Y of U is a strict normal crossing divisor.
2. 5%Ly = j*L.

Then (Idy, L}, ..., L) — (Idy, Ly, ..., L) is in i, (2.(Z)).

Proof. 1t suffices to show that [L}] — [L1] = i,z for some x € 2,(Z). Indeed,
if this is the case, then

(Idy, LY, ..., L) — (Idy, L1, ..., L) = ¢1 (L) o ... o ¢ (L) ([L]] — [L4])
= 61(Lm) O0...0 61 (LQ)(’L*JZ)

The kernel of j* : Pic(Y') — Pic(U) is the set of line bundles of the form
Oy (D), where D is a divisor supported on the normal crossing divisor Z. Thus,



62 3 Fundamental properties of algebraic cobordism

1%

there are effective divisors A and B, supported on Z, such that L; ® Oy (A)
L} ® Oy (B). It clearly suffices to handle the case L] = L1 ® Oy (A4).
In this case, [L}] = [L1] +F [Oy (A4)]. Since

F(u,v) =u mod (v)82.(k)[[u,v]],
there is a polynomial g(u,v) in Q2. (k)[u,v] with
[L3] = [La] + g(é1(L1), &1 (Oy (A)))([Oy (A))).

Arguing as above, it suffices to show that [Oy (A)] is in i, (2.(Z)). But from
proposition 3.1.9 we have

Oy (A)] = i.[A — Z],
which completes the proof of the lemma. O

Lemma 3.2.6. Let X be a finite type k-scheme, (Y 1, X,L1,...,Ly) a
standard cobordism cycle on X. Let i : Z — X be a closed subscheme with
complement j : U — X and let jy : Yy — Y denote the inclusion of the
open subscheme Yy :=Y xx U. Suppose there is a smooth, quasi-projective
k-scheme T, a smooth morphism « : Yy — T and line bundles My,..., M,
on T with jy L; = n*M;, i =1,...,r and with r > dim;T. Then the class of

Y Lo X Ly, L) in 2.(X) is in i (92.(2)).

Proof. First assume that & is infinite. We proceed by induction on dim 7. We
may assume that ¥ = X and f = Idy, so that 7 is a morphism 7 : U — T.
It suffices to prove the case r = m = dimT + 1.

We note that

Idy, Li,...,Ly] = ¢ (Ly)o...0é(Ly)([Idy]).

If L is a line bundle on Y, then & (L)(i.n) = i.¢1(¢*L)(n), for n € 02.(2).
Thus &, (L) sends i, (£2.(Z)) into itself. Since &, (L ® M*') = & (L) +p & (M),
the result for L; = L and L, = M implies the result for L1 = L @ M*!.

Next, let g : Y — Y be a projective birational morphism in Smy, which is
an isomorphism over U, and with exceptional divisor a strict normal crossing
divisor. We identify U with g~ *(U) and let Z = Y\ U. Since [\ — Y] — [Idy]
is in i, (£2.(Z)) (proposition 3.2.4) and since

g«C1(g L) o...0c1(g"Ly)([Idy]) — é1(Ly) o... 0 & (Ly)([Idy])
=ci(ly)o OC1(L ([Y — Y] = [ldy]),
it suffices to prove the result with Y replacing Y and g*L; replacing L;. Thus,

using resolution of singularities, we may assume that Z is a strict normal
crossing divisor on Y.
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By resolution of singularities, there is a smooth projective k-scheme T
containing 7" as a dense open subscheme. Also by resolution of singularities,
there is a projective birational morphism g : Y — Y, which is an isomorphism
over U, and with the exceptional divisor of g a strict normal crossing divisor,
such that 7 extends to a morphism 7 : ¥ — T. Since Pic(T) — Pic(T)
is surjective, we may replace T with T. As above, we may replace Y with
Y. Thus, changing notation, we may assume that = : U — T extends to
7:Y — T. By lemma 3.2.5, we may assume that L; = 7#*(M;) forj =1,...,7.

Suppose that dim;T = 0, then My = Oz, so Ly = Oy. Since ¢;(Oy) is
the zero endomorphism, the case dimyT = 0 is settled.

Suppose that dim;T = r > 0. We may write M; = N ® M !, with both
N and M very ample line bundles on T'. Using the formal group law as above,
we may assume that M; is very ample on T

Since k is infinite, the Bertini theorem tells us that there is a section s of
M, with smooth divisor T}. Let Y be the subscheme of Y defined by 7*s = 0.
Since Y is a divisor on Y, we may write Y =Y; + A, with A and Y effective,
having no common components, and with A supported in the strict normal
crossing divisor Z. Since 7w : U — T is smooth, it follows that Uy :=Y; NU is
a smooth dense open subscheme of Y. Let » : 177 — T, j; : U} — Y7 be the
inclusions.

By resolution of singularities, there is a projective birational morphism g :
Y — Y which is an isomorphism over U, such that ¢*(Y) and the exceptional
divisor of ¢ are strict normal crossing divisors on Y. As above, we may replace
Y with ¥ and L; with g*L;. Changing notation, we may assume that Y7 is
smooth.

Since L1 = Oy (Y1 + A), and A is supported on Z, it suffices to show that
the class of [Y, 0y (Y1), Lo, ..., L;] is in 4,.42,(Z). Letting 4 : Y1 — Y be the
inclusion, we have

Y, Oy (Y1),...,Ly] = i1u[Y1,3 Lo, ..., i3 L,].

Since Ty, : Y1 — 11 is smooth and equi-dimensional on the dense open
subscheme U1, and since the restriction of i L; to Y7 is 7r|*Y1 (r*M;), we may use
induction to conclude that (Y1,i}La,...,4;L,) is in the image of £2,(Y1 N Z),
completing the proof in case k is infinite.

If k is finite, the same argument works: at the point at which we need
to find a section of the very ample line bundle M; with smooth divisor, we
enlarge k£ as in remark 2.3.8 and use lemma 2.3.5 to descend. a

Theorem 3.2.7. Suppose that k admits resolution of singularities. Let X be
a finite type k-scheme, i : Z — X a closed subscheme and j : U — X the
open complement. Then the sequence

ok

2.(2) 5 2,(X) L5 2.(U) — 0,

15 exact.
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Proof. Step 1. We first prove that the map
J* 2u(X) = 2.(U)

is surjective. Let [f : Y — U, Ly,...,L,] be a cobordism cycle on U. As
f:Y — U is a projective morphism and Y is smooth and quasi-projective
over k, there exists a closed immersion Y — U x PV for some N, with f being
the projection on U. Let Y be the closure of Y in X x PV, Applying resolution
of singularities, there is a projective birational morphism p : Y — Y which
is an isomorphism over Y, such that Y is smooth (and quasi-projective as
well). Thus f =prou: Y — X lifts f. Moreover, as the restriction map
Pic(Y) — Pic(Y) is onto, one can extend the line bundles Li,...,L, onY to
line bundles L, ..., L, on Y. The cobordism cycle [f Y — X Lq,.. .,Lr]
on X clearly lifts [f : Y — U, Ly,...,L,], thus proving the surjectivity. In
particular this implies the surjectivity of the maps j* : Z,(X) — Z,.(U),
J7 1 2.(X) = 2,(U) and j 1 2.(X) = 2.(U).

*

Step II. We prove that the map
ker(Z,(X) — 2.(X)) 25 ker(Z,(U) — 2.(U))
is surjective. Since each of the maps
Z.(X) = 2.(X) = 2.(X) — 2.(X)

are surjective, an easy diagram chase shows it is sufficient to prove that the
maps
ker(Z,(X) — 2,(X)) *= ker(Z,(U) — 2,(U))

and
Ker(£2.(X) — 2,(X)) L5 ker(£2,(U) — 2.(0))

are surjective, and that
§* (ker(2.(X) = 2.(X))) D ker(Z.(U) — Z.(U)).

By lemma 2.4.7, ker(Z,(U) — 2,(U)) = (R*)(U) is the subgroup of
Z.(U) generated by elements of the form:

Y —-ULy,...,L.)—[D— Ui (Ly),...,0"(Lr—1)]

withr > 0,[Y — U, Ly, ..., L, astandard cobordism cycle on U, and i : D —
Y the closed immersion of a smooth divisor in Y such that L, = Oy (D). By
step I, one may find a standard cobordism cycle [f Y — X, Li,... ,Lr] on
X hftlng Y - U, Ly,...,L,). Let i : D — Y be the closure of D in Y.
Applying resolution of singularities (to D CY), there is a projective bira-

tional morphism p : Y’ — Y, such that x is an isomorphism outside of D \ D,



3.2 Localization 65

and such that the proper transform p~'[D] is smooth. Replacing ¥ with Y,
and L; with u*I:j and changing notation, we may assume that the closure
D of D is smooth. Since L, 2 Oy (D), we may take L, = Oy (D). Thus the
element
Y - X, Ly,...,L.) — [D — X,i*(Ly),...,1"(Ly_1)]
is an element of (RY°°*)(X) lifting the given element of (RJ°*)(U).
We now show that

ker(2,(X) — 2.(X)) L5 ker(2,(U) — 2.(U))

is surjective. By proposition 2.5.15, we know that ker(£2,(U) — $2.(U)) is
generated as a group by the elements of the form

fuoli(Li) o0& (Ly)([F(L, M)] —[L® M]),

where f : Y — U is a projective morphism with Y irreducible and smooth,
(Ly,...,Ly,L, M) are line bundles on Y, and F(u,v) is a fixed choice of a
lifting of F1(u,v) to M™T(k)[[u,v]] (see 2.5.13). Again by step I, we may lift
such an element to the element

feodr(Ln)o--- o (L) ([F(L, M)] - [L @ M]),
which obviously lies in ker(£2, (X) — 2.(X)).
Finally, we show that

J* (ker(2.(X) — 2.(X))) D ker(Z.(U) — Z,(U)).

Indeed, lemma 2.4.2 shows that ker(Z,.(U) — Z,(U)) is generated by elements
of the form

x:=Y —-Unr"My,...,7"Mp,Ly11,..., L],

where 7 : Y — T is a smooth equi-dimensional morphism to a smooth quasi-
projective k-scheme T of dimension < r, and My, ..., M, are line bundles on
T. By step I, we can lift x to an element 7 := [}7 — X, L4, ..., f/m] of Z,(X).
By lemma 3.2.6, there is an element n in Z,(Z) such that 7 — 4.(n) is in
ker(Z,(X) — £2,(X)). Thus 7—i,(n) is a lifting of = to ker(Z,(X) — 2.(X)).
This completes step II.

Step III. The kernel of j* : 2,(X) — 2.(U) is generated by differences

[f:Y = X, Ly,.... L= [f: Y = X, L},..., L]
of standard cobordism cycles which agree on U. Indeed, take z € Z,(X) whose
class in 2,(X) lies in the kernel of j* : 2,(X) — £2.(U). By step II, we may
modify z by an element in ker(Z,(X) — £2.(X))), so that j*z =0 in Z,(U).
Since Z,(U) and Z,(X) are the free abelian groups on the standard cobordism
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cycles, it follows that x can be expressed in Z,(X) as a sum of differences of
standard cobordism cycles on X which agree on U, as required.

Step IV. We finish by proving that the differences [f : Y — X, Lq,..., L;]
—[f": Y = X, Li,..., L] of standard cobordism cycles which agree on U lie
in the image of 2,(Z) 2> 2.(X). Let a denote [f : Y — X, Ly,...,L,] and
o' denote [f:Y' — X L},..., L]

IfY x xU and Y/ x xU are both empty, then clearly [f : Y — X, Ly,..., L]
and [f': Y — X, L},..., L] both are in the image of i..

If Y x xU and Y’ x x U are (both) non-empty, then choose a U-isomorphism
¢: Y xxU —-Y' xxU.Let ' CY xx Y’ be the closure of the graph of
¢. Resolving the singularities of I', we have a Y" in Smy, with projective
morphisms p : Y” — Y, i/ : Y — Y’ which are isomorphisms over U, and
with fou = f op/. We may also assume that (fu)~1(X \ U) is a normal
crossing divisor on Y. Let 8 = [Y" — X, p*L,...,p* L] and ' = [V —
X, w*LY, ..., W*L], so

a—d =(a-p)—(=08)— (8 -75).

It suffices to prove that a — 3, o/ — 8" and ' — 3 lie in the image of 2,(Z) *=
02,(X).

As (fu)~1(X\U) is a normal crossing divisor on Y, we may apply propo-
sition 3.2.4 to Y — Y: if F = Y \ Yy, there is an n € £2,(F) such that
[1] — [Idy] = ip«(n) in 2.(Y). Applying the ¢;(L;) and pushing forward by f
shows that a — (3 lies in the image of 2,(Z) < £2,(X). This reasoning shows
the same holds for o’ — 3.

It remains to show that 4/ — 3 lies in the image of £2,(Z) < 2,(X) as
well.

Since f. maps 2.((fu)"1(Z)) to 2.(Z), we may replace X with Y.
Changing notation, we may assume that X is smooth and quasi-projective
over k and that Z is a strict normal crossing divisor on X. Since j*L1 & j* L/,
it follows from lemma 3.2.5 that 5’ — § is in . (£2.(Z2)).

This finishes the proof of theorem 3.2.7. O

3.3 Transversality

The main task of this section is to prove

Proposition 3.3.1. Let k be a field. Let W be in Smy, and let i : Z — W be
a smooth closed subscheme. Then 2,(W) is generated by standard cobordism
cycles of the form [f 1 Y — W] with f transverse to i in Smy.

We need a series of technical results before we begin the proof. Let Y :=
(Yij), 0 < i <r, 1<j<r be the generic r +1 x r matrix and let B =
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Speck[Y;;]. Let X = (Xo,...,X,) and let Z C B x P" be the subscheme
defined by the matrix equation XY = 0, with projection y : Z — B. We let
B; C B be the reduced closed subscheme defined by rnkY <i,i=0,...,r—1
and let Z; = u=1(B;).

Remark 3.3.2. B; is equal to the closed subscheme B; of B defined by the ideal
of i+1 x i+ 1 minors of (Y;;). Indeed, this is easy to verify in a neighborhood
of a matrix of rank equal to 7 and it is also evident that B; is the support
of B;. By results of [8], B; is Cohen-Macaulay; since B; = B; at the generic
point, B; is reduced, hence B; = B;.

Form the sequence of blow-ups
B . = ptLB'=RB (3.4)

where 7,11 : B"t! — B is the blow-up of B? along the proper transform of
B;. Form the sequence of blow-ups

AN S Ny (3.5)

smnlarly, replacing B with Z and B; with Z;. The map u° := p induces the
map p' : Z' — B, forming a big commutative diagram of B-schemes. Let
(B;) C Bl denote the proper transform of B; and let E'T! C B! denote
the exceptional divisor 7; +1(< ;). Similarly, let (Z;) C Z* denote the proper

transform of Z; and let E*+! C Z™+! denote the exceptional divisor 7, ((Z;))

Lemma 3.3.3. 1. B;\ B;_1 and Z; \ Z;_1 are smooth for all i.
2. Z is smooth and irreducible.
3. B' is smooth and (B;) C B® is smooth; Z' is smooth and (Z;) C Z' is
smooth.
4. The maps 7; : E'N(B;) — (Bi_1) and p*=1 : (Z;_1) — (B;_1) are smooth
foralli=1,...,r
5. the maps u' are all birational and " and 7, are isomorphisms.

Proof. (1) is some elementary linear algebra, which we leave to the reader.
For the remainder of the assertions, we proceed by induction on r, starting
with 7 = 1. In this case B = A2, and Z is the blow-up of A? at the origin.
Since B = By, By = (0,0), the result follows.

Assume the result for r — 1, with » > 2. By is the O-matrix, and Zy C Z is
the subscheme defined by the ideal generated by the Y;;. Thus Zy = By x P",
so By and Zy are both smooth.

Z is covered by the affine open subschemes X; = 1, ¢ = 0,...,r; we
consider the open subscheme U defined by Xy, = 1. Let Y be the square
submatrix (Y;;), 1 <i<r, 1 <j <rofY, and let ¥; and X be the row
vectors (Yp;), (X;), 1 < j < r, respectively. U is the closed subscheme of
B x A" defined by the matrix equation Yy = —XVY. Clearly the coordinates
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Yi;, Xj, 1 <4,5 < rgive an isomorphism of U with AT2+T, hence Z is smooth
and irreducible, proving (2). This also shows that Z' and B! are smooth.

Let B = Proj,k[Y;;] = P0+D=1 and let Z C B x P be the closed
subscheme defined by the bihomogeneous matrix equation XY = 0, with
morphism fi : Z — B. The projection from 0 € B defines morphisms 7 :
B' —» B, 7 : Z' — Z, which make B! and Z! into P'-bundles over B and
Z respectively. Defining closed subschemes B; C B and Z; C Z by the rank
conditions as above, we see that 7~!(B;) is the proper transform of B; to B!
and 771(Z;) is the proper transform of Z; to Z1.

Let V;; C B be the open subscheme for which Y;; # 0 for some 77, 0 < ¢ <
r, 1 < j < r, and let Uij = ﬁfl(vij). Since B = Uij‘/’ij7 we have Z = UijUij.
We prove (3)-(5) by induction on r. Noting that have already shown that
Zy — By is smooth, it suffices to prove the evident analogs of (3)-(5) for the
restriction of fi to Us; — Vi, with Zy, By, replaced by Us; N 7, and Vij N B,
respectively. It suffices to consider the case ij = 01.

As above, Up; is given by the matrix equation XY = 0, except that Yp; =
1. Let B’ = Speck[{Y}; |0 <i<r—-1,1<j <r—1}],and let Z' C B’ xP"!
be the solution of the matrix equation X'Y’ = 0, X' = (Xo,...,X,_1) the
generic row vector of length r. Multiplying (Y;;) (with Y1 = 1) on the right
by the appropriate elementary matrix to make the first row of Y the unit row
vector (1,0,...,0) transforms the equation XY = 0 to an equivalent system

of the form
10
X (A Y//) = 0;

one sees thereby that there are smooth morphisms ¢ : Vo1 — B, ¢: Upy — 7'
intertwining Uy — Vo1 and Z/ — B’, with

¢ Y(B)) = Vo1 N Biya
i (V) =UnnNVia

The induction hypothesis then implies the properties we need for Uy, — Vo .
O

In what follows, we say that a morphism f : Y — X is a locally closed

immersion if f factors as YV L U L X, with g a closed immersion and j an
open immersion.

We consider the following situation: Let X be a smooth irreducible affine
variety over k, Y C X a smooth irreducible closed subvariety of codimension
r—+1. We are given a closed subset C' of Y and a smooth closed subscheme D C
X, intersecting Y \ C' transversely. We are given as well a finite dimensional
k-subspace V of I'(X, Ox) such that, for all sufficiently large N, there is an
open subset Uy C VI such that each element f = (f1,..., fx) € Uy defines
a locally closed immersion f : ¥ — AY. Finally, we suppose that Y is a
complete intersection, defined by elements xz, ...,z € I'(X, Ox).
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Take fi; € V,0<i<r,1<j<r andlet F; =  a;fi;. Let T C X
be the closed subscheme defined by F} = ... = F,. = 0; clearly Y C T. Let
Tsing denote the non-smooth locus of 7" and let ﬁj denote the restriction of
fij toY.

Let p : T — T be the blow-up of T along Y, let ¥ = p~H(Y) and let
W Y — Y be the restriction of . Let Y; C Y be the subscheme defined by
the vanishing of the i + 1 x i + 1 minors of f;; and let Y; = u~1(Y;). Define
Tip1 : YD ¥V inductively by setting Y(©) =Y and letting Ti+1 be the
blow-up Y along the proper transform of Y;. Replacing Y with Y, we have
the blow-ups 7,41 : Yyt — Y& defined similarly.

Lemma 3.3.4. Suppose k is infinite and that r(r+1) > 2dimY + 1. Suppose
that there is a mon-empty open subset VS(TH) of VU1 such that, for all
fe VS(TH), we have

(a) T\Y is smooth; T is irreducible and of codimension r in X
(b) T\'Y intersects D transversely.

Suppose in addition

(c) for each point y € Y, there is an f € V with f(y) # 0.

Then for all (f;;) in a non-empty open subset of VT(T—H)

1.T and Y are smooth and irreducible

2. For each irreducible component C' of C, dim u=1(C’) = dim C".

3. the restrictions p: T\ C — X and u: Y \ C — X are transverse to the
inclusion D — X.

4.1 Y — Y is birational, the schemes Y and YO are smooth, the
proper transforms of Y; to YO and of Y; to Y are smooth and the
map Y™ — Y induced by p is an isomorphism.

Proof. By (a), T is Cohen-Macaulay and generically reduced, hence reduced.
Let p : X — X be the blow-up of X along Y; we have the canonical closed
immersion T — X identifying 7 with the proper transform p~'[T]. X is
the closed subscheme of X x P" defined by the equations z;X; = z;X; for
0 <i,j < r(with X,..., X, the homogeneous coordinates on P"). Let E ¢ X
be the exceptional divisor of p, then E N p~![T] is the exceptional divisor Y
of u.

We now prove (1). T — T is an isomorphism over every point = such that
Y is a Cartier divisor on T'; since Y has codimension one in 7', this is the case
for all z € T\ Tging-

Let U C X be the open subscheme X # 0. This gives us affine coordinates
u; = X;/Xo, i =1,...,7, ug = zp; with respect to these coordinates, we have

,
P Fy = uo(p” fo; + Zuip*fij)
i=1
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on U. Define functions p*[F}] on U by

p*[Fj] == p* fo; + Zuip*fij~
i=1

We claim that p~*[T] N U is the subscheme 1" of U defined by p*[F;] = 0,
jg=1...,r

To see this, it is clear that 77\ E = (p~![T]NU) \ E and that 7' D
p~L[T]NU. Since T is reduced, so is p~*[T], hence to show that T = p~[T]NU,
it suffices to show that 7" N E =p~ [T NU N E.

For this, note that, the restriction of pto p: ENU — Y identifies ENU
with the affine space Ay, with coordinates uq,...,u,. By our assumption on
V, for N >> 0, all f := (f1,...,fn) in an open subset of V¥ give a locally
closed immersion f : Y — AY. By our assumption (c), if we are given a point
y € Y, for a general choice of f € V the functions u; - fop,...,u,- fop
give a Y-isomorphism E'NU — Ay, over a neighborhood of y. Let W be the
k-vector space of functions on E'N U generated by the functions of the form
fopyur-fop,...,u,- fopfor f € V. Then for N sufficiently large, a general
element g € WYV gives a locally closed immersion g : ENU — AY. Thus, by
Bertini’s theorem, if we take elements G4, ..., G, of the form

N
Gj :nga j: 17"'7r7gij € Wa
i=1

the subscheme of ENU defined by G; = ..., G, = 0 is smooth and irreducible
of codimension r. But each G; can be rewritten as a linear combination of the
form

Gj = foj Op+zuz‘ “fijop
i=1
with the f;; € V. Thus, for a general choice of (fi;) € V"'t the subscheme
T'NE of ENU is smooth, irreducible and has codimension r on ENU; since
p~ 1 [T]NE also has codimension r on E, we must have T'NE = p~ ' TINUNE
as desired.

This also shows that Y N U = T NU N E is smooth for general ( fi;); since
our choice of special coordinate Xy was arbitrary, Y = TN E is smooth for
general (f;;). But since p~'[T] N U = T is a complete intersection on U,
p~1[T] is Cohen-Macaulay. Since p~1[T]\ E and p~![T] N E are both smooth,
this implies p~1[T] is smooth, proving (1).

For (2), noting that £ — Y is a P"-bundle, p~(C’) has dimension
dim C’ + r. Using Bertini’s theorem as above, we find that p=*(C") N p~1[T]
has dimension dim C” for general (f;;), proving (2).

To show (3), T'\Y intersects D transversely for general (f;;) by assumption.
As in the argument for (1), it suffices to show that p : p= (Y \ C) — X is
transverse to D — X. By assumption D NY \ C is smooth of the proper
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dimension. As in the proof of (2), p™}(DNY \C) - DNY \ C is a smooth
map of relative dimension r; the argument for (1) using Bertini’s theorem
shows that p~}[T]Np~1(DNY \ C)NU is smooth and has the same dimension
as DNY \ C, which proves (3).

Finally, for (4), we apply lemma 3.3.3; we use the notation of that lemma.
The matrix (f;;) defines a morphism

f:Y — B:=Speck[{Y;; |0<i<r1<j<r}.

Since we are assuming r(r + 1) > 2d + 1, the Whitney embedding theorem
implies that, for all (f;;) in an open subset of V("1 the map f is a locally
closed immersion, in particular, f is unramified. We want to show that the
morphism Z — B pulls back via f to the morphism ¥ — Y, and that the
blow-up sequences (3.4) and (3.5) pull back via f to sequences of blow-ups
with smooth center. Assuming the first statement, the smoothness condition
of lemma 3.3.3(4) implies that it suffices that the map f be transverse to the
inclusions B;\B;—1 — B fori =0,...,r. By Kleiman’s transversality theorem
[15, Theorem 10], this will be the case if we change f by a sufficiently general
affine linear transformation of the affine space B, which implies that f satisfies
the necessary transversality condition for all f in an open subset of V"("+1),

We finish the proof by showing that ¥ — Y is the pull-back of Z — B for
general f. T C T x P" is the closed subscheme defined by the kernel of the
surjection

(]{}[l‘o...,J?N]/(Fl,...,FT))[TQ,...,TT-] — k[xo...,mN]/(Fl,...,FT)

sending T; to x;, i = 0,...,r. Note that k[zg...,xn] is a polynomial algebra
over k, since xg, ...,z is a regular sequence by assumption.

Clearly the elements ), T; f;; are in this kernel; the local computations
of p~1[T] we made above show that these elements generate the kernel. As
Y C T is defined by the ideal (z, ... ,z,), this shows that ¥ = u~(Y) is the

subscheme of Y x P" defined by the matrix equation (Ty,...,T:) - (fi;) = 0,
ie.,, Y 27 xgY as a Y-scheme, as desired. a

We now consider a global version of the situation. Let X C PM be a smooth
quasi-projective scheme, Y C X a smooth closed subscheme of codimension
r + 1 defined by an ideal-sheaf Z. We suppose r(r + 1) > 2dim;Y + 1. Let D
be a smooth closed subscheme of X, and let Y € X be the closures of ¥ and
X in PM,

Let Ox(1) be the restriction of O(1) to X. Choose an n > 1 such
that Zy(n) is generated by global sections on X and choose generating
global sections si,...,s, € H°(X,Z(n)). Fix a degree d > 1 and let
(fi;) € HY(X,0x(d))™ be an m x r matrix of elements of H(X, Ox(d)).
Set

m
Fj Z:ZSifij; j:].,...,T7
i=1
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and let 7' C X be the closed subscheme defined by Fy = ..., F), = 0. Then
Y CT;let u: T — T be the blow-up of T along Y.

Lemma 3.3.5. Suppose k is infinite. Let C C'Y be a closed subset of Y such
that Y \ C intersects D transversely. Let V be the image of H°(PM O(d)) in
HO(X,0x/(d)). Then for all (f;;) in an open subset of V™"

1. T is smooth, p='(Y) is smooth, dimT = dimY +1 and p: p=*(Y) = Y
is birational. In addition, the map p: u=1(Y) — Y factors as

) =yo g &y

where all the Y and Y are smooth, and the maps 7; and 7, are all blow-
ups along smooth subschemes.
2. dim p=(C") = dim C’ for each irreducible component C' of C.
Sopu:T\pNC) = X and p : p=" (Y \ C) — X are transverse to the
inclusion D — X.

Proof. We may assume that X is irreducible. We claim that the vector space
W of sections of Z(n+d) of the form s;f, f € V, i =1,...,m, define a locally
closed immersion of X \ Y in a projective space. To see this, let X* — X be
the blow-up of X along Y. The generators sy, ..., s, of Zy(n) define a closed
embedding of X* in X x P™~! and the map X \ Y given by W is just the
composition

X\Y CX*CXxPnlLpMypn-t 5 pMim-1)-1

where i is the closed immersion induced by X C PM and S is the Segre
embedding. This proves our claim.

It follows therefore from Bertini’s theorem that T\ Y is smooth and irre-
ducible and TN D\ Y is smooth for all f;; in an open subset of V"("+1). In
particular let X’ be an affine subset of X contained in the open subscheme
gf # 0 for some f € V and some g € H°(X, Ox(n)), and such that Y N X' is
a complete intersection defined by some collection s;,/g,...,s;./g, then the
functions (1/f)V on X' satisfy all the hypotheses for lemma 3.3.4. Also, we
can rewrite the F; on X' as functions

T

1
Fl = —si frs d=1,...,m
J ng kI kj

k=0

Let f,;J be the restriction of f,gj /ftoY NX' and let (Y NX’); be the closed
subscheme defined by the vanishing of the 4 4+ 1 x i + 1 minors of (f;;). It
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is clear that the (Y N X'); for varying X’ patch together to form a closed
subscheme Y; of Y.

The data consisting of: YN X' C X', CNX’' and DNX' C X', generators
{8i0/9s---5i,/9} of Z(X"), vector space of functions (1/f)V and subschemes
(Y N X'); thus gives a special case of the data used in lemma 3.3.4. An open
condition on the matrix (f;;/f) will be implied by an open condition on the
matrix (f;;). Covering X by finitely many affine open subsets of the type
described above, we see that a finite intersection of the resulting open subsets
of Y"("+1) gives the desired open condition on the matrix ( fiz)- ad

Lemma 3.3.6. Let B be a quasi-projective variety over k, E — B a vector
bundle. Then there is a smooth projective variety H over k, a vector bundle
Ey — H and a morphism f: B — H such that f*Eg is isomorphic to E.

Proof. This is proved in [10]; we give the proof here for the reader’s conve-
nience. B is quasi-projective, let i : B — PN be a locally closed immersion.
E(n) is generated by global sections on B for some n > 0; choosing M global
generators gives a morphism s : B — Gr(r,M) such that £ = s*U, u,
where U, py — Gr(r,M) is the universal rank r quotient bundle. Taking
H = PN x Gr(r,M), Eg = p;O(-n) ® p3U,» and f = (i,s) yields the
desired result. O

Proof (of proposition 3.3.1). We first reduce to the case of an infinite base
field. If K D k is a finite separable field extension, and if f : Y — W x; K :=
Wi is transverse to the base-extension ix : Zx — Wi, thenpiof: Y - W
is transverse to ¢. Thus, using lemma 2.3.5 and the standard trick of taking
extensions of k of relatively prime degrees allows us to assume the base field
is infinite.

By lemma 2.5.11, £2, (W) is generated by the cobordism cycles of the form
[f : Y — W]. We proceed by induction on dim;Y’, starting with the trivial
case dim = —1.

Assume the result for all [Y — W] with dim;Y < r, and for all W € Smy,.
We first note that this implies the result for [f : Y — W] with dim;Y = r,
such that f factors as

v BLw

with p : Y — B a projective space bundle P(E) — B for some vector bundle
FE of rank r > 2, and g : B — W a projective morphism in Smy. Indeed, by
lemma 3.3.6, we have a morphism s : B — H, with H smooth and projective
over k, and a vector bundle Fy — H such that s*Eyg = E. Let h = (g, ) :
B — W x H. Then h is projective; since dimpB < r, we may write [h] =
Yoinilfi : By — W x H| in 2,(W x H) with each f; transverse to ¢ x Id :
ZxH — W xH.Let q: P— W x H be the projective space bundle P(p; Ex).
Then by taking the smooth pull-back by ¢, we have

[h: WP —P| = an[fz L fiP— P
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in 2,(P). Pushing forward to W by p; o ¢ writes [Y — W] as a sum of maps
[fiP — W] which are transverse to i : Z — W.

Similarly, the induction assumption implies the result for the decomposable
elements £2,(W) NLy>102.(W) in £2,.(W).

This allows us to make the following reduction:

Claim. Let [f : Y — W] be a cobordism cycle with dim;Y = r, and let
W Y - Y bea projective birational map in Smy. Suppose that the map
1 admits a weak factorization: there is a commutative diagram of projective
Y-schemes, with each Y* € Smy,,

VAVERVAN

Yn—l Yn+1 — Y

“w

such that each slanted arrow is the blow-up of the base along a smooth sub-

scheme. Then the result is true for [fou : Y — W] if and only if the result is
true for [f : Y — W].

Proof (of claim). Let ¢ : Y1 — Y3 be the blow-up of Y5 € Smy, along some
smooth closed subscheme F of Y5, and let f : Yo — W be a projective mor-
phism. Let v be the conormal sheaf of F' — Y5 and suppose Y5 has dimension
r. The blow-up formula of proposition 2.5.2 implies that, modulo decompos-
able elements in £2,.(WW), we have

foq:Yi— W]+ [Bv®Op) - W] =[f: Yy — W),

This together with the consequences of the induction hypothesis we have
already mentioned implies that the result is true for [fog:Y; — W] if and
only if it is true for [f : Yo — W]. The existence of the weak factorization of
w thus yields the claim. O

Now take a cobordism cycle [Y — W] with dim;Y = r. Since f is projec-
tive, there is a closed immersion Y — P™ x W such that f is the restriction of
the projection. By increasing n, we may assume that Y has codimension r on
P™ x W with r(r + 1) > 2dim;Y + 1. Let Yy C Y be the singular locus with
respect to Z — W, that is, the minimal closed subset C' of Y such that the
f:Y\C — W is transverse to Z — W. We proceed by induction on dim Yy
to show that the result holds true for [Y — W].

W is quasi-projective, hence so is P x W. We may thus apply lemma 3.3.5
with X = P*"x W, with C' = Yy and with D the smooth closed subscheme P™ x
Z. In particular by lemma 3.3.5(5), u~1(Y) — Y admits a weak factorization,
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so by the claim, it suffices to prove the result for [fopu : u=2(Y) — W]; by
the lemma, f oy is transverse to i away from a closed subset Yy of the same
dimension as Yp. In addition, =1 (Y) is a divisor on a k-scheme T € Smy, and
f o extends to the projective morphism ps o 1 : T — W, which is transverse
to ¢ away from Y. Changing notation, we may assume that Y is a divisor on
some 1" € Smy, such that the morphism f : Y — W extends to a projective
morphism F : T — W and that F': T\ Yy — W is transverse to i : Z — W.
We can find very ample line bundles L and M on T such that Op(Y) =
L ® M. Using the formal group law, and working modulo decomposable
elements, we see that it suffices to prove the result for the divisor Y’ of a
general section of a very ample line bundle, say L, on T, with map Y’ —

T w. Now, since the non-transverse locus of F' : T' — W is contained in
Yy, if Y is the divisor of a sufficiently general section of L, then by Bertini’s
theorem, Y is smooth, dim(Y’' NYy) = dim Yy — 1, and Y’ \ Yy — W is
transverse to ¢. By induction, we may write [Y' — W] as a sum of cobordism
cycles of the desired form, completing the proof. ad

3.4 Homotopy invariance

In this section, we show that, for a finite type k-scheme X, the smooth pull-
back p* : 2,(X) — 2.41(X x Al) is an isomorphism. We assume that k is a
field admitting resolution of singularities; in particular, k is perfect.

Proposition 3.4.1. Let X be a finite type k-scheme, and let p: X x Al — X
be the projection. Then p* : 2,(X) — 2.41(X x Al) is surjective.

Proof. If X is a finite type k-scheme, then 2,(X) = 2,(Xyed), SO we may
assume that X is reduced. Since k is perfect, X has a filtration by reduced
closed subschemes

l=XoCcX,C...CXy=X

such that X;\ X;_1 is in Smy. Using noetherian induction, we may assume the
result is true for X_;. Letting U = X \ Xn_1, the commutative diagram
of localization sequences

| | |

.Q*+1(XN_1 X Al) —_— Q*+1(X X Al) —_— Q*+1(U X Al) —0

and a diagram chase reduces us to the case of X € Smy.

Take X in Smy. Using lemma 2.3.5 and the standard trick of taking ex-
tensions of k of relatively prime degrees, we reduce to the case of an infinite
field k.
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By resolution of singularities, there is a smooth projective k-scheme X
containing X as an open subscheme. Since §2,(X x Al) — 2,(X x Al) is
surjective, it suffices to prove the result for X. Changing notation, we may
assume that X is projective.

By proposition 3.3.1, it suffices to show that cobordism cycles of the form
[f:Y — X x Al] such that f~(X x 0) is smooth and codimension one on Y/
are in the image of p*. If f : ¥ — X x A! is such a projective morphism, then,
as X is projective, pof : Y — A! is smooth over a neighborhood of 0 in A'. Let
m : A x A’ — A! be the multiplication map m(x,y) = zy. The map m is flat,
and is smooth over A! \ {0}. Since Y is smooth over a neighborhood of 0, it
follows that Y;,, :== Y x 41 (Al x Al) isin Smy. Let g : ¥,,, — X x A x A! be the
projection. Then g7 (X x Al x0) = f1(X x0)xAl and g7} (X xAl x1) =Y.
It is easy to check that g : g71(X x A! x 0) — X x A! is isomorphic to
p(f X % 0) - X).

By resolution of singularities, we may extend ¢ : ¥;, — X x A! x A! to
a projective morphism § : Y,, — X x A! x P!, with Y,, smooth over k. By
remark 2.4.8, g gives a cobordism between f and something in the image of
pr. a

Theorem 3.4.2. Let k be a field admitting resolution of singularities. Let
X be a finite type k-scheme. Then p* : 2.(X) — Q.n(X x AN) is an
isomorphism for all N.

Proof. As for proposition 3.4.1, we may assume that k is infinite. It suffices
to prove the case N = 1. Having proved surjectivity in proposition 3.4.1, it
suffices to prove the injectivity of p*. Let iss : X — X x P! be the inclusion
ico(x) = (2, (1:0)). Consider the localization sequence

2.(X) =5 0, (X x P 25 0,(X x AY) = 0.

Let ¢ : X x P! — X be the projection, and let 1 : 2,(X x P1) — 2, 1(X)
be the map
P(n) = ¢.(€1(O(1))(n)).

If 7 = ioox(7) for some 7 in §2,(X), then
1 (O(1))(1) = ioox (€1(i5(O(1)))(1))

= lioox(€1(Ox)(7))
=0.

Thus, ¥ 0 i« = 0, and 1 descends to a well-defined homomorphism
P 2.(X x A') = 02, 4(X).

On the other hand, for 7 in 2,(X) of the form [f : Y — X],
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Yog" (1) = (G (OM))([f xId: Y x P! = X x P
=qficco f:Y — X x P
=[f:Y=X]=r,

since (f x Id)*(O(1)) has the section X with smooth divisor ¥ x oo. Since
classes of the form [f : Y — X] generate (2,(X) by lemma 2.5.11, it follows
that ¢ o ¢* = 1d, hence 9 o p* = 1Id, and p* is injective. a

3.5 The projective bundle formula

The proof of the projective bundle formula follows roughly the same pattern
as Grothendieck’s argument for the Chow groups [1]: one first handles the
case of the trivial bundle by localization on P" with respect to the cellular
structure, and then one passes to the general case by localization on the base.
The situation is complicated however by the fact that the pushforward of the
powers c1(O(1))" are non-zero for all i in the relevant range.

To simplify the notation, we pass freely between the category of line bun-
dles and the category of invertible sheaves, writing for instance ¢ (£) for the
endomorphism ¢& (L), if L is a line bundle with sheaf of sections L.

3.5.1 Support conditions

Let X be a finite type k-scheme, and 7 : FF — X a closed subset; give F
the reduced scheme structure. Let 2 (X) C £2.(X) denote the image of
s 2.(F) = 2,.(X).

Lemma 3.5.1. Let F' be a closed subset of X.

1. Let f(u1,...,un) be a power series with £2,(k) coefficients. Choose invert-
ible sheaves Ly, ..., Ly on X. Then QF(X) is stable under the endomor-
phism f(€1(L1), ..., ¢1(Lm)) of 2:(X).

2. Let p : Y — X be a smooth quasi-projective morphism, q : X — Z a
projective morphism. Then p* maps 2F(X) to Qf_l(F) (Y), and g, maps
QF(X) to 20 (X).

Proof. Since {2, is an oriented Borel-Moore functor, (1) and (2) follow directly
from the axioms given in definition 2.1.2: (1) follows from the projection for-
mula (A3), and (2) follows from functoriality of projective push-forward (D1),
and the compatibility of smooth pull-back and projective push-forward (A2).

O
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3.5.2 Projective bundles

Let X be a k-scheme of finite type and let p : £ — X be a vector bundle
of rank n + 1, giving the P"-bundle ¢ : P(£) — X, with canonical quotient
invertible sheaf O(1). Write £ for the operator ¢ (O(1)). We have the group
homomorphisms

bj = ST unyj(X) = 2.(P(E));
let
Px.e : B+ (X) = 2.(P(E))
be the sum of the ¢;.
In the case of a trivial bundle £ = (’)}H, we have
P(€) = Projo, Ox[Xo, ..., Xn] = P%,

and O(1) is the invertible sheaf with ¢.O(1) the Ox-module generated by
Xo, ..., Xn. Let i, : P — P% be the subscheme defined by X,,11 = ... =
X, =0, and let g, : P — X be the projection.

The following is an elementary computation, using the relations R5¢°:
Lemma 3.5.2. For £ = O%™', we have £""™ o ¢*(n) = im«(q’(n)), and
(€77 0 g* () = [P] - n. Also £+ = 0.

3.5.3 Some operators

We proceed to define Z-linear combinations of composable expressions in &,
g+ and ¢*, which we write as vy, ..., 1¥,. Evaluating the expression v; as an
operator will define a graded map v; : 2,(P(£)) — 24_n4;(X), and, in case
E= (’)}‘H, we will have

Idg*(X) for i Zj

0 for i # j. (8:6)

wio(éjoq*){

We define the 1; inductively, starting with ¢y := g, 0 £". Suppose we have
defined ¢; for i =0,...,m—1,1 < m < n. Let

m—1
Ym=g.o0 ("o (Id= > & og o))
7=0

It follows directly from lemma 3.5.2 that ), satisfies the conditions (3.6), and
the induction continues. We let & be the formal expression H?:o 1;; having
chosen a finite type k-scheme X and a rank n+1 bundle £ on X, the expression
¥ determines the homomorphism

Uxe: 2.(P(E)) — B Puntj(X),
natural in the pair (X, &).
Lemma 3.5.3. Suppose £ = O%™'. Then Ux ¢ odx e =1d.
Proof. This follows directly from the identities (3.6). O
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3.5.4 The main result

Theorem 3.5.4. Let k be a field admitting resolution of singularities. Let X
be a k-scheme of finite type, £ a rank n + 1 vector bundle on X. Then

gzsX,S : @?:O-Q*fn%»j(X) - Q*(]P)(g))
s an tsomorphism.

Proof. We first consider the case of the trivial bundle £ = O}H. We have
shown the injectivity of @ in lemma 3.5.3. We show surjectivity by induction
on n, the case n = 0 being trivial.

We have the inclusion i,_1 : Pt — P%; let j : A% — P% be the open
complement.

From lemma 3.5.2, we have the commutative diagram, where the first row
is the evident inclusion,

B0 Qmnt145(X) —— Do funs;(X)

éx,O}J/ ldt’x,o;}“

QP —————— (%)
The image of &7 2., 1;(X) under & x,0nt therefore contains the image of
in—1%. On the other hand, we have

Jfogi=j"0togt =& (7 O(1)) op*

for all i. Since j*O(1) = Oy, and ¢(Oar) = 0 by lemma 2.3.6, we have
j* o¢; =0 for ¢ > 0. Thus, using the localization sequence

2P ) 25 (%) Lo 2u(8%) 0,
we see that ¢X7O;L(+1 is surjective if
pr=7"0¢o: i n(X) = 2.(A%)

is. The surjectivity of p* follows from the homotopy theorem 3.4.2.
We now pass to the general case. Choose a filtration of X by closed sub-
schemes
=Xy 1 CXyC...CX;CXg=X

such that the restriction of £ to X, \ Xy, 41 is trivial. To simplify the text, we
omit the mention of the appropriate restriction of £ in the notation for @ and
¥, similarly, we write simply & for the restriction of £ to the various locally
closed subsets X, \ Xpm41 or X \ X, etc. As & is trivial on X, \ Xpq1, we

write ]P’}m\xm+1 for Px \x,,.,(£)-
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Assume by induction that ®@x\ x,, is an isomorphism. By the case of the
trivial bundle, ®x \x,,,, is an isomorphism.

It follows from lemma 3.5.1 that the maps @x, \x
scend to maps on the images

and ¥x \x de-

m+1 m+1

"
GXn\ Kot ;@ X\ (X K1) — Q0 (B, (6))

e
P \Xmit s Q.5 B x4 (6)) = B0 QT (X Xin)

with WXm\Xmi1 6 $Xm\Xmi1 = Id, Thus ¢X=\Xm+1 is an isomorphism.
The localization sequences for the inclusions X,, \ Xpe1 — X \ Xpnp1

and Py = PRy, (€) give us the commutative diagram with exact
columns
0 0

X\ Xom XA PR x,
P2 (X X ) T g s (b (€))

T x

¢X\X7n+1

BF =0 u—n+ (X \ Xing1) 2.(Px\X,011 (£))
J* J
P02t (X \ Xim) T 2,(Px\x,,(£))
0 0.
As the top and bottom horizontal maps are isomorphisms, ®x\x,, , is an
isomorphism, and the induction continues. a

3.6 The extended homotopy property

The projective bundle formula allows us to extend the homotopy property
(theorem 3.4.2) to the case of an affine-space bundle.

Lemma 3.6.1. Let 0 = L — & — F — 0 be an ezxact sequence of locally free
coherent sheaves on a finite type k-scheme X, with L an invertible sheaf, let
i: P(F) — P(E) be the associated closed immersion of projective bundles over

X. Let q:P(€) = X, §: P(F) — X be the projections. Then

iog =& LT ®O0(1)e)oq".
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Proof. The subscheme P(F) of P(£) is defined by the vanishing of the map
p:q¢*L — O(1)g induced by the inclusion £ — &; letting s be the section of
¢* L7 ® O(1)¢ induced by p, P(F) is defined by s = 0, so

Op(e)(P(F)) 2 ¢ L7 @ O(1)e.

Let f :' Y — X be a projective morphism with ¥ € Smj. The map f
induces the map f : P(f*&) — P(€), and the inclusion iy : P(f*F) — P(f*E).
Then ¢*([f]) is represented by f, and (i,G*)([f]) is represented by f o iy. By
the above computation and the relations deﬁning (2., we have

[P(f*F) = P(f*E)] = [f*(¢"L7" @ O(1)e)].

Applying f,, and using the definition of ¢, we find

(i.q")([f]) = [f oiv]
= f([P(f*F) = P(f*€)])
=& L' @ 0)e)(f])
=a(¢* L7 @ 0()e) (" ([f]))-

O

Lemma 3.6.2. Let 0 - Ox — & — F — 0 be an exact sequence of vector
bundles on a finite type k-scheme X, let i : P(F) — P(E) be the associated
closed immersion of projective bundles over X and let ¢ : P(€) — X, 7 :
P(F) — X be the projections. Let & = ¢1(O(1)g) and let &€ = &, (O(1)£). Then

° (g] Oq—*) — §j+1 oq*
for all j > 0.

Proof. For j = 0, this is just a special case of lemma 3.6.1. In general, we
apply the projection formula:

o(fogq)=ino(i*¢oq) =& oi,oq",
which reduces us to the case j = 0. a

Theorem 3.6.3. Let k be a field admitting resolution of singularities, let p :
F — X be a rank n vector bundle over a k-scheme of finite type X, and
let p:V — X be a principal homogeneous space for F (i.e., an affine-space
bundle over X ). Then p* : 2,(X) — 241,(V) is an isomorphism.

Proof. Let F be the sheaf of sections of F', and F" the dual. V is classified
by an element v € H(X, F) = Exty, (Ox, F); explicitly, if

0—-F—=E50x —0
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represents v, then V := 7~1(1) is the sheaf of sections of V.
Let
0—-0x &Y - FY =0

be the extension dual to v, giving the projective bundles ¢ : P(£Y) — X,
q: P(FY) — X, and the inclusion i : P(F¥) — P(EY). The complement of
P(FY) in P(€Y) is thus isomorphic to V, as an X-scheme.

This yields the localization sequence

2u(B(F)) £ 2.(BEV) L 2.(V) - 0. (3.7)
Let
Kt @720 Qemn1—j(X) = o un—j(X)
T 80 Ry (X) = 2.(X)
be the evident inclusion and projection, giving the exact sequence
0= @120 Runp1—(X) = @70 2u_nj(X) =5 2,(X) =0 (3.8)

It follows from lemma 3.6.2 that i, o @x rv = Px gv 0 k. Since P(FY) is
the subscheme of P(£Y) defined by the vanishing of the composition O —
&Y — O(1), it follows that j*O(1) = O. Thus, j* o Px ev = p* om. Therefore,
(Px,7v,Px ev,p*) defines a map of sequences (3.8) — (3.7). Since $x, rv and
P x v are isomorphisms by theorem 3.5.4, it follows that p* is an isomorphism.

O

Remark 3.6.4. The method used above can also be applied to prove the ana-
logue of theorem 3.6.3 for Chow groups as well as for the K, functor.
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Algebraic cobordism and the Lazard ring

We are now in position to exploit the deeper structures of algebraic cobor-
dism. We first axiomatize these structures in section 4.1 with the definition of
an oriented Borel-Moore weak homology theory; the results of chapter 3 im-
mediately imply that (2, is the universal such theory. Following Grothendieck
[11] and Quillen [30], we develop the theory of Chern classes of vector bundles
with values in an oriented Borel-Moore weak homology theory, and adapt the
“twisting” construction of Quillen to our setting.

In section 4.2, we show that algebraic K-theory is the universal oriented
theory with multiplicative periodic formal group law and characterize the
Chow ring as the universally additive theory in section 4.5.

The central result of this chapter is the identification of (2, (k) with the
Lazard ring (theorem 4.3.7). In addition to our standing resolution of singular-
ities assumption, the proof uses the weak factorization conjecture, established
in characteristic zero in [2] and [37]. We give in section 4.4 an axiomatic treat-
ment of Rost’s generalized degree formula; the main results of this chapter and
chapter 3 enable the application of the degree formulas to (2.

To simplify the discussion at various points, we will use some general re-
sults on oriented cohomology theories, oriented weak cohomology theories and
oriented Borel-Moore weak homology theories which will be proven in chap-
ter 5. These results are independent of the results discussed in this chapter,
and their use will not result in any circular arguments.

4.1 Weak homology and Chern classes

In this section, we introduce the notion of an oriented Borel-Moore weak ho-
mology theory. This is, as the terminology suggests, stronger than an oriented
Borel-Moore functor and weaker than an oriented Borel-Moore homology the-
ory, which will be introduced in in chapter 5. What we have proven in chapter 3
immediately implies that algebraic cobordism is such a theory, assuming that
k admits resolution of singularities.
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We then develop the theory of Chern classes of vector bundles for oriented
Borel-Moore weak homology theories. We deduce several results: comparison
of algebraic cobordism with K-theory, definition of the Landweber-Novikov
operations in algebraic cobordism and a comparison of rational algebraic
cobordism with rational Chow groups.

Throughout this section, V will be an admissible subcategory of Schy.

4.1.1 Axioms for weak homology

We introduce three axioms concerning an oriented Borel-Moore functor A, on

)%

(PB). Given a rank n vector bundle E — X on X € V with sheaf of sections
E, let ¢ : P(£) — X denote the projective bundle, and let O(1)p — P(&)
be the canonical quotient line bundle of ¢*E. For each i € {0,...,n}, let

9 Aupimn(X) = AL(P(E))
be the composition

& (0()g)’
_

Avricn(X) 5 Asi(P(6) A (B(E)).

Then the homomorphism
DD @] A a(X) — AL(B(E)

is an isomorphism.

(EH). Let E — X be a vector bundle of rank r over X € V, andletp: V — X
be an E-torsor. Then p* : A.(X) — A,4+-(V) is an isomorphism.

(Loc). Let L — X be a line bundle on X € V. Suppose that L admits a
section s : X — L such that s is transverse in V to the zero-section of
L; let i : D — X be the subscheme defined by s. Then the image of ¢; :
A (X) — Ai_1(X) is contained in the image of i, : Au_1(D) — Au_1(X).

If (PB) holds, we shall say that A, satisfies the projective bundle formula.

Remark 4.1.1. The axiom (Loc) is used to prove the Whitney product formula
for the total Chern class (see proposition 4.1.15 below). Applying (Loc) to the
case of a nowhere vanishing section of a trivial bundle (with D = (), we see
that (Loc) implies the property

(Triv). Let L — X be the trivial bundle. Then ¢ (L) is the zero map.

On the other hand, in the presence of (Triv), (Loc) is a consequence of the
axiom
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(Loc’). Let i : D — X be a closed embedding in V with open complement
7 : U — X. Then the sequence

A (D) 5 A(X) L A(U)

is exact.

Indeed, if L — X admits a section s with zero-locus contained in D,
then clearly j*L — U is the trivial bundle. By (Triv), é(j*L) = 0; since
& (J*L)(G*n) = 7*(e1(L)(n)), it follows from (Loc’) that the image of ¢;(L) is
contained in the image of i..

The axiom (Loc’) appears in many discussions of oriented (co)homology
throughout the literature, for instance, in the work of Panin [27].

Remark 4.1.2 (The splitting principle). Let A, be an oriented Borel-Moore
functor with product on an admissible V. Suppose in addition that A, sat-
isfies the axioms (PB) and (EH). Take X € V and a vector bundle E — X.
Then there is a smooth morphism (of relative dimension say d) f: X' — X
such that f* : A.(X) — A.1q(X’) is injective and f*(F) is a sum of line
bundles. Indeed, let ¢ : FI(E) — X be the full flag variety. Since ¢ fac-
tors as a tower of projective space bundles P(E;) for appropriate vector bun-
dles E;, the projective bundle formula (PB) implies that ¢* is injective. Let
p : Spl(¢*E) — FI(E) be the bundle of splittings of the universal flag on
q*E. Then p is a torsor for the vector bundle of Hom’s of the quotient line
bundles in the universal flag, hence by (EH) the map p* is an isomorphism. As
the universal flag on ¢*FE clearly splits after pull-back by p, the composition
gop:Spl(¢*E) — X does the job.

Similarly, if 0 - E' — E — E” — 0 is a short exact sequence of vector
bundles on X, then there is a smooth morphism f : X’ — X such that
f* i AdX) — A.pq(X7) is injective, f*(E') and f*(E") are sums of line
bundles, and the sequence 0 — f*E’ — f*E — f*E"” — 0 splits.

In what follows A, denotes an oriented Borel-Moore functor with product
on an admissible V, which moreover satisfies axioms (Sect), (PB) and (EH),

unless specific mention to the contrary is made. We will freely use the as-
sociated weak cohomological functor ¥ — A*(Y) for smooth k-schemes Y.

4.1.2 The axiom (Nilp)
The following lemma establishes axiom (Nilp) of remark 2.2.3 for A,.

Lemma 4.1.3. Let A, be an oriented Borel-Moore functor with product on
Smy,, which moreover satisfies axioms (Sect) and (EH). Let Y be in Smy.
Then there is an integer Ny such that for any family (Li,...,L,) of line
bundles on 'Y with n > Ny, one has

&1(L1) o0& (Ly)(ly) =0 € A (Y)
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Proof. Using Jouanolou’s trick [14] we see there is a vector bundle E — Y
of rank r, and a torsor m : T — Y under £ — Y such that T is an affine
(and smooth) scheme. Set Ny := dim(7T") = dim(Y") +r. We claim this integer
satisfies the property. By the homotopy axiom (EH) for A, we see that 7* :
A (Y) — A1 4(T) is an isomorphism. Thus it suffices to show that ¢;(7*L)o
<08 (m*Ly)(17) = 0 € A (T). Because T is affine each 7*(L;) is very ample,
hence lemma 2.3.9 implies the result. a

4.1.3 Functorialities

Let ¢ : P*"™" — P” be a linear embedding and let X be in V. We define a
pull-back map

(IdX X ’L)* : A*(X Xk Pn) — A*,T(X Xk Pn—r)’

that enjoys the usual functorialities.

For this, let P*~! — P" be a linearly embedding projective subspace, with
Pr=tNP"~" = (), let j : U — P™ be the inclusion of the complement P™\P"~1,
and let 7 : U — P"~" be the linear projection with center P*~!. The projection
7 makes U into a rank r vector bundle over P"~"; in particular, the pull-back
map

(Idx x m)" : Aurn (X x P*77) = A (X x U)

is defined and is an isomorphism. We then set (Idx x i)* := (Idx x 7*) "o j*.
The evident extension of this procedure allows one to define the pull-back
(where r =" r;)

A(X xP™ x ... x P™)
M Xia X Xda)”, Ap (X X PMTT0 Lo x P77,
given linear embeddings i; : P" 777 — P, j=1,...,s.
The following list of properties is easily checked; we leave the details to
the reader:

1. (Idx xi)* is independent of the choice of complementary subspace P~ —
P.
2. For a composite of linear embeddings i : P"° — P"t 4y : P™ — P"2, we
have
(IdX X i0>* o (IdX X il)* = (IdX X (il Oio))*.
3. Let i : P"~" — P™ be a linear embedding, L — X x P" a line bundle, and
n € A«(X x P*). Then

it (er(L)(n) = & (" L)(@*n).

4. (Idx x 3)*(a x b) = a x i*(b), for a € A, (X), b € A.(P").

5. Given linear embeddings i; : P77 — P™, j = 1,...,s, the pull-back
(Idx x i1 X ... X i5)* is the composition of the pull-backs corresponding
to the s individual linear embeddings, taken in any order.
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4.1.4 The formal group law

Lemma 4.1.4. Let n > 0 be an integer.

(1) For X €V, each element n € A (X x P") is a sum

n
n= ni [P =P,
i=0

with the n; elements of A.(X) uniquely determined by 7.

(2) A (P™ x ... x P") is the free Ai(k)-module on the classes
P P x .. x P =P 0<i;<nj,j=1,...,r

where for i € {0,...,m}, P"~" — P™ denotes (any choice of) a linearly
embedded projective space of dimension m — i.

Proof. (2) follows from (1) by induction on . To prove (1), take n € A, (X x
P"). Writing X x P™ as P(O'%™), we have the canonical quotient line bundle
vx.n = 0(1) on X xP™. From axiom (PB) applied to the trivial vector bundle
of rank n 4+ 1 over X , there are uniquely determined elements n; € A.(X)
with

n .

n=>_éyxn) (pim).
i=0
Let 7, : P* — Speck be the structure morphism. Since vx ,, = p57v,, and

*

pin; =mn; - mi (1), we have
& (vx.n) (D) = mi - E1(m) (1)),
Thus, it suffice to show that
¢1(m) (m1) = [P — P

For i = 1, this follows from the axiom (Sect), together with the fact that each
hyperplane P*~! — P" is defined by a transverse section of +,,. For i > 1, let
¢ : P+l P" be a linear embedding. By induction on i we have

&1(yn)"(m31) = 1(ym) (C1() "~ (771))
= &1 () (P~ — P7)

(

(

oOr

\
o

Vo) (Lx (5 —i41(1)))
e1(n—i+1)(mh_i11(1)))
— L*([ n—1 N PnfiJrl]

= [P — P7)

— G

:L*

and the induction goes through. O
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Remark 4.1.5. From this lemma we easily deduce that ¢;(v,)" ™! = 0. Indeed,
using the axiom (Sect), one has ¢ (7y,,)([P* — P"]) = [P*~! — P"] unless i = 0
in which case ¢ (v,)([P° — P"]) = 0.

Remark 4.1.6. Let m : P™ x ... x P" — Speck be the structure morphism.
The proof of the lemma yields the formula:

[]P’"l_i1 CP™M]x...x [IP’”T_“ cPr)= él(p’{'ym)il o...0 El(p’l‘vnr)“(ﬂ*(l)).

It is also easy to check that, given a linear embedding ¢ : P"~" — P™, we
have

[P~ — P77 forr <s
0 for r > s.

([P — P) = {

Indeed, if » > s, we can take the P® inside the complementary linear space
P, and if r < s, we can take the P® to be the closure of 7*(P~"), for some
linearly embedded P*~" — P".

Remark 4.1.7. Let X bein V, and let 7 : X — X XIP" be the closed embedding
i(z) = 2 x P, where P is a chosen k-rational point of P". Let j : P»~1 — P
be a linear embedding. It follows directly from lemma 4.1.4 and remark 4.1.6
that the sequence

0— A, (X) 25 A (X x P?) 25 A (X x PP1) — 0
is exact. Additionally, one has i.(n) = n - [PY — P"].

Corollary 4.1.8. There is a unique power series

Fa(u,v) = Zai’j u' vl € A, (k)[[u, )]

with a; ; € Aiyj—1(k), such that, for any integers n > 0 and m > 0 we have
in the endomorphism ring of A.(P"™ x P™):

Fa(ei(pri(m)), éi(prz(vm))) = e1(pri (va) @ pra (ym))- (4.1)
Moreover, (Ay(k), Fa(u,v)) is a commutative formal group law.

Proof. Let n > 0 and m > 0 be integers and consider the line bundle
On.m(a,b) := pri(72?) @ pri(vEP) over P* x P™. Let mp, 1, : P" x P™ — Spec k
be the structure morphism. We write 1,, ,, for 7T:<17m(1Speck)-

By lemma 4.1.4, we can write

&1 (Onm(1,1)(Inm) = D al"[P*" — P x [P™7 — P,

ij
0<i<n
0<j<m

for unique elements a;;" € A;y;—1(k). We first check that the a;}" are in-

dependent of (n,m). Indeed, if n < N, m < M, we have linear embeddings
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iy : P* — PN, iy : P™ — PM . By checking on basis elements and using the
properties of (i1 X i2)* described above, we

€1(Onm(1,1))(Lnm) = é1((41 x 32)"On,ar(1,1))((31 X 32)* 1N, )
= (i1 x iz)*(él(ON m(1,1))(In,ar))

= Y aM i PN T = PN x i3 [PM — P
0<i<N
0<j<M

= Y @M PSP x [P P

0<i<n
0<j<m

Equating coefficients with respect to our basis for A, (P™ x P™) over A, (k)

yields a = aIZ%M for 0 <7< n, 0<j <m,as desired. We may therefore
write a” for a;’; -
Next, we claim that

A (Onm(1,1) = D a;i;E1(0nm(1,0))" 01 (0nm(0,1))

0
0

SN

m

LI
IAIA

IN

as endomorphisms of A, (P™ x P™). As both sides are A, (k)-linear, we need
only check on the basis elements [P" — P"|[P® — P™]. Letting 4; : P" — P™
and i : P — P™ be linear embeddings, we have

¢1(Onm(1, 1))([P" — P"[P* — P™])
= El(On,m(la 1))((7'1 X i2)*(17‘,8))
(il X i2)*(51(0r,8(17 1))(1T75))
S aiy [P PP P,

0<i<lr
0<5<s

Similarly

&1(Op,m(1,0))" 0 €1(O0nm (0, 1))’ ([P" — P"][P* — P™])
= (i1 X 12)x(¢1(0r.5(1,0))" 0 ¢ (Or.5(0,1))7(1,.5)
B {[IP’"—i — P[P P ifi<rj<s
0 otherwise.

This verifies our claim.

Setting Fa(u,v) = > a;;utv? and noting that & (v,)"™ = 0 (re-
mark 4.1.5) completes the proof of formula (4.1). We now show that F4 defines
a formal group law.

Taking n = 0 or m = 0, and using (4.1), we see that a;0 = 0 = ag; for
1,7 > 2, and that a19 = ap; = 1. Similarly, using lemma 4.1.4, the isomorphism
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T*0pn,m(1,1) 2 Oy 0 (1,1), where 7 : P x P — P™ x P™ is the exchange of
factors, yields the commutativity Fa(u,v) = Fa(v,u).

For associativity, let Oy, ¢(a, b, ¢) be the line bundle p{7&*@psyEb@psye*
on P* x P x Pf. The same argument as above gives us a unique power series
Ga(u,v,w) =Y ajjruviw® with

GA (61 (On,m,é(la 07 0))7 51 (On,m,é(oa 17 0))7 él(On,m,e(Oa Oa 1)))
= ¢1(On,me(1,1,1)).

We claim that
FA(ua FA(va)) = GA(ua v,w) = FA(FA(U,’U),’LU).

It suffices to prove the first equality. To simplify the notation, we write
O(a, b, c) for Oy me(a,b,c) .
Arguing as in the proof of formula (4.1) reduces us to showing

Fa(é1(0(1,0,0)), Fa(é1(0(0,1,0)),1(0(0,0,1)))) (1n,m.e)
= Ga(€1(0(1,0,0)),8(0(0,1,0)),1(0(0,0,1))) (1 m.e)

for all n,m, ¢, where 1,, ,, ¢ is the pull-back of 1 € A, (k) to A,(P" x P™ x P¥)
via the structure morphism. For ¢ = 0, this identity follows directly from
formula (4.1); we proceed by induction on £. If we write

Fa(u, Fa(v,w)) =Y aju‘v/uw”,
ijk

our induction hypothesis, along with the exact sequence of remark 4.1.7, im-
plies that

Fa(é1(0(1,0,0)), Fa(¢1(0(0,1,0)),(0(0,0,1)))) (1n,m.e)
- GA(&l (O(la 07 O))v 51(0(07 1’ O)): &1 (O(Oa 07 1)))(1n,m,€)

= Z(agjo — aijo)[]P’i — Pn] [Pj x PO — P™ x [PZ].
ij

Let ¢ : P™ x P — PV be the Segre embedding (N = (m + 1)(£+ 1) — 1).
Since 1, ([P7 x PV — P™ x P¢]) = [P/ — PV], (Id x ¢). : AL (P x P™ x Pf) —
A (P™ x PV) is injective on the A, (k) submodule generated by the classes
P! — P"|[PY x P° — P™ x P‘]. Thus we need only check our identity after
pushing forward to A, (P" x PV).

By smooth functoriality, we have

FA(El (O(O’ L, 0)7 €1 (O(O? 0, 1)) =0 (O(O’ L, 1))7

SO
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(0(0,0,1))))(1n,m.e)
6( (17070))a 1(0(0’171))(1n,m,€)-

Fa(€1(0(1,0,0)), Fa(¢1(0(0,1,0)), &1
= Fa(
Similarly,

GA(EI (0(17 0, 0))7 & (0(07 L, O))v @] (0(07 0, 1)))(1717171,@)
=¢1(0(1,1,1)) (1 m.e)-

Since Oy.me(a,1,1) = (Id x ¢)*(Oy,n(a, 1)), we have
(Id > ). (F ( 1(0(1,0,0)),é1(0(0, 1,1)) (1n,m,0))
Fa(c ( n,N (150), E1(On,n (0, 1)) ((Id X )4 (1n,m,e)),

(Id x ¢). (1 (O(1,1,1)) (1,m,e))
= 1(On,N(1a 1))((Id x L)*(ln,m,lf))-

Thus, we need only check that

FA(El(OmN(l, O), 61(On7N(O, 1))((Id X L)*(ln,m,ﬁ))
= & (O (L D) (1 X 1)Ly )

This this follows from our formula (4.1). O

4.1.5 Oriented Borel-Moore weak homology theories

Definition 4.1.9. Let V be an admissible subcategory of Schy. An oriented
Borel-Moore weak homology theory on V is an oriented Borel-Moore functor
on V with product, A, which satisfies the axiom (Sect), the axioms (PB),
(EH) and (Loc) of §4.1.1, as well as the aziom (FGL) for the formal group
law Fa(u,v) given by corollary 4.1.8.

Remarks 4.1.10. (1) One observes that, because of lemma 4.1.3, A, satisfies
the axiom (Nilp), so that one can make sense of the axiom (FGL). By theo-
rem 2.3.13, we see that A, satisfies axiom (Dim), so A, is of geometric type
on V.

(2) Conversely, suppose we have an oriented Borel-Moore L,-functor A, on
V of geometric type, satisfying the axioms (PB), (EH) and (Loc). Then A,
satisfies (FGL) for the formal group law F'(u,v) given by the homomorphism
L, — A.(k) defining the L,-structure. By the uniqueness in corollary 4.1.8, F’
is equal to the formal group law F4 given by that corollary. Thus, an oriented
Borel-Moore weak homology theory on V is the same thing as an oriented
Borel-Moore L,-functor on V, of geometric type, and satisfying the axioms
(PB), (EH) and (Loc).
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Theorem 4.1.11. Let k be a field admitting resolution of singularities and
let V be an admissible subcategory of Schy. Then algebraic cobordism

is an oriented Borel-Moore weak homology theory on V. Moreover, (2, is the
untversal oriented Borel-Moore weak homology theory on V.

Proof. This follows directly from the results proven in chapter 3. O

Remark 4.1.12. We call a formal group law F' on a ring R multiplicative if
F(u,v) = u+v — buw for some element b € R, additive if F(u,v) =u+v. We
say a multiplicative formal group on R is periodic if b is invertible in R. Thus,
the universal multiplicative formal group is classified by the homomorphism
L — Z[0] sending a11 to —f, and a;; to 0 for (4,j) # (1,1), where § is an
indeterminant. Similarly, the universal periodic multiplicative formal group is
given by . — Z[3, 37!], and the universal additive formal group is L. — Z,
sending all a,; to zero. From theorem 4.1.11, it follows that £2, ®1.Z[F], 2. @
Z[B,37] and 02, @1, Z are respectively the universal multiplicative, periodic
multiplicative and additive oriented Borel-Moore weak homology theories on
Smy and on Schy.

The Chow groups
X — CH.(X)

and the G-theory functor
X GO(X)[Ba ﬂil]

are oriented Borel-Moore weak homology theories on Schy as well. CH, is
additive and Go[3, 371] is multiplicative and periodic.

4.1.6 Oriented weak cohomology theories

We consider the cohomological version of an oriented Borel-Moore weak ho-
mology theory, and relate this to oriented cohomology.

Definition 4.1.13. An oriented weak cohomology theory on Smy is an ori-
ented cohomological functor with product A* such that the associated oriented
Borel-Moore functor A, is an oriented Borel-Moore weak homology theory on
Smk.

For instance, any oriented cohomology theory on Smj in the sense of
the introduction defines an oriented weak cohomology theory on Smy. For a
detailed proof of this, see proposition 5.2.4 below.

Remark 4.1.14. The essential difference between the notion of oriented weak
cohomology theory on Smy and that of oriented cohomology theory A* on
Smy, is the existence of a pull-back f*: A*(X) — A*(Y) for each morphism
f:Y — X between smooth k-schemes For instance, one can recover the ring
structure on A*(X) as the external product A*(X) ® A*(X) — A*(X x X)
followed by pull back along the diagonal: A* : A*(X x X) — A*(X).
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4.1.7 Chern classes and Conner-Floyd Chern classes

In this section A, will be an oriented Borel-Moore weak homology theory on
an admissible subcategory V.

Let E — X be a vector bundle of rank n over X € V with sheaf of sections
€. One observes that the isomorphism in (PB) implies the existence of unique
homomorphisms

Gi(E): Au(X) — Awi(X)

for ¢ € {0,...,n}, with é&(F) = 1, and satisfying the equation (as a homo-
morphism A, (X) — A._,(P(£))):

n

S (-1)iE(01)p) o gt 0 &(E) = 0.

=0

The homomorphism ¢é;(FE) is called the i-th Chern class operator of E.
We will use a modification of Grothendieck’s arguments from [11] to verify
the expected properties of the Chern class operators:

Proposition 4.1.15. Let A, be an oriented Borel-Moore weak homology the-
ory on V. Then the Chern class operators satisfy the following properties:

(0) Given vector bundles E — X and F' — X on X €V one has

for alli,j.

(1) For any line bundle L, ¢1(L) agrees with the one given in the structure of
an oriented Borel-Moore weak homology theory for A,.

(2) For any smooth equi-dimensional morphism'Y — X in V and any vector
bundle E — X over X, one has

G(f*E)o f* = f*oc(E).
(3)If0 - E' — E — E” — 0 is an exact sequence of vector bundles over X,

then for each integer n > 0 one has the following equation in End(A.(X)):

n(E) =Y &(E) én_i(E").
i=0
(4) For any projective morphism'Y — X in V, and any vector bundle E — X
over X one has

feol(fTE) = &(E) o f.

Moreover the Chern class operators are characterized by (0-3).
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Remark 4.1.16. We will see below (proposition 5.2.4) that each oriented coho-
mology theory on Smy, defines an oriented weak cohomology theory on Smy.
Given an oriented cohomology theory A* on Smy, the procedure we use here
to construct Chern classes can be applied mutatis mutandis to define Chern
classes ¢;(E) € AY(X) of a vector bundle E on X € Sm;,. The relationship
between the two approaches is that for a vector bundle E on a smooth scheme
X one has

ci(E) = &(E)(1x).

Conversely, one recovers the Chern class operators constructed here,
&G(E) 1 A" (X) — A*(X),

as the cup product by ¢;(E). For a general oriented weak cohomology theory,
we don’t have the (internal) cup product in the structure, so this formula
would have no meaning.

As an example, the axiom (Triv): é(Ox) = 0 would follow from the
previous formula and the obvious fact that ¢;(Ox) = 0. But in general it
doesn’t hold.

The key to applying Grothendieck’s arguments for the properties of the
Chern classes in the case of an oriented Borel-Moore weak homology theory
is given by the following two lemmas.

Lemma 4.1.17. Let A, be an oriented Borel-Moore functor on V satisfying
the axiom (Loc). Let X be in V, and let Dq,..., D, be effective Cartier di-
visors on X such that for each set of distinct indices 1 < iy,...,1, < n, the
intersection Dy, N (Ni_yD;,) is transverse in V, i.e., the cartesian square

m;:lDij —_— m;:QDlJ

|

Djyy ——— X

is transverse in V. Suppose in addition that N} D; = (0. Then
[[a0x(Di)) =0
i=1

as an operator on A.(X).

Proof. Let i : DyN...ND; — DyN...ND;_1,# : DyN...ND; — X be
the inclusions. By our assumption, i/ is a closed embedding in V. Note that
the canonical section s; of ¥/~ *Ox(D;) has divisor Dy N...N D;, hence s; is
transverse in V to the zero-section of i/ ~'*Ox (D;). By (Loc), it follows that
é1(ij_l*0x(Dj)) maps A*(Dl n... ﬂDj_l) to ;1(A*_1(D1 n... ij)). Since
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i o (T Ox (Dy)) = é1(Ox (D;))oil ™", it follows that & (Ox (D;)) maps
7N (AL (D1 N...ND;_1)) to il (A(Dy N ...N D;)), and hence by induction

[Hal(ox(pi))] (A.(X)) CE(A(D1N...NDy)).

for all j. Since A, (@) = 0, this proves the result. O

Lemma 4.1.18. Let A, be an oriented Borel-Moore weak homology theory on
V. Let X be in V, Dq,..., D, effective Cartier divisors on X satisfying the
transversality condition of lemma 4.1.17, and with "}y D; = 0. Let Ly, ..., Ly
be line bundles on X, and let M; = L; ® Ox(D;), i =1,...,n. Then

as an operator on A, (X).

Proof. We use the formal group law Fa(u,v) =u+v+3_, <, apguPv?. M; =
L; ® Ox(D;), so -

= &1 (Li) + & (Ox(Di) + Y apga(Li)Per(Ox (Dy))".

p,q=>1
Letting g(u,v) =1+ Zp,q21 apquPvi~!, we thus have
e1(M;) — e1(Li) = &1(Ox(Dy)) - 9(€1(Ls), ¢1(Ox (Dy)))-

Since the operators ¢ (?) all commute, the result follows from lemma 4.1.17.
O

We can now verify a weak version of the Whitney product formula.

Lemma 4.1.19. Let A, be an oriented Borel-Moore weak homology theory on
V and let X bein V. Let L1, ..., Ly be line bundles on X and let E = &}, L;.
Then ¢,(E) is the pth elementary symmetric polynomial in the (commuting)
first Chern class operators ¢1(L1), ..., ¢1(Ly).

Proof. Let q : P — X be the projective space bundle
P := Projo, (Sym™ (@i, L)),

with tautological quotient ¢*(®?_,L;) — O(1). The composition ¢*L; —
®r_1q*L; — O(1) defines the section s; : Op — O(1)®¢*L; *; let D; be the di-
visor of s;. If the line bundles are all trivialized on some open U C X, then the
1-sections in Ly, ..., L, defines the homogeneous coordinates Xi,..., X, on
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P= ]P’Tl}_l, and D; is the divisor of X;. Thus the D; are all Cartier divisors. In
addition, for each collection of distinct indices 1 < i1, ...,14, < n, the intersec-
tion N}_ D;; has codimension r on P and is smooth over X. Thus Dy, ..., D,
satisfy the transversality conditions of lemma 4.1.17 and N ;D; = 0. As
O) 2 q¢*L; ® Ox(D;), it follows by lemma 4.1.18 that

n

H(El(o(l)) —¢1(q"Ly)) = 0.

i=1

From the uniqueness of the relation defining the Chern class é,(®7L;),
this implies that é,(®_,L;) is the pth symmetric function in the operators
¢1(Ly),...,¢1(Ly), exactly as desired. O

Proof (of proposition 4.1.15). The naturality (2) follows from the naturality of
¢1(L), the naturality of the tautological quotient line bundle O(1) and the pro-
jective bundle formula (PB). The normalization (1) follows from lemma 4.1.19
with n = 1.

For the proof of (0), the splitting principle (remark 4.1.2), together with
the naturality (2), implies that we may assume that F and E are direct
sums of line bundles. In this case, (0) follows from lemma 4.1.19 and the
commutativity of the first Chern classes of line bundles.

For (3), we may assume by the splitting principle that £ = E'® E" and E’
and E” are both sums of line bundles. The result in this case follows directly
from lemma 4.1.19. Conversely, (3) implies that é,(®;L;) is the pth elementary
symmetric function in the é (L;), hence the fact that (1-3) characterizes the
¢; follows from the splitting principle.

To prove (4), set n = rnkE. We have the transverse cartesian diagram

P(fE) L P(E)

)l:

Take y € A.(Y). Applying f. to the defining relation

Y—7

n

0=> (~D)"(@(01)s£)" " 0d" 0 &(f*E))(y)

=0

gives
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(=D fl@ (" 0M)p)" " o g™ 0 &i(f7E)) ()]
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Since f.(¢o(f*E)(y)) = f«(y), the defining relation for the & (E) gives
@7 E))(y)) = &(B))(fe(y))

as desired. O

4.1.8 Todd classes

Let A, be an oriented Borel-Moore weak homology theory on V and 7 =
(1:) € II2y A (k), with 79 = 1. Define the inverse Todd class operator of a line
bundle L — X to be the operator on A,(X) given by the infinite sum

—~ 1

Td, (L)=> &(L)'=.
=0

~—1
Note that the axiom (Dim) implies that Td, (L) is a well-defined degree 0
endomorphism of A, (X).

Proposition 4.1.20. Let A, be an oriented Borel-Moore weak homology the-
ory on'V and T = (1;) € II2,A;(k), with 19 = 1. Then one can define in a
unique way for each X € V and each vector bundle E on X an endomorphism
(of degree zero)

Td, (E) : A(X) — A(X)
such that the following holds:
(0) Given vector bundles E — X and F' — X one has

~ -1 —~ —1 —~ —1 —~ —1
Td. (E)oTd, (F)=Td, (F)oTd, (E).
(1) For a line bundle L one has:

—~ 1

Td, (L)=> &(L)' 7.
1=0

(2) For any smooth equi-dimensional morphism'Y — X €V, and any vector
bundle E — X over X one has

Td, (fE)o f* = f*oTd, (E).



98 4 Algebraic cobordism and the Lazard ring

(8)If0 - E' - E — E" — 0 is an exact sequence of vector bundles over X,
then one has:

—~ 1 ~—1 —~—1
Td, (E)=Td, (E')oTd, (E").
(4) For any projective morphismY — X € V, and any vector bundle E — X
over X one has

fooTd, (fE)=Td, (E)o ..

~ 1
Td (E) is called the inverse Todd class operator of E.

Proof. This is just an exercise with symmetric functions, together with the
splitting principle and the properties of the Chern class operators listed in
proposition 4.1.15. Consider the power series f(t) := > 2 7;t" € A.(k)[[t]],
where we give t degree -1. Clearly the product f(t1)-...- f(¢,) is a sum

f(t1)'-~-'f(tn>:ZPz‘(t17-~-7tn)

with P, € A.(k)[t1,...,ts] a symmetric polynomial of total degree —i in
t1,...,tn, where we give ¢; degree -1 and A, (k) degree 0. If we use the actual
degrees in A, (k), then each P; has total degree 0. Rewriting P; as a polynomial
in the elementary symmetric polynomials o1 (¢.), ..., 0;(t«) gives polynomials
Q; € A.(K)[o1,...,0;] with

Pi(tl, e ,tn) = Qi,n(al(t*)y . ,(Ti(t*))

It is easy to check that the @Q;, for n > i are independent of n, and that
Qi,n is homogeneous of degree —i, where we give o, degree —m and A. (k)
degree 0; if we use the actual degrees in A, (k), then Q; , has total degree 0.
Set Q; := Q;,;. For a vector bundle £ — X, we set

where ¢;(F) is defined to be the zero endomorphism for ¢ > rank(E).

By construction, (3) is valid for F = E' & E”, with E’ and E” a direct
sum of line bundles. Applying the splitting principle and proposition 4.1.15
shows that the properties (0)-(4) are satisfied in general. O

~ 1
Remark 4.1.21. Observe that Td, (L) is an automorphism because the power
series

Z miut € Al (k)[[u]]

—~ 1
has leading term 1. For each vector bundle E, Td, (F) is an automorphism
as well: the formal inverse to the power series ) . Q;(o1,...,0,) exists in
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—~ 1

the power series ring A, (k)[[o1,02,...]] and gives the inverse to Td_ (FE) by
substituting ¢;(E) for o;.
By (3) the assignment E +— ¢, (F) descends to a group homomorphism

T, : KO(X) — Aut(A.(X)),
making A,(X) a Z[K°(X)]-module.

Ezample 4.1.22. Universal example. Let Z[t] := Z[t1, ..., tn,...] be the graded
ring of polynomials with integral coefficients on variables t;, i > 0, of degree
1. We apply the above construction to the oriented Borel-Moore weak homol-
ogy theory X — A, (X)[t] := A«(X) ®z Z[t] obtained from A, by extension
of scalars. We take for the family 7 = (7;);en the “universal” one given by

~—1
7; = t;. For any line bundle L on X, we write Td, (L) for the automorphism
—_ 1 0 B i
Td, (L) =Y &(L)'t; : A(X)[t] — Au(X)[t]
i=0

K2

—~ -1
and, for each vector bundle E over X, we denote by Td, (F) the automor-
— 1 ~ -1
phism Td,. (F). We may expand Td, (E) as:

S a— ~ n Ny
Td, (E)= D ET (.2) (3 e

I=(ny,...,np,...)
The ¢1 := ¢(n,,....n,....)(E) are the Conner-Floyd Chern class endomorphisms

We recover for instance the ith Chern class ¢;(E) as the coefficient of ¢i.
Now, to give 7 = (1;) € II2,Ai(k), with 79 = 1, is the same as to give a
morphism
Oyt ALt] — Ayt — 750

If we consider A, (k) as an A, (k)[t]-algebra via 9,, this induces an isomor-
phism
A(X)[t] @4, (1ye) Ax(k) = Au(X)

—~ -1

~ 1
which maps Td, (E) to Td, (E).
4.1.9 Twisting a Borel-Moore weak homology theory

The ideas in this section come from Quillen’s paper [30].

Let A, be a Borel-Moore weak homology theory on V and 7 = (7;) €
IR, A (k), with 79 = 1. We construct a new Borel-Moore weak homology
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theory on V, denoted by A{™”, as follows. AiT)(X) = A,(X) and the push-

forward maps are unchanged: fy) = fy.

For any smooth equi-dimensional morphism f : Y — X we have the bundle
of wvertical tangent vectors Ty , defined as the dual of the bundle with sheaf of
sections the relative Kahler differentials (231, /X" The virtual normal bundle of

f, Ny, is the element of K°(Y) defined by Ny := —T}.
We define

—~ 1
f(*T) = Td'r (Nf) Of*v

and for any line bundle L over X we set
—~ 1
ALY :==Td, (L)o&(L)

~—1
The properties of Td,_ described in proposition 4.1.20, together with the fact

~—1
that Td, (L) is an automorphism of A,(X) (remark 4.1.21) shows that this
data does in fact define a Borel-Moore weak homology theory on V.
The definition of EgT)(L) can be rewritten as

&7(L) = An (@ (L))

where A(ry(u) = Y2507 - u't € Au(k)[[u]]. Since A(r)(u) = u mod u?, there
is a unique power series )\(771) (u) such that Ale)(A(T)(u)) = u. As the the formal

group law FXE‘T) associated to AiT) is determined by the equations
FO@E(L),67 () = &7 (Lo M),
it follows that FE,T)(A(T)(u), A (©)) = A7) (Fa(u,v)), hence

F{ (,0) = Ay (Fa( A7} (), A5 (0))): (4.2)

If we restrict attention to Smy we can do something slightly different. Fix
a sequence T = [[, 7; as above. For a vector bundle £ — X, define the Todd

class of E, Td.(E), by
Td,(E) == Td, (~E) = (Td, ()"

Alternatively, let f,(t) = 5o, 7" and let 7(-1 € [], A;(k) be the sequence
with

freen(t) =

f=(t)

— — 1 —
Then Td.(E) = Td -1 (E). Clearly the automorphisms Td,(E) have the
formal properties given in proposition 4.1.20, with the normalization changed

to Td,(L) = 3,7\ Ve (L)
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For X € Smy, let Tx denote the tangent bundle of X. For a morphism
f:Y — X in Smy, we have the virtual tangent bundle Ty € K°(Y):

Ty = [Ty] = [f"Tx] € K°(Y).

In case f is smooth, the exact sequence 0 — f*Q2% — 2L — Q%,/X — 0
shows that our two definitions of T agree as classes in K°. We define the
virtual normal bundle of f, Ny, by Ny := —T%. In case f : Y — Speck is
the structure morphism, we write Ny for N¢, and call Ny the virtual normal
bundle of Y.

Define a Borel-Moore weak homology theory A7 on Smy, with AT(X) =
A.(X) for X € Smy, and with the pull-backs unchanged (f} = f*). For a
projective morphism f:Y — X, we set

fi= I OﬁT(Tf)a

and for a line bundle L over X we set
—~ —~ -1
¢1(L)=¢(L)oTd . (—L)=¢(L)oTd, (L) (4.3)

One easily checks that this does indeed define a Borel-Moore weak homology
theory on Smy,.
Of course, we could have used the inverse Todd class of the virtual normal

~—1
bundle, Td (Ny), in the definition of A7, but the classical Riemann-Roch

theorem uses Td(T}), so we took this opportunity to introduce the inverse
notation.
Let Ar(u) = Ary(u) = 320° miwi ™, s0 & (L) = A (&1(L)) = &7 (L). Set*

The identity (4.3) gives the expression for ’faT(L) as
Td, (L) = 9, (&1 (L)). (4.4)

Lemma 4.1.23. Let X be in Smy, with tangent bundle Tx . Then the auto-
morphism

— 1 o
Td (Tx): A7 (X) = AT(X)
determines an isomorphism of Borel-Moore weak homology theories on Smy,.

In particular the two theories have the same formal group law.

Example 4.1.24. Let us consider the Borel-Moore weak homology theory on
SChk
X = CH.(X) ® Q[B, 7]

! Compare with [27, §5].
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obtained from CH, by the extension of scalars Z C Q[3, 37 '] (where 3 has
degree one). Note that the associated weak cohomology theory CH* is actually
an oriented cohomology theory; in particular, we have cup products. We apply
our construction for the family 7 given by
1—ePu
Ar(u) 5
This gives

:1—e_

ﬂT(u) ﬁuﬁu :ZTitiv

and thus ’faT(L) is cup product with the classical Todd class?, where td(L)
for a line bundle L is defined as:

td(L) := ¥(c1(L)).
More generally
fi(@) = fulz Utd(Ty)),

where td(F) is the classical Todd class of a vector bundle E. This new theory
is denoted X — CH,(X) ® Q[8, 371]*L. The formula

1—e (o) =] g v gV
=(1l-e")4+1-e")—(1—-e")(1—-e")
implies that the formal group law for this theory is the multiplicative one:
F(u,v) =u+v—Luv.

Example 4.1.25. Assume k admits resolution of singularities. Following Quillen
[30], the Landweber-Novikov operations are obtained as follows. We consider
the Borel-Moore weak homology theory on Smy.

X 2.(X)[t].

Via the process described above, we modify this into 2,(X)[t]*, using the
family 7 = t = (¢;). By the universality of algebraic cobordism, we have a
canonical morphism

9N 0, — 0, [t]t,

ﬁLN :Z S[tl,
I

where I runs over all finite sequences (nq,...,n,) (of arbitrary length), and
t! =71 ... ¢" . The natural transformations

which we then expand as

S seimn) P = Lac (S
are called the Landweber-Novikov operations.

2 slightly modified by the introduction of 3, which changes the classical Todd class
in CH.. to a purely degree zero element in CH..[3, 3]
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Ezample 4.1.26. Still assuming that k& admits resolution of singularities, we
have the oriented Borel-Moore weak homology theory CH, on Schy. We con-
sider the other twisting

X — CH.(X)[t]®¥,

which is also a weak Borel-Moore theory on Schy.
By universality of {2, we get a canonical morphism

9 0, — CH,[t]®.
We shall prove later on that this morphism is an isomorphism after ®Q.
At this point we can prove something weaker as follows.

Definition 4.1.27. Assume that k admits resolution of singularities. We de-
note by 2%¢ the Borel-Moore homology weak theory

X = 24X) = 2,(X)®L, Z.
As above, we have the twisted theory £29¢[t]®*) and the canonical morphism
0 : 02, — 209t)® (4.5)

of oriented Borel-Moore weak homology theories on Schy,.
From equation 4.2 we know that the formal group law F on £22¢ [t](t) is
given by

Flu,v) = Aoy (Fa(A7h ) A () = Awy (Mgt @) + A @) (46)

with Ay (u) = D02 tiu'th

Theorem 4.1.28. Let k be a field admitting resolution of singularities. Then
the morphism (4.5)induces an isomorphism:

I0Q: 2,0Q - 2tV 0 Q
The idea behind this theorem is the following classical lemma:

Lemma 4.1.29. Let R be a commutative Q-algebra and let F(u,v) € R][u,v]]
be a commutative formal group law of rank one over R. Then there exists
a unique power series {p(u) = > .7 u't' € R[[u]] such that 79 = 1 and
satisfying

Lp(F(u,v)) =Lp(u) + Lr(v).

This power series is called the logarithm of F. Thus to give a commutative
formal group law of rank one over a Q-algebra is exactly the same as to give its
logarithm. Conversely, given a Q-algebra R and elements 7, € R, i =1,2,.. .,
letting £(u) = Y oo, 7ut! and setting
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FE(ua ’U) = Eil(g(u) + E(’U)),

Fy defines a formal group law over R with logarithm £(u).

Thus, if the logarithm of the universal formal group law on L, ® Q is
denoted by 1, (u) = Y, b; - vt € L, ® Q[[u]] the expression of the b; as
elements of L, ® Q determine a canonical graded ring homomorphism

a:Qb,....bpy,...] > L. ®Q,

where the ring on the left is the polynomial ring on generators b; of degree i.

By construction, « represents the natural transformation F(u,v) — £g(u);
concretely, given a graded ring homomorphism v : L, ® Q — R, the induced
formal group law Fr := 9 (F1) has logarithm ¢ o a(fy, ). Lemma 4.1.29 and
the universality of (FL,L) clearly imply that « is an isomorphism.

Let Q[t1,...,tn,...] be the polynomial ring with ¢; having degree i.
Let Ay(u) = >, tau'™, and let )\(_t; (u) be the inverse power series, i.e.
/\(t)(/\(_t; (u)) = u. Let

p:Qby,.. by, ... ] = Qftr,. .. tn,. .. ]

be the homomorphism with p(¢,) = /\(_t; Since we can clearly express ¢; in
terms of p(b1)...,p(b;), p is an isomorphism. The map

yi=poa L, ®Q — Q[t1,... tn,...]

is therefore also an isomorphism.
Thus ~ yields a formal group law on Q[ty,...,t,,...] with logarithm
/\(_S(u), the formal group law given by ~ is therefore

Aty (A (1) + 25 (0))

(compare with (4.6)).
Our proof of theorem 4.1.28 is directly inspired by the construction of the
isomorphism L ® Q = Q[ty, to, .. .].

Proof (of theorem 4.1.28). Let {(u) € £2.(k) ® Q[[u]] denote the logarithm
of Fo(u,v). Writing £(u) = Y ,5,b; - u't', we can twist rational algebraic
cobordism using this family b = {b;}; to get the Borel-Moore weak homology
theory on Schy

X - 2,(X)2Q®,

By formula (4.2), the formal group law on 2, ® Q(P) is the additive one. Thus
the canonical morphism of Borel-Moore weak homology theories on Schy,
2, — 2, ® Q®) given by universality of £2, factors through the morphism
2, — 2% inducing a canonical morphism

¢: 02 = 0, QM.
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Let A(u) denote £~ (u); define 7; € 2;(k), i = 1,2,..., by the equation:

AMu) = ZTZ' VAR

i>0
Using the universal construction of example 4.1.22, we may extend ¢ to
@ Q) — 2, 0 QP),

so that t; is mapped to 7;. By twisting the morphism & both at the source
and the target we get a morphism

Qfd[t](t) — (2, ® Q(b))(f)_

In fact, (2, ® Q) = 2, ® Q, because, as \ is the inverse to ¢, twisting
by 7 is the inverse to twisting by b. One easily checks that this morphism is
an inverse to ¥ ® Q. Indeed, the composition

2,0Q -2tV eQ - 2.2Q

is the identity by the universality of {2,. Thus ¥ ® Q is a monomorphism.
To prove that ¥ ® Q is an epimorphism, it follows from (4.6) that the
group law on 294[t]®*) has logarithm /\(_t; (u). From our discussion following
lemma 4.1.29, the homomorphism ¢ : L, — Qfd(k)[t](t) classifying the group
law on 029¢(k)[t]® induces an isomorphism L, ®Q — Q[t], where £2¢¢(k) — Q
is the ring homomorphism sending £2%¢ (k) to zero (we know that 2§%(k) = Z
by theorem 2.5.12). Note that ¢ factors through ¥ via the canonical map
L. — £2.(k), and L>q clearly goes to zero under the map {2, — 294 Since
24 is graded and concentrated in degrees > 0, one can use an induction on
the degree to reduce to showing that 2, — £2%¢ is an epimorphism, which is
clear from the definition of £224. a

Remark 4.1.80. As a corollary we see that
9 02,(k) — 2% (k)[t]®

induces an isomorphism after ®Q, proving that 2,(k) ® Q is a polynomial
algebra on 2¢¢(k) @ Q.

4.2 Algebraic cobordism and K-theory

In this section, we give a proof of theorem 1.2.3 and corollary 1.2.18.
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4.2.1 Projective bundles

In this section A, denotes an oriented Borel-Moore functor of geometric type
(definition 2.2.1) on Smy, for which the formal group law is multiplicative.
Thus if b = [P1]4 € A7! one has Fa(u,v) = u + v — buv. However, we never
assume that A, is periodic so that the results below still hold if b = 0 (so that
A, additive is permitted)! Throughout this section, we will drop the index 4
in the notation [—]4.

Clearly the power series X, (u) = [—1],,(u) is given by
—u
[—1]m(u) = 1-b-u
Write u - g(u) = [~1];,,(u) so that g(u) = 1= We obviously have:
[=Um () - g([=1m(u) = u (4.7)

(because [—1]m ([—1]m(u)) = w) proving that g([—1],,(u)) =b-u — 1.

Proposition 4.2.1. Let i : Z — X be a closed immersion of codimension
¢ between smooth k-schemes, X being of dimension d. Let Xz — X be the
blow-up of X at Z, m; the conormal sheaf of i. Then one has the following
equality in Ag(X):

[Xz — X] = [ldx] +b-i[P(n;) — Z] — i [P(0; ® Oz) — Z]

Proof. Let q : P := P(n; ® Oz) — Z be the structure morphism. We apply
proposition 2.5.2. The identity (4.7) yields the identities in A.(P(v; ® O)):
9([O(=D)]) = g([-1m(O(M)])) = - [O(1)] — 1.

As the closed subscheme P(7;) of P(1; ® Oz) is defined by the vanishing of the
section Op — ¢*(n; ® Oz) — O(1), we have [O(1)] = [P(v;) — P(n; & Oz)]
and the formula follows. O

Take X € Smy. If D C X is a divisor on X and F is a coherent sheaf on
X we denote by F(D) the tensor product F @ Ox (D).

Lemma 4.2.2. Let £ be an invertible sheaf on X € Smy, &€ — X a locally
free sheaf of rank r > 0 and let i : D — X be a smooth closed subscheme of
X of codimension one. Then one has the following formula in A.(X):
PLD)BE) - X]=P(LDE)) — X]
+ [P (LD)YBDLDE)) — D] —b- i, [PE (LB E)) — D]

Proof. Consider the X-scheme ¢ : Y :=P(L(D)®LBE) — X. The projections

LD)®LDPE — L(D)DE,

L) LBEE - LBE
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determine the closed embeddings
io: Do :=P(L(D)DE) =Y,
i1: D =PLBE) =Y.

Note that ¢*D = P(i*(L(D) © L@ £)) as an X-scheme.
As Dy is defined by the vanishing of the composition

L—=qg LD)sg L E— O)
it follows that Oy (D) 2 (¢*£Y)(1). Similarly,
Oy (D1) = ¢*(£(D)")(1),
Oy (¢"D) = q"Ox(D),
giving an isomorphism
Oy (¢"D + D1) = ¢*Ox (D) ® Oy (D1) = Oy (Dy).

This yields the identity of endomorphisms:

&1(0y (Dy)) = é1(g"Ox (D) @ Oy (D))

= &(¢"O0x (D)) + & (Oy (Dy))
— b2 (" Ox (D)) 0 & (Oy (Dy)).

Let i : ¢"'D — Y be the inclusion. Applying the above identity to 1y and
using the axiom (Sect) gives
Dy — Y] =[¢"D—=Y]+[D; = Y] ~b-[¢"D-D; —Y]
=5, [P (LD)BLDE)) = ¢ ' (D)) +[P(LDE) = Y]
— b [PEH(LDBE)) — ¢ (D))

Pushing forward to X and D gives the desired formula. a

Lemma 4.2.3. Let £ be a direct sum of n + 1 invertible sheaves on some
X € Smy,. Then in A (X),

[P(E) — X]=0b"-1x.
In particular, one has [P"] = b" in A.(k).

Proof. We proceed by induction on dimy X . We first consider the case dim X =
0, X = Spec F for F' a finite extension field of k. Since P% = P} X F, we
need only consider the case F' = k, i.e., we must show that [PY] = b"V. We
proceed by induction on N.

For N = 0 there is nothing to prove, and for N = 1 the result follows from
the equation [P'] = b in remark 2.5.6.
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Take N > 2. We apply lemma 4.2.2 with X = P, D a linearly embedded
PN-1 £ = O, and £ = 0. Pushing forward the identity of classes in A,(X)
to A, (k) yields

[Ppx (O(1))] = [Ppn (O)] + [Ppr—1(O(1) & O)] = b+ [Ppv—1(O)].

Since P(£) @ P(E® L) for £ a locally free sheaf and £ an invertible sheaf, this
gives

Pov—1(O1) @ O)] =b- [Ppn—1(0)] =b- [PV = bV,
the last identity using our induction hypothesis. Now suppose we have shown
that [Ppnv— (O@O(1)")] = b for some r with 1 < r < N. We may assume by
induction on N that [Ppy—» (OB O(1)")] =bM forall M < Nand 1 <r < M.
Apply lemma 4.2.2 with X = PY~", D a linearly embedded PN~—"~1 £ = O,
and & = O(1)". Pushing forward to A. (k) gives
b = [Pen—+ (O ® O(1)")]
— Pon— (O(1) & O(1)7)] = [Py (0 & O(1)*1)]
+b [Pprv—r—1(O @ O(1)")]
=[P x PN = [Ppv—r1 (O @ O(1) )] + b- bV 1
= [PV "]+ 0" — [Bpv—rr (O @ O(1)H)].

By induction, [P"] = b" and [PV "] = bV ", giving
[Pev—r1 (O @O1) )] = bV,

Taking 7 = N — 1 gives us [PV] = bV, as desired.
Now let Ly, ..., L, be invertible sheaves on X € Smy. We prove that

[P(Lo@® - & Ly) — X] =b"[X]

by induction on n = dimg(X), the case n = 0 having been settled above.
Assume n > 0 and that we have proven the above formula when the dimension
of the base is < n.

Let £ be the sum £ ® --- & L,.. Given a smooth divisor i : D — X in X,
lemma 4.2.2 gives

[P(Lo® &) — X] = [P(Lo(D) & &) — X]
— ix[P(i"(Lo(D) ® Lo ® E)) = D] +b-iu[P(i* (Lo(D) & €)) — D).
Since dimD < n, we may use our inductive hypothesis, giving
[P(Lo®E) — X]| = [P(Lo(D) ®E) — X]| — i, b"[Idp] + b - i, b" " [Idp]
=[PLodE) — X].

Doing the same for each L;, it follows that, given smooth divisors Dy, ..., D,
on X, we have
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[P(&izoLi) = X]| = [P(®i=0Li(Di)) — X].

Since X is quasi-projective, there is a very ample invertible sheaf £ on X
such that £ ® £} is very ample for each . Replacing £ with a high tensor
power if necessary, we may assume that, for each i, the divisor D; of some
section of £ ® LY is smooth. Then £;(D;) = L for each i, so

[P(DizoLi) = X] = [P(®i=L:i(D:)) — X]
= [P(®i=oL) — X]
=[p2:P"x X — X]
= b"[ldX].

O

Remark 4.2.4. If we assume that A, satisfies the projective bundle formula
(PB) and extended homotopy property (EH) on Smy, the previous lemma
implies that for any locally free sheaf £ on X of rank r 4+ 1 one has

P(E) — X]=b" -1y

Indeed, the splitting principle and axiom (A3) reduces to the case in which E
is a direct sum of line bundles.

We also get the following simplification of proposition 4.2.1:

Corollary 4.2.5. Let A, be an oriented Borel-Moore functor of geometric
type for which the formal group law is multiplicative. Suppose in addition that
A, satisfies (PB) and (EH). Let Z C X be a smooth closed subscheme of some
X in Smy. Let Xz — X be the blow-up of X at Z. Then one has

Xz — X]a =[ldx]a
in Ay (X). In particular, when X is smooth and projective over k, one has
[(Xz]a = [X]a
in A (k).
Proof. The result follows from proposition 4.2.1 and remark 4.2.4. O

Remark 4.2.6. The universal oriented Borel-Moore weak homology theory on
Smy, having multiplicative formal group law is of course given by:

Since an oriented Borel-Moore weak homology theory on Smy, satisfies (PB)
and (EH), £2, ®L, Z[F] thus satisfies corollary 4.2.5 above. It is tempting to
make the following:
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Conjecture 4.2.7. Let k be a field. Then the oriented Borel-Moore functor

of geometric type

s the universal oriented Borel-Moore functor of geometric type which has
“birational invariance” in the following sense: given a birational projective
morphism f:Y — X then f.1ly = 1x.

In fact we shall establish conjecture 4.2.7 over a field of characteristic zero
in §4.3.3 below.

4.2.2 The Chern character

In this section, we let A* be a multiplicative and periodic oriented weak co-
homology theory on Smyj. We construct the Chern character chy as a trans-
formation ch4 : K°[3, 371] — A*, compatible with smooth-pullback, external
products and first Chern class operators.

We have the canonical morphism of weak cohomology theories

Ty 02° — A%

let A*(X) be the A*(k)-submodule of A*(X) generated by ¥a(£2*(X)).
Clearly X — A*(X) defines a sub-weak cohomology theory of A*.

Now, for X € Smy, and E a vector bundle of rank r on X with sheaf of
sections &, define the Chern character operator ch4(E® ") : A*(X) — A*(X)
by

cha(€® ") = (rank(E) — b- & (EY))b™.

We set cha(E-6") = cha (£-8™)(1x). Since & is additive in exact sequences,
we have the homomorphism

cha : K°(X)[B,87) = Endy- i) (A*(X)).

Let L and M be line bundles on some X € Sm; with respective sheaves
of sections £ and M. Using the group law for A, we have the identity of
endomorphisms of A*(X):

cha(L® M) =1— LY @ MV)b
=1 (L) — & (MY)b+ MLV )e (MY )b
= cha(L)cha(M).

Similarly, we have
cha(E (L)(M)) = (L) o cha(M).

By the splitting principle, this shows that
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cha(€ @ F) = cha(€)cha(F);  cha(@ (L)(E)) = & (L)cha(€)

for all locally free sheaves £ and F, and line bundles L, that is, gf/LA is a ring
homomorphism, and intertwines the operations of first Chern classes of line
bundles. .

The splitting principle also shows that ch, is compatible with smooth
pull-back: for f:Y — X a smooth morphism in Smy,

F(cha(@)(y)) = cha(f*z)(f*y)

for z € K°(X)[B3,87 Y], y € A*(X), and satisfies the projection formula for a
projective morphism f :Y — X in Smy:

Foleha(f2)(y)) = cha(z)(f.y)

for z € KY(X)[3,871], y € A*(Y).

Evaluating these formulas at 1x shows that ch 4 is compatible with smooth
pull-backs, with the Chern class operators for line bundles and with external
products, as desired.

4.2.3 The Riemann-Roch theorem for a multiplicative theory

Now we prove that chs commutes with projective push-forwards. We follow
the argument used in Fulton’s proof of Grothendieck-Riemann-Roch for closed
embedding as in [9, §15.2]: first handle the case of a projective space bundle
with a section, then reduce to this case by deformation to the normal bundle.

Lemma 4.2.8. Let Z be in Smy, £ a locally free coherent sheaf on Z, q :
P — Z the projective bundle P(E & Oz). Let s : Z — P be the section defined
by the projection €® Ox — Ox. Take x € K°(X)[3,37']. Then in A*(P) we
have

cha(s«(x)) = s«(cha(x)).

Proof. We first reduce to the case x = 1. It clearly suffices to prove the lemma
for x = [F], F alocally free coherent sheaf on Z. Since ch4 and s, commute
with smooth pull-back, we may use the splitting principle to reduce to the
case F = ®;L;, L; invertible sheaves; the additivity of ch4 and s, reduce us
to the case F = L, the invertible sheaf of sections of a line bundle L. Since
éE(L)(17) =1 —[L£V], it suffices to handle instead the case x = ¢X(L)(1z).

Assuming the result for z = 1z, we use the compatibility of ch4 with & (?)
and the projection formula (definition 2.1.2(A3)):
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cha(s.(ef (L) (12))) = cha(s. (& (s"¢"L)(12)))
cha( (¢"L)(s.(12)))
G (q" L) (cha(s.(12)))
1(q" L) (54(cha(1z2)))

*

([ H |
V) ™\

(e1(L)(cha(12)))
s«(cha (el (L)(12))),

completing the reduction.

We now prove the case x = 1. As above, we may use the splitting principle
to reduce to the case &€ = @ ,L;, with the £; invertible sheaves on Z. Let
Lo = Oz and let D; be the subscheme of P(€ & Ox) given by the projection

E® Oz — ©jxLly,

i=1,...,n. D; is thus the subscheme of zeros of the composition ¢*(L;) —
g (E®Oyz) — O(1), hence is the Cartier divisor of a section of O(1)@q*(L;)V.
D; is smooth and s(Z) = N D;, so repeated applications of (Sect) give

s:(12) = [T &' (0 ® ¢ (£:)")(12).

for all oriented weak cohomology theories A, including K°[3, 371]. Since cha
commutes with the first Chern class operators and sends 1& to 14, the proof
is complete. a

In short, the Todd class of a vector bundle in a multiplicative periodic
theory is trivial.

Proposition 4.2.9. Let f : Y — X be a projective morphism in Smy and
take x € K°(Y)[3,371]. Then

fulcha(x)) = cha(fi(x))

Proof. Tt sufficient to check this for the projection P x X — X to a smooth
k-scheme X and for a closed immersion Z — X between smooth k-schemes.

We first consider the case of the projection ps : P* x X — X for some
n > 0. Using the projective bundle formula and the compatibility of ch 4 with
the external product and the first Chern class operators, we need only consider
the case of the push forward along 7 : P™ — Spec k, and show that

2 (cha(1E.) = cha(nh (150)).
Since cha(1E,) = 1, this is the same as showing

[P"]a = cha([P"]k)-
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But by lemma 4.2.3, [P"]x = 8" € K°(k)[3,57!] and [P"]4 = b" € A*(k); as
cha(B) = b, this verifies our formula.

We proceed to the case of a closed immersion i : Z — X, using the defor-
mation to the normal bundle to reduce to the case handled in lemma 4.2.8.
Although the proof is just a slight modification of that used in [9, loc. cit.], we
give the details here for the reader’s convenience. We will use some compu-
tations from chapter 5, but these do not rely on the Riemann-Roch theorem,
and the reader will easily check that the argument is not circular.

Let 1 : Z — X be a closed immersion in Smy,. We have the deformation
diagram (2.4) from section 2.5; we repeat the relevant portion here for the
reader’s convenience:

Welet ip: P — Y, ip:Yy —Y,ix, : Xz — Y be the inclusions.
_ Take z € K°Z), giving the element piz € K°(Z x P') and let & :=
iv(piz) € K°(Y). Since K° is an oriented cohomology theory on Smy, we
have

i1(2) = ix € K°(X)[B, 7]

in(%) = s.x € K°(P)[3, 871

Noting that Xz N Z x P' = ), it follows from lemma 5.1.11 and proposi-
tion 5.2.1 that

& (Oy (X2)) (&) = ix,+(i%, (%)) = 0.
hence
[cha() 0 & (Oy (X2))(1y) = [ (Oy (X2)) 0 cha(®)](1y)

= cha (e (Oy (X2))(@)(1y)
=0.

Thus
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i1 (cha(ive)) = i1.(cha(i}(Z))(1v,))
cha(@) (i1 (1y;))
= ch(Z) 0 &' (Oy (Y1) (1y)
1Oy (Y0))(1y)
e (Oy (P) + & (0y (X 2))
— b1 (Oy (P))&f (Oy (X2))) (1v)
= cha(%) 0 & (Oy (P))(1y)
= cha(#)(ip«(1¢))

ZIP’*(ChA(Z]P’( ))(1r))
ip«(cha(ssx)).

Let iZ,i? : Z — Z x P! be the 0- and 1-sections. For any element y €
A*(Z), we have piy € A*(Z x P!) and it follows from lemma 2.3.7 that

iZ,(y) = (075 (1) (p}y) = iL.(y).

Il
o
>
bS
IS
]
—~~ ™

Thus
i14(ix(cha(x))) = 5(112*(ChA(93)))
5 )

px (84 (cha(z))

)-
Now apply the push-forward along p := p; om : Y — X to all our identities.
Using lemma 4.2.8, we have

This completes the proof of the proposition. a

4.2.4 Universal property of K-theory

We can now prove the following version of theorem 1.2.3 involving oriented
weak cohomology theories on Smy, (rather than genuine oriented cohomology
theories):

Theorem 4.2.10. Let A* be an oriented weak cohomology theory on Smy.
Assume that A* is multiplicative and periodic. Then there exists one and only
one morphism of oriented weak cohomology theories

chy: K°[3,571] — A*
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Proof. For a vector bundle £ on X € Smy, we write ¢ (E) for ¢(E)(1x).
We first observe that chs has to map 3 = [P!]x to b = [P!]4. Moreover, as
for X € Smy, and any line bundle L over X with sheaf of sections £, one has
in K°(X)
) =1 (1= [(£")"] = 1 - (1Y) - B,

one must have
cha([L]) = cha(1 —cB(LY) - B) =1 - (LY) -0

Using the splitting principle, this establishes uniqueness.

Let A, be the oriented Borel-Moore weak homology theory on Smy, cor-
responding to A*. We have already shown that the Chern character chy :
KO[3,871] — A, constructed above is a natural transformation of oriented
Borel-Moore weak homology theories, which completes the proof. a

Remark 4.2.11. The classical Grothendieck-Riemann-Roch theorem can be
easily deduced from theorem 4.2.10. Indeed, consider the oriented weak coho-
mology theory

X — CH*(X)® Q[B,57']"
constructed in example 4.1.24. Now by theorem 4.2.10 there exists one (and
only one) morphism

9: K°[8, 1] — CH* ® Q[3, 5~ ]*

of oriented cohomology theories. One then checks by the splitting principle
that 9 is equal in degree 0 to the Chern character

ch: K°(X) — CH(X) ® Q,

where CH(X) denotes the ungraded Chow ring. The explicit formula for the
push-forward maps in CH* ® Q[3, 371]*¢ yields the Grothendieck-Riemann-
Roch theorem.

Corollary 4.2.12. Let k be a field admitting resolution of singularities. Then
for any smooth k-scheme X the natural homomorphism:

24(X) ®u. Z[6, 571 — K°(X)[3, 67
s an isomorphism.

Proof. By remark 4.1.12, X — 2,(X) ®r, Z[3, 371] is the universal oriented
multiplicative periodic Borel-Moore weak homology theory (either on Schy, or
on Smy,). Theorem 4.2.10 implies on the other hand that X — K°(X)[3, 37}]
is also the universal oriented multiplicative periodic Borel-Moore weak homol-
ogy theory on Smy, whence the result. a



116 4 Algebraic cobordism and the Lazard ring
Remark 4.2.13. We do not know whether or not the canonical homomorphism

0.(X) @, Z[B, 7] — Go(X)[B,67"]

is an isomorphism for all finite type k-schemes X. What follows from the
previous theorem is that

2.(X) L. Z[B, 7] — K'PM(X)[8,57"]

is an isomorphism for any finite type k-scheme X. The remaining problem is
to decide whether or not

KBM(X)(8, 87 — Go(X)[8,87]

is an isomorphism for any finite type k-scheme X, assuming k£ admits the
resolution of singularities.

Theorem 1.2.3 follows easily from theorem 4.2.10:

Proof (of theorem 1.2.3). We use the fact (proposition 5.2.4) that an oriented
cohomology theory on Sm;, gives rise to an oriented weak cohomology theory
on Smy, by restricting the pull-back maps to smooth morphisms, and setting
& (L)(x) =1 (L) Uz

By theorem 4.2.10, there is a unique natural transformation

chy: K°[3,571] — A*

of oriented weak cohomology theories on Smy. We claim that ch4 commutes
with all pull-back maps, not just pull-back for smooth morphisms. Indeed, the
pull-backs in K-theory come from pulling back vector bundles, and the result
follows from the naturality of Chern classes. Since chy is compatible with
external products, this implies that ch 4 is a ring homomorphism; ch 4 is thus
a natural transformation of oriented cohomology theories on Smy, completing
the proof. O

4.3 The cobordism ring of a point

In this section, we compute (2,(k) by showing that the canonical homomor-
phism
&L, — 2.(k)

is an isomorphism over any field admitting resolution of singularities and weak
factorization (at present, this limits the result to fields of characteristic zero).

Our strategy to prove that L. = 2.(k) is to show first that @ is always
injective, for any field. Then to prove surjectivity it is sufficient to prove that
the augmentation {2,(k) — Z induces an isomorphism §2,(k) QL. Z = Z. To
do this we proceed inductively in the dimension.
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4.3.1 The canonical splitting

In this section we prove that @ is always a monomorphism, over any field. The
first method is only valid when the field admits a complex embedding.

Lemma 4.3.1. Let 0 : k — C be a complex embedding. Then sending a
smooth projective k-scheme X to the complex cobordism class of the compact
complex manifold X,(C) descends to a homomorphism

Y 2,(k) > MUs,,

which is independent of the choice of o. In addition, composing ¥ with @
induces Quillen’s isomorphism

¢]V[U . ]L* = MUQ*
In particular, @ is injective.

Proof. An embedding o gives a functor from the category of smooth k-schemes
to the category of complex manifolds, which we denote by X — X, (C). The
functor X — MU?**(X,(C)) defines by [30] an oriented cohomology theory on
Smy; by proposition 5.2.4 this functor is also an oriented weak cohomology
theory on Smy, in the sense of definition 4.1.13. The universality of algebraic
cobordism gives us a canonical map of oriented weak cohomology theories
Inu.o(X) 1 29(X) — MU?*(X,(C)). In particular, 917 (k) yields the ring
homomorphism v : £2,(k) — MUs,.

By construction, the composition L, — (2,(k) — MUy, is the canonical
homomorphism @y, which, by Quillen’s result [30], is an isomorphism.

We conclude by showing that ¢ doesn’t depends on o. Indeed, (2. (k) is
generated by classes [X] of smooth projective varieties over k. In addition, by
Milnor [22], the class [X,(C)] € MUs. depends only on the Chern numbers of
X. But the latter can be computed algebraically and are thus independent of
the choice of complex embedding. In other words, given two complex embed-
ding o and 7, the varieties X,(C) and X, (C) are automatically cobordant.

O

Another way to prove the injectivity, over any field, is as follows. We use
the morphism
9 2, — CH,[t]®

defined in example 4.1.26. Its associated formal group law is by construction
the power series
Fe(u,v) = MM (w) + A7 (v)),

where ‘
)\(U) = Ztiuwrl € Z[tla v atna . ][[’LLH,
i>0
with the convention that ¢y = 1. Here A~!(u) is the inverse power series,

satisfying A(A~1(u)) = u. The statement of the following lemma is obvious,
by construction, except for the injectivity assertion.
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Lemma 4.3.2. Let k be a field. Then the composition of the homomorphism
2.(k) = Z[t1, ..., tn,...]

induced by 9T and of
& : L, — 02.(k)

s the canonical monomorphism
L. HZ[th...,tn,...]
classifying the formal group law Fy.

For the injectivity in lemma 4.3.2, we refer the reader to [3, 30]. We can
thus deduce:

Corollary 4.3.3. Let k be any field. Then
& : L, — 2.(k)
18 a monomorphism.
Remark 4.3.4. One can check that the homomorphism
2.(k) = Z[t1, ..., tn,...]

sends the class [X] of a smooth projective k-scheme X of dimension d to the
sum
chern(X) := Z (c1(Nx)* ... ca(Nx)*, [X])

A1,...,04

where the ;s are non-negative integers, Nx = —Tx € K°(X) is the virtual
normal bundle?® of X and (z,[X]) € Z denotes the degree of a class z €
CH*(X) (which is zero unless x has codimension d).

Thus this homomorphism is just “computing all the Chern numbers” of
X. A. Merkurjev has proven in [24] that for an arbitrary base-field k, all these
chern(X) € Zlt1,...,tn,...] =: Z[t] indeed lie in the (image of the) Lazard
ring in Z[t]. This provides in fact a ring homomorphism

¥ 2.(k) — L,

which is left inverse to @, over any field. In the sequel, however, we will not
use this fact, only corollary 4.3.3.

3 Voevodsky has proven that Nx can always be represented as a difference V — 0%
for some vector bundle V over X [35].
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4.3.2 The main theorem

Throughout this section we assume that k£ admits resolution of singularities
and weak factorization.

Remark 4.3.5. For a field of characteristic zero, the weak factorization prop-
erty has been proved in [2] and [37]. Of course, resolution of singularities
follows for a field of characteristic zero by Hironaka [13]. Thus all the results
in this section are valid for k a field of characteristic zero.

We are now prepared to begin the proof of the surjectivity of @ : L, —
£2.(k) which will thus finish the proof of theorem 1.2.7, restated as theo-
rem 4.3.7 below. In the sequel, we denote by 234(k) the ring 2, (k) ®L, Z.

We first show that the class of W in 234(k) is a birational invariant.

Proposition 4.3.6. Let W and W' be smooth projective varieties over k.
Suppose that W and W' are birationally isomorphic. Then [W'] = [W] in
294(k).

Proof. The proof uses weak factorization and resolution of singularities in
an essential way. By resolution of singularities, we may assume there is a
birational morphism W — W’. By weak factorization, there is a sequence of
birational morphisms

W:WOHY()%WlH...HYnHWn:W/

each of which is the blow-up along a smooth center. This reduces us to the case
W' =Wpg — W, the blow-up of W along a smooth center F'. We conclude by
using corollary 4.2.5. a

Theorem 4.3.7. Let k be a field admitting resolution of singularities and
weak factorization. Then the natural map @ : L, — 2.(k) is an isomorphism.

Proof. By corollary 4.3.3, we need only to show that @ is surjective. Noting
that L, and 2,(k) are graded rings, and are zero in negative degrees, that

.Qf:d(]{i) = Q*(k)/L*<OQ*(k)

and that Ly = Z, it suffices to show that 294(k) = Z. By theorem 2.5.12, the
degree map 2o(k) — Z is an isomorphism. We now show that 2%¢(k) = 0 for
all n > 0.

Let Y be a smooth irreducible projective variety of dimension n over k.
Embed Y in a PV, and take a general linear projection of Y to a Y C P!,
with Y — Y finite and birational. Let p : S — P"*! be a sequence of blow-
ups with smooth centers lying over Ying such that p*(Y) is a strict normal

crossing divisor. Write
i

w(Y)
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where Y is the proper transform of Y, and the E; are components of the
exceptional divisor of p.

Since Y — Y and Y — Y are birational isomorphisms, Y is birationally
isomorphic to Y. Thus, by proposition 4.3.6, we have [Y] = [Y] in £22¢(k).
Write p as a composition of blow-ups of S; along the smooth center Fj:

S =5, 5 £ A g = prtt

Let E; C S;_1 be the exceptional divisor ui_l(Fi); E; is the projective bundle
P(N;) — F;, where ) is the conormal sheaf of F; in S;. Reordering the E;, the
map S — S;_1 restricts to a birational morphism E; — E;. By remark 4.2.4
and proposition 4.3.6, it follows that [E;] = 0 in £22%(k).

Suppose Y has degree d in P"*1. Let D C P"*! be the divisor of a general
section of O(d). Then both D and p*D are smooth and irreducible, and p :
p*D — D is birational. Thus [p*D] = [D] in £2%¢(k) by proposition 4.3.6.
On the other hand, p*D is linearly equivalent to u*(Y'), hence [u*D — S| =
(W'Y — S] in §2,(9). Pushing forward to Speck and using remark 3.1.7, we
find R

[D] = [u*D] = [u*Y] = [Y] = [Y] € 27(k)
Furthermore, D is linearly equivalent to d hyperplanes in P!, so by re-
mark 3.1.7 and lemma 4.2.3,

[D] = d[P"] = 0 € 23" (k),
completing the proof. O
Remark 4.3.8. 1t is reasonable to make the
Conjecture. Let k be a field. Then
&(k) : L, — 2.(k)
s an isomorphism.

We have proven this conjecture in characteristic zero and we know that
the map @(k) is always injective. Moreover, theorem 2.5.12 shows that this
conjecture is true in degree 0 over any field. Furthermore, one can check that
our previous proof can be carried out for smooth curves over a field, proving
the conjecture in degree 1 as well.

In fact, the group £2; (k) is the free abelian group generated by [P!]. More-
over, let C' be a smooth projective curve over k, g its genus (the genus of its
extension to an algebraic closure of k). Then

0] =(1-9)- [P

in Ql(l{))

Finally, it seems reasonable to suppose that once one assumes that k£ ad-
mits resolution of singularities, the weak factorization theorem can be proved
using the methods of [2] and [37], in which case theorem 4.3.7 would be valid
over a field admitting resolution of singularities.
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4.3.3 Birationally invariant theories

In this section we prove the following theorem establishing conjecture 4.2.7
for fields admitting resolution of singularities and weak factorization.

Theorem 4.3.9. Let k be a field admitting resolution of singularities and
weak factorization. Then the oriented Borel-Moore functor of geometric type

is the universal oriented Borel-Moore functor of geometric type which has
“birational invariance” in the following sense: given a birational projective
morphism f Y — X between smooth irreducible varieties, then f.ly = 1x.

We start by proving the following:

Proposition 4.3.10. Let I € L, denote the ideal generated by elements of
the form (W] — [W'], with W and W' be smooth projective varieties over k
which are birationally isomorphic. Then I is the kernel of the map

2.(k) = Ly — Z[f]
classifying the multiplicative formal group law.

Proof. Let W be a smooth projective irreducible k-variety. The image of [W]
in Z[5] will be denoted by [W]s in the sequel.

First, if W and W’ are smooth projective varieties over k which are bira-
tionally isomorphic then by resolution of singularities and weak factorization
there is a sequence of birational morphisms

W:WOHY()%WlH...HYnHWn:W/

each of which is the blow-up along a smooth center. By corollary 4.2.5, we
conclude that [W]z = [W']g proving that I is contained in the kernel Ker of
0.(k) =L, — Z[3].

To prove the converse inclusion Ker C I we proceed by induction on
degree. If we write the universal formal group law as Fp(u,v) = u 4+ v +
>ij>1@iju'v?, then the a;; are generators for L. as a Z-algebra and the
homomorphism L, — Z[] sends a1; to 3 and a;; to zero if (4,5) # (1,1). The
Ker is thus the ideal generated by the a;; with (4,7) # (1,1). Fix n,m > 1
and let us assume by induction that a;; € I for i + j <n+m, (i,5) # (1,1).
By remark 2.5.8 we see that

Gnm = [Hpm] — [P* x P
— [P x P 4+ P x P" ! x P mod 1.

AsP? x P71 PP=1 x P™ and P! x P! x P~ are all birational to PP*+™m—1,
the result follows from corollary 4.2.5 and the lemma below. a
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Lemma 4.3.11. For each pair (n,m) of positive integers, the Milnor hyper-
surface H, , CP" X P™ is birational to prtm—1,

Proof. Assume n < m. Then the projection H,, ,, — P" realizes H, ,, as
a P bundle over P*. More precisely, if Xo,..., X, and Yp,...,Y,, are
standard coordinates on P” and P™, one can use the section Z?:o X,Y; of
O(1,1) to define H,, ,,, and then H,, ., = Projp.(E), where E is the kernel of
the surjection Opi™ — Opn (1) with matrix (Xo, ..., X, 0,...,0). Thus H,
is birational to Pr+™m—1, O

Proof (of theorem 4.3.9). Let A, be an oriented Borel-Moore functor of ge-
ometric type which has birational invariance. By birational invariance of A,,
we see that the map L, = §2,(k) — A.(k) vanishes on the ideal I considered
in proposition 4.3.10. From that proposition, the map L, = 2,(k) — A.(k)
factors through L, — Z[]. Thus the map

2.(X) = AL(X)
given by the universality of {2, induces a canonical morphism
2.(X) @, Z[B] — A.(X).

Thus it remains only to prove that the theory X +— 2.(X) ®, Z[0] itself
has birational invariance. Given a birational projective morphism f:Y — X
between smooth irreducible varieties, then by weak factorization there exists a
finite sequence of blow-up and blow-down with smooth centers in the category
of X-schemes starting with Y and ending with X. So we reduce to proving
f«ly = 1x when f is a blow-up with smooth center, and this clearly follows
from corollary 4.2.5. O

4.4 Degree formulas

We use algebraic cobordism to give a proof of Rost’s degree formula, and vari-
ous other related formulas; these are all consequences of the generalized degree
formula. The generalized degree formula follows from some of the basic struc-
tural properties of algebraic cobordism; for this reason, we give a treatment of
the general degree formula for an oriented Borel-Moore weak homology theory
sharing these properties.

4.4.1 The degree homomorphism

Let A, be an oriented Borel-Moore weak homology theory on Schy. For
a finitely generated field extension k C F, one denotes by A.(F/k) the
colimit over the category of all models* X of F over k of the groups

4 A model of F over k is an integral finite type k-scheme X together with an
isomorphism between the field F' and the field of functions of X.
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Astdeg +r(F/k) (X ). We observe that the smooth pull-backs in A, make the
assignment F' — A,(F/k) covariantly functorial with respect to separable
field extensions: given a separable extension ¢ : F' C L of fields which are
finitely generated over k, one has a homomorphism ¢* : A.(F/k) — A.(L/k),
functorial in towers.

For instance, given an integral k-scheme X with function field F = k(X),
then A, (F/k) can be identified with the colimit

colimy  x Aswtdim, x (U)

where U ranges over the set of non-empty open subsets of X. Lettingi: n — X
denotes the generic point of X, we denote by

it Avgdim, x (X) — AL (F/F)
the canonical homomorphism.

Definition 4.4.1. The oriented Borel-Moore weak homology theory A, is said
to be generically constant if for each finitely generated separable field extension
k C F the canonical morphism A, (k) — A.(F/k) is an isomorphism.

For instance, the Chow group functor has this property; recall that
CH.(F/k) = Z placed in degree zero, for any finitely generated field exten-
sion k C F. The K-theory functor K°[3,37!] has this property as well. We
now proceed to prove that algebraic cobordism also satisfies this property in
characteristic zero; the proof will crucially rely on theorem 4.3.7.

Let k C F be a finitely generated field extension of characteristic zero. We
define a ring homomorphism

2.(F/k) — Q2.(F)

as follows: The group £2,(F'/k) is generated by classes of the form [f : ¥ — X],
with f : Y — X a projective morphism, ¥ smooth and irreducible, and X
integral with field of function F'. Let 1 be the generic point of X. Then, since
the characteristic is zero, the generic fiber Y, of f, which is a projective F-
scheme, is also a smooth F-scheme. The assignment [Y — X] — [Y;] then
induces the desired homomorphism. Indeed, it is easy to check that the kernel
of M(X)* — 2,(X) maps to zero, and that the resulting homomorphism
2.(X) — 2.(F) is natural on the category of models of F' over k, hence
descends to the direct limit £2,(F/k).

Lemma 4.4.2. Let k be a field of characteristic zero, then for a finitely gen-
erated field extension k C F' the homomorphism

Q.(F/k) — 0.(F)

s an tsomorphism



124 4 Algebraic cobordism and the Lazard ring

Proof. Let X denote an integral model for F. Since each f : Y — 5 in M(n)
is projective over 7, it is clear that ¢+* induces an isomorphism

“:lim M(U) — M(F),
U

If Y — nis in M(n), then each invertible sheaf £ on Y is the restriction
of an invertible sheaf £ on Y for some open U and some f : Y — U in M(U)
inducing Y — 7. Similarly, each smooth morphism ¢ : Y — Z and and each
smooth divisor i : D — Y over 7 extend to a smooth morphism ¢ : Y — Z
and a smooth divisor 7 : D — Y over some U C X. Considering the maps

hm Z*+d1ka(U) - ‘Q* (F)

and
it h_r,nQ*—‘rdlka(U) - ‘Q* (F)
U
shows relations for £2,(F) lift to relations in the limit, hence

i lim 2y dimy, x (U) — £2.(F)
U

is an isomorphism. m]

Corollary 4.4.3. In characteristic zero, algebraic cobordism is generically
constant.

Proof. One easily checks that the diagram

commutes, where 7* is the base-change map. By theorem 4.3.7 the maps @y,
and @ are isomorphisms, hence 7* is an isomorphism. Using lemma 4.4.2
completes the proof. |

Definition 4.4.4. Let A, be a generically constant oriented Borel-Moore weak
homology theory on Schy. Let X be a reduced irreducible finite type k-scheme.
Let n be the generic point of X, with inclusion i, : n — X, and let p, :
n — Speck be the structure morphism. The map p; : A.(k) — A.(k(n)/k)
is an isomorphism by assumption, hence we have the homomorphism deg :

Au(X) = As_dim, x (k) defined by deg = (p;)~' o iy

b
More generally, if X is a reduced finite type k-scheme with irreducible
components X1, ..., X,, we have the homomorphisms

deg; : Au(X) — Au—dim,x; (k), i=1,...,r, defined by

deg; := (p;i)_l oy,

where n; is the generic point of X;.
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On classes [f : Y — X]4 with f separable of relative dimension zero, the
degree homomorphism is just the classical notion of degree:

Lemma 4.4.5. Let A, be an oriented Borel-Moore weak homology theory on
Smy and let f:Y — X be a projective morphism between smooth irreducible
k-schemes of the same dimension; if f is dominant, we assume in addition
that f is separable. Then one has the equality

deg([Y — X]) = [k(Y) : k(X)] - 1x
in A, (k(X)/k).

Proof. The proof is basically the same as that of theorem 2.5.12, taking into
account that one may replace X by any of its non-empty open subsets, so
one may assume that X = Spec R is affine and that f corresponds to an
elementary étale algebra R[T|/P. O

4.4.2 The generalized degree formula

Definition 4.4.6. Let A, be an oriented Borel-Moore weak homology theory
on Schy. We say that A, has the localization property if for any closed im-
mersion i : Z — X with j : U C X the complementary open immersion, the
sequence:

-

AZ) 5 A (X)L A, (U) =0
is exact.

For instance, the Chow group functor and the K-theory functor have this
property over any field. Algebraic cobordism has the localization property as
well, at least assuming resolution of singularities over k, by theorem 3.2.7.

Let X be a finite type k-scheme, Z an integral closed subscheme. We write
codimx Z > 0 to mean that Z contains no generic point of X.

Theorem 4.4.7 (Generalized degree formula). Let k be a field. Let A,
be an oriented Borel-Moore weak homology theory on Schy. Assume that A,
is generically constant and has the localization property.

Let X be a reduced finite type k-scheme. Assume that, for each closed
integral subscheme Z C X, we are given a projective birational morphism
Z — Z with Z in Smy. Then the A,(k)-module A,(X) is generated by the
classes [Z — X].

More precisely, let X1,...,X, be the irreducible components of X. Let
a be an element of A.(X). Then, for each integral subscheme Z C X with
codimx Z > 0, there is an element wz € Ai_qim,z(k), all but finitely many
being zero, such that

a—Zdegi(a)~[Xi—>X]: Z wz - [Z — X].

Z, codimx Z>0
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One should observe that we don’t use the resolution of singularities in
the proof. The problem of course is to find a desingularization Z — Z of
each closed integral subscheme of X. See theorem 4.4.9 below for a variant of
theorem 4.4.7 which uses de Jong’s theorem [6].

Proof (of theorem 4.4.7). We proceed by noetherian induction. For U; an open
subscheme of X, we let U; denote the inverse image of U; by X; — X.
Let o € A,(X). Then the element

a—ZdegZ X — X]

vanishes upon applying each of the homomorphisms deg,. Thus there is for
each ¢ an open subscheme j; : U; — X, containing the generic point of X; and
disjoint from Uj; X;, such that jfa = deg;(a) - [U; — Uy] in 2.(Uy).

Thus, letting U = U;_, U;, with inclusion j : U — X, we have

j*(a - Zdegi(a) . [X'Z — X]) =0

in 2.(U). Let W = X \ U with closed immersion i : W — X. By the local-
ization property of A, there is an element o' of A, (W) such that

a—ZdegZ X—>X]+z*( b

Each closed integral subscheme Z C W is also a closed integral subscheme in
X thus we have our projective birational morphisms Z — Z with Z € Smy,.
We then apply the inductive hypothesis to W together with the given family
of projective morphisms Z — W, where Z ranges over all the closed integral
subscheme Z C W. We get an expression of our class o € A, (W) as

= sz-[ZHW]
ZCW

Together with our previous expression we thus get

a—Zdegl X—>X]—|—z*( h

—Zdegl X — X+ sz X],

ZCW

proving the theorem. O
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Corollary 4.4.8. With the assumptions as in theorem 4.4.7, suppose in ad-
dition that each X; is in Smy,.

(1) Let f :' Y — X be a projective morphism with Y in Smy. Then, for
each integral subscheme Z C X with codimxZ > 0, there is an element
wz € Aw_dim,z(k), all but finitely many being zero, such that

[f:Y — X]— Zde& X - X =) wz[Z-X]
Z, codimx Z>0

(2) Suppose that X is irreducible. Let f :' Y — X be a projective birational
morphism with Y in Smy. Then, for each integral subscheme Z C X with
codimx Z > 0, there is an element wz € A._qim,z(k), all but finitely many
being zero, such that

f:Y > X]=[dx]+ Y = wz:[Z—X]
Z, codimx Z>0

Proof. Since X; is in Smy, we may take X; — X to be X; — X. The first
assertion then follows from theorem 4.4.7. The second follows from the first,
noting that deg f =1 € A, (k) if f is birational (see lemma 4.4.5). O

Theorem 4.4.9 (Rational generalized degree formula). Let k be per-
fect field. Let A, be an oriented Borel-Moore weak homology theory on Schy
such that A, (k) is a Q-algebra. Assume A, is generically constant and that it
satisfies the localization property.

Let X be a reduced finite type k-scheme. For each closed integral subscheme
Z C X choose a projective morphism fyz : Z — Z with Z smooth over k and
fz generically étale®.

Then the A, (k)-module A,(X) is generated by the classes [Z — X]. More
precisely, let X1,..., X, be the irreducible components of X, and let a be an
element of A.(X). Then, for each Z C X with codimxZ > 0, there is an
element wz € As_dim,z(k), all but finitely many being zero, such that

04—Zdegz X — X] = Z wz - [Z — X].
Z, codimx Z>0

Remark 4.4.10. Under the assumptions of theorem 4.4.9, the analog of corol-
lary 4.4.8 is also valid. In particular, if X is in Smy and is irreducible, then,
given a € A.(X), there exists, for each Z C X of codimension > 0, elements
wz € A.(k), all but a finite number being zero, such that
a —deg(a) - [Idx] = Z wz - [Z — X]
Z, codimx Z>0

5 This is possible by de Jong’s theorem.
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The proof of theorem 4.4.9 is exactly the same as for theorem 4.4.7, using
lemma 4.4.5.

Remark 4.4.11. Let A, denote an oriented Borel-Moore weak homology the-
ory which is generically constant and satisfies the localization property. Then
theorem 4.4.7 implies that the natural map

A, (k) @z M(X)F — A (X)
WY = X)) —w-[Y — X]a

is surjective. Thus the morphism 2, (X)®z A.(k) — A.(X) must be surjective
as well.

In particular, if we assume further that the ring A, (k) is generated as a
group by classes [X] of smooth projective varieties over k, then it follows that
2,(X) — A(X) is surjective.

We also get:

Corollary 4.4.12. Let k be a field admitting resolution of singularities. Let
A, be an oriented Borel-Moore weak homology theory on Schy. Assume A,
s generically constant and that it satisfies the localization property. Then for
any reduced finite type k-scheme X, the A.(k)-module A.(X) is generated
over A.(k) by the classes of degree € {0, ...,dim(X)}.

In addition, suppose that X has pure dimension d over k. Let X1,..., X,
be the irreducible components of X, and let X, — X; bea projective birational
morphism with X; smooth. Then A,(X) is generated over A, (k) by the classes
[X; — X] € Ag(X) and classes of degree € {0,...,dim(X) —1}.

Let A, be an oriented Borel-Moore weak homology theory on Schy and let
X be a reduced finite type k-scheme with irreducible components X7,. .., X.
Let d; = dimgX; and let +; : X; — X be the inclusion. We let A, (X)
denote the kernel of the total degree homomorphism ) . deg; : A,(X) —
@i As_q,(k(X;)/k). Assume that A, is generically constant and that each X;
is in Smy,. We have the map p} : A,_q4, (k) — A.(X) defined by sending o to
a - [X; — X]a. The composition

Au(R) 25 Ay g, (X) = Au(R(X3)/k)

is an isomorphism, so, via the maps p}, one gets a direct sum decomposition
as A, (k)-modules

ALX) = A(X) @ B3, Ac_a, (k)
even if each X; has no rational k-point!

Corollary 4.4.13. Let k be a field admitting resolution of singularities. Let
A, be an oriented Borel-Moore weak homology theory on Schy, that is generi-
cally constant and satisfies the localization property. Let X be in Schy. Choose
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for each integral closed subvariety Z of X a projective birational morphism

Z — Z with Z in Smy. Then the A,(k)-module A,(X) is generated by the
classes [Z — X)a, as Z C X runs over all irreducible closed subsets which
contain no generic point of X.

This is clear from theorem 4.4.7.

Given an oriented Borel-Moore weak homology theory A, and a projec-
tive k-scheme X of pure dimension d > 0, denote by M (X) C A, (k) the ideal
generated by classes [Y]a4 € A.(k) of smooth projective k-schemes Y of di-
mension dimg(Y) < d for which there exists a (projective) morphism ¥ — X
over k.

Theorem 4.4.14. Let k be a field admitting resolution of singularities. Let A,
be an oriented Borel-Moore weak homology theory on Schy, that is generically
constant and satisfies the localization property. Then for any pure dimensional
reduced projective k-scheme X, the ideal M(X) is the image of A.(X) under
the push-forward 7, : A.(X) — A, (k) associated to w: X — Speck.

This easily follows from corollary 4.4.13.

4.4.3 Consequences for (2,

Let k be a field of characteristic zero. As (2, is generically constant and sat-
isfies the localization property on Schy, all the results of §4.4.2 are valid for
.. In addition, since push-forward by the inclusion X,.q — X induces an
isomorphism (2, (Xreq) — £2.(X), the definitions and results of §4.4.2 extend
to non-reduced schemes by passing from X to Xieq.

Rost has described a number of so-called “degree formulas” which relate
the degree of a map f : Y — X of smooth projective varieties, the Segre
numbers of X and Y, and the degrees of zero-cycles on X. As pointed out
n [23], these all follow from a formula in the cobordism of X, called the
generalized degree formula.

Given a smooth projective irreducible k-scheme X of dimension d > 0,
Rost introduces the ideal M(X) C L, = (2,(Speck) generated by classes
[Y] € L. of smooth projective k-schemes Y of dimension dimy(Y) < d for
which there exists a morphism Y — X over k. We extend this definition to
projective X which are pure dimension d over k by taking A, = (2, and using
the definition given in the previous section §4.4.2.

We now recall the statement of theorem 1.2.15:

Theorem 4.4.15. Let k be a field of characteristic zero. For a morphism
f:Y — X between smooth projective irreducible k-schemes one has

[Y] —deg(f) - [X] € M(X)
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This is an immediate consequence of the theorem 4.4.7 applied to algebraic
cobordism, by pushing forward the identity in theorem 4.4.7 from §2,(X) to
£2,(k) Note also that, by theorem 2.5.12, deg(f) is as it usually is, i.e., the
degree of the field extension k(Y')/k(X) if f is surjective, and zero if not.

We also prove:

Theorem 4.4.16. For m : X — Speck projective and pure dimensional, the
ideal M(X) C L, is the image of 2.(X) by the push-forward

Tw : 2(X) — Qu(k).
This an immediate consequence of theorem 4.4.14.

Theorem 4.4.17. Let k be a field of characteristic zero. Let X be a smooth
projective k-variety.

1. The ideal M (X) is a birational invariant of X.
2. The class of X modulo M(X):

[X] e L*/M(X)
is a birational invariant of X as well.

Proof. For (1), if f : Y — X is a birational morphism, then clearly M(Y) C
M(X). For the converse inclusion, we claim that, for each point z € X,
there is a point 2’ € Y with f(2') = z and with f* : k(z) — k(') an
isomorphism. Assuming this to be the case, we see that, for each irreducible
closed subvariety Z of X, there is an irreducible closed subvariety Z’ of YV
with f(Z') = Z and with f : Z’ — Z birational. Letting Z — Z’ be a
resolution of singularities of Z’, we may use Z — Z as the chosen resolution
of singularities in theorem 4.4.7. In particular, by corollary 4.4.13, £2, (X) is
the £2, (k)-submodule of £2,(X) generated by the classes [Z — X], with Z a
proper subvariety of X. Since [Z — X] lifts to the element [Z — Y] of £2,(Y),
the result follows from theorem 4.4.14.

To prove our claim, there is a sequence of blow-ups of X with smooth
centers Y/ — X which dominates Y — X. It clearly suffices to prove the
claim for Y’ — X, which in turn reduces the problem to the case of a single
blow-up f : Y — X, with smooth center C. Let z be in X. If z is not in C,
then we may take 2’ to be the single point f=1(2). If z is in C, then the fiber
f~1(2) is a projective space Pl (z) for some 7. We may then take z' to be any
k(z)-rational point of P} . This completes the proof of (1).

(2) is an immediate consequence of theorem 4.4.15 with deg(f) =1. O

Corollary 4.4.18. Let X be a pure dimensional projective k-scheme. Then
the ideal M(X) in Q.(k) is stable under the action of Landweber-Novikov
operations.
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Proof. By example 4.1.25, the Landweber-Novikov operations define a mor-
phism of weak oriented Borel-Moore homology theories:

9N =N Sl 02, — 2t
I

which in particular commutes with push-forward. With the help of corol-
lary 4.4.13, this implies that (2,(X) is stable under the Landweber-Novikov
operations. Noting these facts, the result follows directly from theorem 4.4.16.

O

A. Merkurjev has given a proof of corollary 4.4.18 over any field in [24].

4.4.4 Rost’s degree formulas

Rost’s degree formula (corollary 1.2.17), and the higher degree formulas dis-
cussed in [4] are simple consequences of the generalized degree formula corol-
lary 4.4.8 (for algebraic cobordism) and properties of the relevant character-
istic classes.

Let P = P(x1,...,z4) be a weighted-homogeneous polynomial of degree
d (where we give x; degree i) with coefficients in some commutative ring R.
If X is a smooth projective variety over k of dimension d, define

P(X) :=degP(c1,...,¢cq)(Nx) € CHp(k) ® R = R.

where Nx € K°(X) is the virtual normal bundle of X. Since P is obvious
additive under disjoint union, we have the homomorphism P : M*(k) — R.

Lemma 4.4.19. P : M (k) — R descends uniquely to an R-linear map
P Qd(k‘) ®z R — R.

Proof. Since Mt (k) — $2.(k) is surjective, P is unique. To show existence,
we have the natural transformation 9¢¥ : 2, — CH, [t](t) defined in exam-
ple 4.1.26. To a monomial ¢]* - ... -t of weighted degree d (deg(t;) = i), we
associate the symmetric function in the Chern roots

Do

where exactly n; of the a;’s are j, for j = 1,...,r, and the remaining a; are
zero. In this way, we have an isomorphism ¢ of the degree d part of Z[ty, .. ]
with the degree d symmetric functions in &1, &o, . ... Additionally, writing

_ niyne n
Ct = E :tl t2 ...t'r'rcnlw")nr7

we see that cp,, ., = F(c1,...,¢,), where F is the polynomial with Z-
coefficients expressing ¢(t]'t52 ...t"") in terms of the elementary symmetric

functions in the &;.
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On the other hand, from the definition of CH,[t]®), if p : X — Speck is
smooth and projective, we have (in CH,[t]®))

P«(1x) = p«(p*(1)) = degce(Nx) € Z[t1, b2, .. .].

In particular, sending X to degcy,,.. n,.(Nx) descends to a homomorphism
2q(k) — Z, where d =) in;. Writing P(c1,...,cq) as an R-linear combina-
tion of the ¢y, ..., yields the result. |

Let Sy be the polynomial in the Chern classes which corresponds to the
symmetric function in the Chern roots Y, &2, that is, Sq = ¢(t4). Clearly

Sd(cl, Ceey Cd)(E D F) = Sd(cl, o ,Cd)(E) + Sd(cl, . ,Cd)(F)
for vector bundles E' and F', from which it easily follows that
Sa(X xY)=0 (4.8)

if dimpX > 0 and dimY > 0, dimypX + dim;Y = d. Furthermore, it follows
from lemma 7.9 (iii) (page 67) and corollary 7.14 (page 73) of [3, Part II],
together with theorem 4.3.7 and lemma 4.3.2, that the image

I (2.(k) C Z[t1, t2. . ]

is the subring generated by aqtq, d = 1,2..., where

p if d =p™ — 1 for some prime p and some n > 1
ajg =
¢ 1 otherwise.

Since Sq = ¢(tq), it follows from our description of ¥¢F in the proof of
lemma 4.4.19 that

If d = p™ — 1 for some prime p and some integer n > 1, then
Sa(£2a(k)) = pZ C Z.

(4.9)
Setting sq := Sy /p, this yields

Lemma 4.4.20. Let d = p™ — 1 for some prime p and some integer n > 1.
Then
Sq:2q(k)— 2

induces an isomorphism of the indecomposable quotient Q24(k) with Z.

Proof. From [3, loc. cit.], the Lazard ring L, is a polynomial ring on generators
Y1,Y2, ..., with degy; = i. As L, = 2,(k), it follows that the indecomposable
quotient Q2,(k) is Z in each degree. Furthermore S; vanishes on products
and sq : 24(k) — Z is surjective, completing the proof. O
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In addition to the integral classes sq4, for integers d = p® — 1 and r > 1
there are mod p characteristic classes t4,. The classes are defined as follows:
Let Fp[v,] be the graded polynomial ring with v, in degree p™ — 1, and let
¢ : L, — Fplvy,] be a graded ring homomorphism such that the resulting group
law F over Fp[v,] has height n, that is, the power series [p]r(u) has lowest
degree term au?”, with a # 0. Identifying L, with (2, (k) using theorem 4.3.7,
we have the homomorphism 1y, ,, : $2.(k) — Fp[v,]. For n € £2,4(k), there is a
unique element ¢4, (n) € F, with ¢, »(n) = tqr(n)v],. Clearly

td,r . Qrd(k) — IFP

is a homomorphism. Even though the ¢;, may depend on the choice of 1, we
usually omit this choice from the notation.

Example 4.4.21. Let V,, be the polynomial ring Z,) [vl_,vg, ...], where Zp is
the localization of Z away from p, and v; has degree p* — 1. By [31, Theorem
A2.1.25, page 364], there is a split surjective graded ring homomorphism

¢, L* ® Ly — Vp

which classifies the formal group laws which are p-typical [31, Appendix A.2].
The map @, is not unique, but there are two commonly used choices of ®,,
one due to Hazewinkel and one due to Araki, which agree mod p. Composing
&, with the quotient map

V;, - V;;/(p,'Uh--~7'Un—1,71n+1,~--) ng[Un]

defines a surjective graded ring homomorphism

Ypn L — Fploy].

It follows from the formula [31, A2.2.4, page 370] that the group law defined
by 1, » has height n.

In particular, there do exist height n formal group laws over Fp[v,], so our
definition of the ¢4, is not empty.

Proposition 4.4.22. Let p be a prime, n > 1 an integer and let d = p™ — 1.
Let 1 : L, — Fplv,] be a graded ring homomorphism giving a height n formal
group over Fylv,]. Then sq and the tq, have the following properties:

1. The homomorphisms tq, : 24r(k) — F, are non-zero for all r > 1.

2.If X1,..., X, are smooth projective varieties with . dimX; = rd, then
tar(I1; Xi) = 0 unless d|dimX; for each i.

3. There is an element u € ]F; such that

Sq = utg1 mod p.
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Proof. (1) is the same as asserting the surjectivity of ¥. As v is a homo-
morphism of graded rings, v is surjective if and only if t4; is non-zero.
To see that tgq; is non-zero, write the universal group law as Fy(u,v) =
U+ v+ Eij>1 aijuvd, with a;; € Lij_;1. Then the group law F over F[v,]
coming from 1 is

Fu,v) =u—+v+vy, - Z td,1(aij)uiuj mod (u, v)p”‘l.
i+j=pn"
Since F' has height n, it must be the case that F(u,v) — u — v is non-zero

modulo (u,v)?" 1, hence ¢4 (a;;) # 0 for some i, j, proving (1).
Since 1 is a ring homomorphism, we have

terXY thz tdr ZY)

where we set 50 = 1. Since tq,;(X) = 0 unless dimy(X) = di, (2) follows
easily.

For (3), we have already seen that t41 : £24(k) — TF, is surjective. By
(2), tq1 factors through the mod p indecomposable quotient Q$24(k)/p. By
lemma 4.4.20, s; gives an isomorphism of Q£24(k)/p with F,, hence tq1 :
Q124(k)/p — F, is an isomorphism as well, proving (3). O

We can now prove the main results of this section.

Theorem 4.4.23. Let f : Y — X be a morphism of smooth projective k-
schemes of dimension d, with d = p™ — 1 for some prime p. Then there is a
zero-cycle n on X such that

s54(Y) — (deg f)sa(X) = deg(n).

Theorem 4.4.24. Let f : Y — X be a morphism of smooth projective k-
schemes of dimension rd, d = p™ — 1 for some prime p. Suppose that X
admits a sequence of surjective morphisms

X=Xy—-X;—...— X,_1 — X, =Speck

such that:

1. Each X; is in Smy, and dim; X; = d(r — 7).
2. Let n be a zero-cycle on X; xx, , Speck(X;11). Then p|deg(n).

Then

i+1

tar(Y) = deg(f)tar(X).

Remark 4.4.25. By proposition 4.4.22, theorem 4.4.24 for r = 1 follows from
theorem 4.4.23.
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Proof. For theorem 4.4.23, corollary 4.4.8 gives the identity
[V — X] — (deg f)[X = X] = ZwlZ — X]

in £2,(X) with w; € 2,50(k). Write
wi =Y iVl
J

with Y;; smooth projective over k and dimY;; > 0. Pushing forward to 2, (k)
gives the identity

[ } degf Znu 7 Ni

in £2,(k). Apply sq4 to this identity. Since s; vanishes on non-trivial products,
and since Z; — Z; is an isomorphism if dim;Z; = 0, we have

sa(Y) —deg(f)sa(X) = Y nysa(Yi) deg(z)
dimY;;=d

for closed points z; of X. Since s4(Y;;) = m,; for suitable integers m;;, we
have
s54(Y) — deg(f)sa(X) = deg(z MijNij%i),s
ij
proving theorem 4.4.23.
For theorem 4.4.24, we have as before

[V — X] — (deg f)[X = X] = Z%Z—J(

in £2,(X). We push forward to £2,(X5), and decompose each Z; — X, using
corollary 4.4.8, giving

[Z; — Xa] = wo;[Xa = Xo] + Y nijwi[Zij — Xo
in £2,(X3). Iterating, we have the identity in (2, (k)
Y] (deg HX]= > nr]] Y.
=0

I=(io,...,ir)

where the Y7; are smooth projective k-schemes. In addition, the conditions
on the tower imply that p|ns for each product [];_, Y7, such that d|dimY7;
for all j. Apply tq, to this identity yields tq,(Y) = deg(f)ta,(X). O
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Remark 4.4.26. Let k be any field. Let f : Y — X be a morphism between
smooth projective varieties of dimension d > 0. Then there always exists a
0-cycle on X with integral coefficients X,n, - z, (where the z, are closed
points in X) and satisfying

Sa(Y) —deg(f) - Sa(X) = Zanglk(za) : k. (4.10)

In characteristic zero this easily follows from the above considerations but this
can proven over any field as follows. One considers the oriented Borel-Moore
weak homology theory given by X — CH,(X)[t]* and constructed in §4.1.9.
It is then obvious that the class [f : Y — X] can be written

[f:Y - X] =deg(f) - [ldx] + Yowa - [Za C X]

with w, € Z[t] and codimx (Z) > 0. Pushing this forward to CH. (k)[t]* = Z[t]
gives

[Y] = deg(f) - [X] = Zowa - (mx)%[Za]

from which the formula (4.10) follows by taking Sy. However one cannot de-
duce the more subtle corollary 1.2.17, because it is not true in general that,
if d = p™ — 1 for some prime number p and n > 0, that Sy(w) is divisible by p
for w € Z[t], even though this holds for the elements in L, C Z[t]. Thus the
difficulty is that, if one uses only the theory CH*, one doesn’t know that the
wz lie in L.

4.5 Comparison with the Chow groups

In this section we prove theorem 1.2.19, which we restate:

Theorem 4.5.1. Let k be a field of characteristic zero. Then the canonical
morphism

2, QL, 7 — CH,

s an isomorphism of Borel-Moore weak homology theories on Schy.

As the theory 2,(X) ®p, Z is evidently the universal ordinary oriented
Borel-Moore weak homology theory on Schy, we can reformulate this theo-
rem by saying that CH, is the universal ordinary oriented Borel-Moore weak
homology theory on Schy. It is reasonable to conjecture that this statement
still holds over any field.

To prove the theorem, we construct an explicit inverse morphism CH, —
2, ®L, Z. Throughout this section, k will be a field of characteristic zero.
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4.5.1 The map Z.(X) — 2. QL, Z

Given a finite type k-scheme X, we denote by Z.(X) the free abelian group
on the set of closed integral subschemes Z C X, graded by the dimension of
Z.

Lemma 4.5.2. Let 7 : Z — Z be a projective birational morphism with Z
and Z smooth over k. Then the class of the projective morphism Z — Z:

Z - Zl=mlz;€(Z)eL, Z
equals 1.

Proof. This follows from theorem 4.3.7 and corollary 4.4.8 because the classes
w involved, being of positive degree, vanish in 2,(Z) ®, Z. O

Let X denote a finite type k-scheme, and let Z C X be a closed integral
subscheme of X.

Lemma 4.5.3. Let Z — Z be a projective birational morphism with Z smooth
over k. Then the class of the projective morphism Z — X :

Z - X]e (X)L, Z
depends only on Z. We denote this class by [Z C X].

Proof. Indeed, let f; : 21 — Z and fo : Zg — Z be projective birational
morphisms with Z1 and 22 smooth. Letting Zg — Z1 X Z2 be a resolution of
singularities of the closure of the graph of the birational map f5 Y 2y — 2o,
the projective morphisms m; : Z3 — Z; and 7wy : Z3 — Zg are birational. We
deduce from lemma 4.5.2 that, in £2,(X) ®L, Z, one has:
[Zy — X] = f1.(15) = fra(m1.(13,)) = (from).(1z,)
= (faom)u(lz,) = fau(mau(lz,)) = fou(lz,) = [Z2 — X],

thus establishing the lemma. a
Definition 4.5.4. For a finite type k-scheme X, we denote by

¢: Zu(X) = Qu(X) @1, Z
Z CXw—[ZCX]

the induced group homomorphism.
It is clear that the composition
Z.(X) = 2.(X)®L, Z — CH.(X)

is the canonical morphism.

Moreover we observe that ¢ : Z,(X) — 2.(X) ®L, Z is an epimorphism:
this follows easily from theorem 4.3.7 and theorem 4.4.7. Finally, it follows
from theorem 2.5.12 and theorem 4.4.7 that ¢ is compatible with projective
push-forwards.

Thus to finish the proof of theorem 4.5.1, it suffices to prove:
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Lemma 4.5.5. Let X be a finite type k-scheme, let W C X be an integral
closed subscheme, and let f € k(W)* be a rational function on W with divisor
div(f) € Z.(X). Then one has

B(div(f)) =0 € 2. (X)®L. Z

Indeed, by definition, CH,(X) is the quotient of Z.(X) by the subgroup
generated by the cycles of the form div(f). Thus lemma 4.5.5 implies that ¢
induces a homomorphism CH,(X) — §2,(X) ®L, Z which is surjective and
right inverse to £2,(X) ®L, Z — CH.(X); ¢ is thus an isomorphism.

Proof (of lemma 4.5.5).

Let W C X an integral closed subscheme W C X and f a non-zero rational
function on W. By resolution of singularities, there is a projective birational
morphism 7 : W — W such that W is in Smy, and such that the induced
rational function f on W defines a morphism f : W — P. We may also assume
that div f is a strict normal crossing divisor on W; write div f Dy— Dy, with
Dy and D, effective and having no common components. In particular, the

strict normal crossing divisors Dy and D, have classes [Dg — W], [Doo — W]
in 2,.(W).
From our explicit formula for the class of a normal crossing divisor, and
the isomorphism £22¢(k) = Z (theorem 4.3.7), it follows that
d(Dy) = [Do — W]gea; ¢(Doo) = [Doo — W]gau.

Thus

$(divf) = ¢(m(Do — Do) = m([Do — W]gas — [Doc — W]gaa).
In addition, as Oy, (Dg) = f*Om(1) = O/ (Do), we have
[Do — W] =& (f*Op (1)) (1) = [Doc — W],
by proposition 3.1.9. This completes the proof of the lemma. a

Remark 4.5.6. Let X € Schy. We denote by I.(X) C £2.(X) the kernel of
2,(X) — CH,.(X). Then theorem 4.5.1 implies that

L(X) =Lz - 2,(X).

4.5.2 A filtration of algebraic cobordism

Let X be a finite type k-scheme and let n > 0 be an integer. We define the

graded subgroup
FMQ(X) C 2.(X)

to be the one generated by classes [f : Y — X] with Y smooth, irreducible and
dim(Y)—dimf(Y") > n. We observe that this is a sub-£2, (k)-module of 2, (X).
For X = Speck one has F(™W (k) = ,>,(k), the subgroup of elements of
degree > n. In characteristic zero, we moreover know that L, = §2,(k). By
the result of the previous section, we have F(V 2, (X) = I(X).
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Theorem 4.5.7. Let X be a finite type k-scheme and let n > 0 be an integer.
Then one has
FMQ(X) =Ls, - 2.(X)

Proof. This follows easily from theorem 4.4.7. a

The associated bigraded abelian group @, F(™ 2, (X)/F"+t) 0, (X) is de-
noted by Gr.£2,(X). For X = Speck it is canonically isomorphic to §2.(k)
via the obvious isomorphism: F(™ 2, (k)/F"+t)Q, (k) = 2,(k).

As

Grif2.(X) & @nlizn - 2,(X)/Lzntr - £2:(X)

and CH,(X) = Grof2.(X), the multiplication map L, ® £2,(X) — £2.(X)
induces the canonical homomorphism of bigraded abelian groups

&y : L, ® CH,(X) — Gr.2.(X).
Corollary 4.5.8. For any finite type k-scheme X, the map
&x : L, ® CH,(X) — Gr.2.(X)
s an epimorphism of L.-modules.
Remark 4.5.9. Using theorem 4.1.28 one can show that ®x ® Q is an isomor-
phism.
4.5.3 Some computations

Lemma 4.5.10. Let X be a finite type k-scheme. Then the group F(™ 02y(X)
vanishes, and the canonical morphism

20(X) — CHp(X)
is an isomorphism.

Proof. This is an immediate consequence of corollary 4.5.8. Indeed, the ho-
momorphism

Oy : L, ® CH,(X) — Gr.(£2.(X))
induces in bi-degree (0,0) an epimorphism:
@X : ]Lo & CHo(X) — GT()(Q()(X)) = Qo(X)
which is left inverse to the canonical morphism 2y(X) — CHy(X). O

Now we are going to study §2;(X). By the theorem 4.5.7 we have an exact
sequence of abelian groups

L1 26(X) — 21(X) — CH(X) — 0

We recall that L is a free abelian group on the class [P!] so that the left hand
side is isomorphic to Z ® 25(X) = £2o(X).



140 4 Algebraic cobordism and the Lazard ring
Lemma 4.5.11. Let X be a smooth k-scheme. Then the composition
(X)) =7® 2y(X) = 2,(X) = K°(X)

is the canonical homomorphism CHo(X) = 20(X) — K°(X) which maps a
0-cycle to the class of its associated Ox -module..

This is easy to prove and is left to the reader. R
For a finite type k-scheme X, we have the reduced K° of X, K%(X),
defined as the kernel of the rank map K°(X) — H%(Xza.,,Z).

Corollary 4.5.12. (1) Let X be a smooth k-scheme of dimension 1. Then the
homomorphism §2,(X) — K°(X) is an isomorphism.

(2) Let X be a smooth k-scheme of dimension 2. Then the homomorphism
21(X) — K°(X) is an monomorphism which identifies £1(X) with K°(X).

Proof. (1) By lemma 4.5.11, we know that the homomorphism (2 (X) —
K°(X) induces a map from the exact sequence

CHo(X) — 21(X) — CHy(X) — 0
to the short exact sequence
0 — CHo(X) — K°(X) — CHy(X) — 0,
and is thus an isomorphism.

(2) We have the homomorphism det : K°(X) — CH;(X) induced by
assigning to a vector bundle F of rank n the isomorphism class of its maximal
exterior power A™(E) € CH;(X) = Pic(X). For a smooth surface, it follows
from the Grothendieck-Riemann-Roch theorem that we have a short exact

sequence

0 — CHo(X) — K°(X) 2% CH,(X) — 0.
Noting that 2;(X) — K°(X) lands in K°(X) for reasons of dimension, we
then argue as in (1) to conclude the proof. O
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Oriented Borel-Moore homology

The main task that remains is the extension of the pull-back morphisms
[ 024(X) - 2¢(Y) from smooth quasi-projective morphisms to arbitrary
morphisms f : Y — X in Smy. In fact, we will work in a more general con-
text, giving pull-back morphisms f* : 2*(X) — 2*(Y) for each local complete
intersection morphism f : Y — X in Schy. The proper context for this con-
struction is that of an oriented Borel-Moore homology theory on Schy. As
we shall see in §5.1, this notion simultaneously extends both that of an ori-
ented Borel-Moore weak homology theory on Schy and that of an oriented
cohomology theory on Smy.

5.1 Oriented Borel-Moore homology theories

We begin with the definition of an oriented Borel-Moore homology theory and
a discussion of the basic structures arising from such a theory.

5.1.1 Admissible subcategories and l.c.i. morphisms

Let S be a noetherian separated scheme. We remind the reader that Schg
denotes the category of finite type separated S-schemes and Smg the full
subcategory of smooth quasi-projective S-schemes.

Recall that a closed immersion ¢ : Z — X is called a regular embedding if
the ideal sheaf of Z in X is locally generated by a regular sequence. Also, a
local complete intersection morphism in Schg, an l.c.i. morphism for short,
is a morphism f : X — Y of flat finite type S-schemes which admits a
factorization as f = g o i, where ¢ : X — P is a regular embedding and
q: P —Y is a smooth, quasi-projective morphism.

Let V C Schg be an admissible subcategory (1.1). We note that each ad-
missible subcategory of Schg contains Smg. We let V' denote the subcategory
of V consisting of only projective morphisms.



142 5 Oriented Borel-Moore homology

We sometimes require additional objects in V), as described by the modified
version of (1.1)(2):

(2) (a) Y — X is an l.c.i. morphism with X € V, then Y € V.
(b) Let i : Z — X be a regular embedding in V. Then the blow-up of X
along Z is in V.

(5.1)
We will refer to a full subcategory V of Schg satisfying (1.1)(1)-(4) and (2)’
as an [.c.i.-closed admissible subcategory of Schg.

Remark 5.1.1. Let i : Z — X be aregular embedding in Schg,let p: Xz — X
be the blow-up of X along Z and let Z be the ideal sheaf of Z. Suppose that
X has a line bundle L such that Z ® L is generated by global sections; this
will be the case if for instance X is a quasi-projective R-scheme for some
commutative noetherian ring R. Then p is a projective l.c.i. morphism (see
lemma 7.2.3(2) below).

Thus, in case S is a quasi-projective R-scheme for some commutative
noetherian ring R, and V is an admissible subcategory of Schg consisting
of quasi-projective S-schemes, then V is l.c.i.-closed if and only if V satisfies
(2)'(a) above.

Remarks 5.1.2. (1) Our notion of an l.c.i. morphism f : X — Y may differ
somewhat from other texts, as we require that the smooth morphism in the
factorization be quasi-projective, and that X and Y be flat over S.

(2) For the basic properties of regular embeddings and l.c.i. morphisms, we
refer the reader to [9, Appendix B.7]. For example, if f: X — Y is an lLc.i.
morphism, and if we have any factorization of f as qoi, wherei: X — Pisa
closed embedding and ¢ : P — Y is smooth, then ¢ is automatically a regular
embedding. In particular, if f : X — Y is a quasi-projective morphism of
flat finite type S-schemes, then the condition that f be an l.c.i. morphism is
local on X (for the Zariski topology). Also, the composition of two regular
embeddings is a regular embedding.

B Iff:X — Yandg:Y — Z are lci. morphisms, then so is
gof: X — Z.Indeed, factor f and g as f = q1491, g = q212, with i1 : X — Py,
i3 : Y — P, regular embeddings, and ¢; : P, — Y, g2 : P, — Z smooth
and quasi-projective. Since ¢; is quasi-projective, we can factor ¢; as a (lo-
cally closed) immersion i : P, — Y x g P¥ followed by the smooth projection
p1:Y xgPY — Y. Since Y — P, is a closed immersion, there is an open
subscheme U C Py x PV containing (iz x Id)(i(P;)) such that the composition

PLLY xpUBU

is a closed immersion. By (2), we may replace P, with Y xp, U, giving the
commutative diagram
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1071

X—>Y><p2UL>U

Wl

Yy —— P,

N

VA

with both 7 04y and ps o i 0 4y regular embeddings, ¢ smooth and quasi-
projective, and the square cartesian. This gives the desired factorization gof =
(g29) o (p2ii).

Similarly, if f; : X; — Y;, ¢ = 1,2 are l.c.i. morphisms, then the product
fi X fo: X1 Xg Xo — Y] Xg Ys is also an l.c.i. morphism. This follows from
the fact that a flat pull-back of a regular embedding is a regular embedding.

(4) We call a finite type S-scheme p : X — S an lLc.i. S-scheme if p is
an l.c.i. morphism, and let Lcig denote the full subcategory of Schg with
objects the l.c.i. S-schemes. From our above remarks, Lcig satisfies the condi-
tions (1.1)(1)-(4) and (5.1), i.e., Lcig is an l.c.i.-closed admissible subcategory
of Schg. Clearly every l.c.i.-closed admissible subcategory of Schg contains
IJCiS.

(5) Let f: X — Z and g : Y — Z be morphisms in Schg. Suppose that
f+X — Zis an l.c.i. morphism and that f and g are Tor-independent. Then
the projection X xz Y — Y is an l.c.i. morphism. Similarly, let f be an l.c.i.
morphism in Lcig, and g a morphism in Lcig. If f and g are Tor-independent
(i.e. transverse in Schg), then X x 7Y is in Lcig, hence f and g are transverse
in Lcig.

5.1.2 Oriented Borel-Moore homology

We introduce the notion of an oriented Borel-Moore homology theory.

Definition 5.1.3. Let V be an admissible subcategory of Schg. An oriented
Borel-Moore homology theory A on V is given by

(D1). An additive functor
AV = Ab,, X — A (X).

(D2). For each l.c.i. morphism f : Y — X in V of relative dimension d, a
homomorphism of graded groups

J' i AUX) = Auya(Y).



144 5 Oriented Borel-Moore homology

(D3). An element 1 € Ag(S) and, for each pair (X,Y) of objects in V, a
bilinear graded pairing:

AdX)® A(Y) = A (X x5 Y)
UKV —uXu,

called the external product, which is associative, commutative and admits
1 as unit element.

These satisfy

(BM1). One has Idy = Ida, (x) for any X € V. Moreover, given compos-
able l.c.i. morphisms f 1Y — X and g : Z — Y inV of pure relative
dimension, one has (f o g)* = g* o f*.

(BM2). Let f : X — Z and g : Y — Z be morphisms in V. Suppose that
f and g are transverse in V, that f is projective and that g is an l.c.i.
morphism, giving the cartesian square

’

w—1>x
fi f

Note that [ is projective and g’ is an l.c.i. morphism. Then g* f. = flLg*

(BM3). Let f : X' — X inV and g: Y' — Y be morphisms in V. If f and g
are projective, then for v’ € A (X') and v' € A, (Y") one has

(f x @)« xv") = fu(u) x gu(v').

If f and g are l.c.i. morphisms, then for uw € A.(X) and v € A(Y) one
has

(f xg)"(uxv) = f(u) x g"(v)

(PB). For L —Y a line bundle on'Y € V with zero-section s : Y — L, define
the operator
(L) : Au(Y) — A1 (Y)

by ¢1(L)(n) = s*(s«(n)). Let € be a rank n + 1 locally free coherent sheaf
on X €V, with projective bundle ¢ : P(€) — X. Fori=0,...,n, let

£V Ayin(X) — AL(B(E))

be the composition of q¢* : Awyi—n(X) — Awpi(P(E)) with ¢1(0O(1)g)" :
Ati(P(E)) — AL(P(E)). Then the homomorphism

Z0ED Bl gArsioa(X) = AL(B(E))

is an isomorphism.
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(EH). Let E — X be a vector bundle of rank r over X € Schy, and let p :
V — X be an E-torsor. Then p* : A (X) — Awyr (V) is an isomorphism.

(CD). For integers r,N > 0, let W = PN xg... x5 PN (r factors), and
let p; : W — PN be the ith projection. Let Xo,...,Xn be the standard
homogeneous coordinates on PN, let ny, ..., n, be non-negative integers,
and let i : E — W be the subscheme defined by [];_, pf(Xn)™ = 0.
Suppose that E is in V. Then i, : Au(E) — A (W) is injective.

Example 5.1.4. The locally finite singular homology and étale homology the-
ories studied in [7] are examples of oriented Borel-Moore homology theories.

Ezample 5.1.5. The Chow groups functor X + CH,(X) on Schj. One can
check, using the projective push-forwards, the pull-backs and their properties
described in [9], that C'H, is indeed endowed with such a structure. In fact,
there is one and only one structure of oriented Borel-Moore homology theory
on C'H, whose underlying structure gives the usual one. This follows rather
easily from [9].

Example 5.1.6. The functor X +— Go(X)[B,87!] can be shown as well to
admit a unique structure of oriented Borel-Moore homology theory on V whose
underlying structure is the usual one.

Remark 5.1.7. The axiom (CD) may appear at first glance to be somewhat
unnatural, but it is implied by a cellular decomposition property enjoyed by
many examples of oriented Borel-Moore homology theories, namely:

(CD'). Let E be a scheme in V. Suppose that the reduced subscheme FE,q has
a filtration by reduced closed subschemes

@:E()CElC...CEN:Ered

such that
1. E; \ E;_1 is a disjoint union of its irreducible components.
2. Each irreducible component E?j of E; \ F;_1 is an affine space Agij.
3. Let E;; be the closure of E?j in ;. Then E;; is smooth over S.
Then the evident map ]_[” E;; — E induces a surjection

@A (Ei;) — A, (E).

We will verify in §5.2.4 that (CD’) implies (CD). Since we will only need this
special consequence of the cellular decomposition property, we list only the
property (CD) as an axiom, even though it may seem less natural than the
axiom (CD’).

We will be mostly interested in the sequel in the case S is the spectrum
of a field and V is the category of finite type k-schemes. However, many
of the problems we have considered in the previous chapters for V = Schy,
have interesting generalizations for other choices of V. One can easily develop
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a general theory of Chern classes of vector bundles as in §4.1. Taking for
instance V to be the category of finite type S-schemes which are regular, one
has the oriented Borel-Moore homology theory

X = K°(X)[8,67").

Then, for a given multiplicative and periodic theory A*, the assignment
E s rank(E)—c{!(EY) gives a natural transformation ch 4 : K°[3,371] — A*,
which makes K°[3,371] the universal multiplicative and periodic oriented
Borel-Moore homology theory. This raises the question of whether the ana-
logues of theorems 1.2.2 and 1.2.6 are still valid in the general situation. When
S = Spec (k) for a field k& which is not perfect, for example, then one can take
for V one of the three following categories: that of all finite type k-schemes,
that of all regular finite type k-schemes, that of all smooth finite type k-
schemes, and we do not know if the analogues of theorems 1.2.2 and 1.2.6
remain true in these cases.

Another interesting example is the category Lcig. This may be viewed as
the largest full subcategory of Schg for which each object mx : X — S has
an obvious fundamental class 1x = 7% (1). As we shall see in §7.4, from the
point of view of algebraic cobordism an l.c.i. S-scheme is essentially the same
as a smooth S-scheme. For instance, one has a virtual normal bundle for an
l.c.i. S-scheme, and a reasonable theory of Chern “numbers” for those which
are projective over S.

5.1.3 Fundamental classes

Let A, be an oriented Borel-Moore homology theory on an admissible sub-
category V of Schg.

Definition 5.1.8. Let px : X — S be an l.c.i. scheme over S, X € V. Define
the fundamental class of X, 1x € A.(X), by 1x := p% (1), where 1 € Ay(S)
is the unit element.

For f 1Y — X a projective morphism in V, with Y € Lcig, we write
[f:Y — X]a for f.(1y). We omit the A in the notation if the context makes
the meaning clear.

Remark 5.1.9. Take S = Speck, k a field. X — Speck is an l.c.i. morphism
if and only X is a local complete intersection closed subscheme of a smooth
quasi-projective P over k. In particular, an l.c.i. k-scheme X is a Cohen-
Macaulay scheme, so X is unmixed (has no embedded components) and is
locally equi-dimensional over k. Thus, for such a scheme, we may use coho-
mological notation: A™(X) = Ay_,(X) if X is connected of dimension d over

! It is not clear if Leig is in fact the largest full subcategory of Schg for which one
can define natural fundamental classes, but one can show by examples (see [17])
that it is impossible to define natural fundamental classes on all of Schg, even
for S = Speck, k a field.
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k, and then extend to locally equi-dimensional X by taking the direct sum
over the connected components. In particular, the fundamental class 1x is in
AY(X).

Remark 5.1.10. Let f : Y — X be an l.c.i. morphism of l.c.i. S-schemes. Then
ff(lx) =1y.

The axioms for an oriented Borel-Moore homology theory yield a simple
description of the first Chern class operator ¢ (L) in case L admits a section
which is a non-zero divisor.

Lemma 5.1.11. Let A be an oriented Borel-Moore homology theory on some
admissible subcategory V of Schg. Take X € V, L — X a line bundle with
sheaf of sections L. Let s : X — L a section such that the induced map
xs: Ox — L is injective, and let i : D — X be the Cartier divisor defined by
s = 0. Suppose that D is in V. Then

¢1(L) = i,3".

Proof. Since D is a Cartier divisor on X, i is a regular embedding, so i* is
defined. Let sg : X — L be the zero section. Then both s and sy are regular
embeddings. We first show that

sh=s" 1 A (L) — A1 (X).

Indeed, we have the map s(t) : X x Al — L defined by s(t) = ts + (1 — t)so,
where Al = Spec k[t]. The map

xs(t) : Oxupr — piL

is the same as xt - s, hence injective. Thus (s(¢),Idg1) : X x Al — L x Al is
a regular embedding, hence s(t) : X x A! — L is an l.c.i. morphism.

Letting ig, 41 : X — X x A! be the sections with value 0,1, respectively, it
follows from the homotopy property (EH) that i = i}, hence

sg =igs(t)" =iys(t)" = s7,

as claimed.
Now consider the cartesian square

D—5 X
L

By our assumption that xs is injective, this square is Tor-independent; since
D is in V, sg and s are transverse in V. Clearly sg is projective and s is an
l.c.i. -morphism, hence by (BM2)

5% S0 = 1417,

Since s* = s§, this shows that i,i* = & (L), as desired. O
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Proposition 5.1.12. Let S be a Cohen-Macaulay scheme, V an l.c.i. closed
admissible subcategory of Schg, and A, an oriented Borel-Moore homology
theory on V. Let X be an l.c.i. scheme over S, p: L — X a line bundle. Let
s: X — L be a section of L such that the subscheme i : E — X defined by
s = 0 has pure codimension one on X. Then

i+(1p) = &1 (L)(1x)
in AY(X).

Proof. Since X is an l.c.i. scheme over S, X is also a Cohen-Macaulay scheme.
Thus s is a (local) non-zero divisor, hence F is also an l.c.i. scheme and the
inclusion ¢ is a regular embedding. In particular, 15 = i*(1x). Also, since s is
a non-zero divisor, we may apply lemma 5.1.11, giving

ci(L)(1x) =i.(i"(1x)) =i« (1p),

as desired. O

5.1.4 Operational structure

Let A, be an oriented Borel-Moore homology theory on some admissible
subcategory V of Schg. For Y in Smg of pure dimension d over S, let
A™MY) == Ay_n(Y); we extend to arbitrary ¥ € Smg by additivity over
the connected components of Y. Since Y is smooth over S, the diagonal
by :' Y — Y XgY is a regular embedding, so we may define a product on
A*(Y) by

a Uy b:= 65 (a x b).

This makes A*(Y') into a commutative graded ring with unit 1y, natural with
respect to pull-back in Sm/S.
Similarly, for each morphism f: Z — Y in V, the graph

(Idz,f):ZHZXSY

is a regular embedding, and we may make A, (Z) into a graded A=*(Y")-module
by
any b= (1dz f)*(b x a)

fora e A*(Y), be A.(2).
The following properties are easy to verify (see the proof of proposi-
tion 5.2.1 below for details on the projection formula (4)):

(5.2)

1. For Y € SIII/S7
aMNidy b=aUy b

foralla € A, (Y), be A*(Y).
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2. For a composition W % Z LY in V with ¥ in Sm/S and g an l.c.i.
morphism, we have

aNggg"(b) =g (anyb)
fora e A*(Y), be A.(2).

3. For a composition W % Z Ly in V with f : Z — Y a morphism in
Sm/S, we have
aNggb= f"(a)Ngb

forae A*(Y), be A (W).

4. For a composition W %7z Y in V with g projective and Y in Sm/S,
we have

g«(aNgg b) =any g.(b)

for a € A*(Y), be A (W).
5. For f: Z — Y a morphism in V with Y in Sm/S, and L — Y a line
bundle, we have
&(fL)(b) =& (L)(1y) Ny b

for all b € A.(Z).

5.2 Other oriented theories

We relate the notion of oriented Borel-Moore homology to oriented cohomol-
ogy and oriented Borel-Moore weak homology.

5.2.1 Oriented cohomology

Let V be an admissible subcategory of Schg. We recall from definition 1.1.2
the notion of an oriented cohomology theory on V. In general, an oriented co-
homology theory on V is not equivalent to an oriented Borel-Moore homology
theory on V), but, as we shall see in this section, for Y = Smyg, the two notions
coincide.

Indeed, let A, be an oriented Borel-Moore homology theory on Smg, and
let A* be the theory A with cohomological grading. The cup product on A*(X)
was defined in section 5.1.4. Conversely, if A* is a cohomology theory on Smyg,
let A, be A with homological grading, 4,(X) = AYmsX—="(X). Define the
external product of o € A.(X), 8 € A.(Y) by a x 3 := pi(a) Ups(3) €
A" (X xgY).

Proposition 5.2.1. The operations A, — A*, A* — A, give equivalences
of the category of oriented Borel-Moore homology theories on Smg with the
category of oriented cohomology theories on Smg.
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Proof. Suppose we are given an oriented Borel-Moore homology theory A, on
Smyg. Since the external product is unital, commutative and associative, the
same is true for the cup product, where the unit is 1x = p% (1), px : X — 5
being the structure morphism. Noting that each morphism X — Y in Smg is
an l.c.i. morphism, axiom (BM1) defines A* as a functor from Smg to graded
groups, and axiom (BM3) shows that the cup product is functorial. Thus, A*
is a commutative ring valued functor on Smg.

To show that A* is an oriented cohomology theory on Smg, we need to
show that

1. If f:Y — X is a projective morphism in Smg of relative dimension
d, then the push-forward f, : A*(Y) — A*~4(X) is A*(X)-linear (the
projection formula).

2. For a line bundle p: L — X on X € Smyg, the Chern class endomorphism
é1(L) : A*(X) — A*TH(X) is given by cup product with c¢;(L).

For (1), we have the commutative diagram, in which the square is cartesian:

Y ><5'Y
P
Y (1a,f) Yxs X
fl lfxld
X X Xs X.
Sx

In addition, the maps f x Id and dx are transverse in Smg. Using axioms
(BM1), (BM2) and (BM3), we have

folau f(B) = f. (05 (a x f(B)))
= fu(6y o (Id x f)"(a x B))
= fuo(Id, f)*(a x B)
=0% o (f xId).(a x )
= 0% (fu(a) x B)
= fu() U L.

For (2), let s : X — L be the zero section. Then ¢;(L) = s*(s.(1x)) by
definition, while for n € A*(X),
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Similarly, given an oriented cohomology theory A* on Smg, the functor
A, on the projective morphisms of Smg evidently satisfies all the axioms of an
oriented Borel-Moore homology theory, with the possible exception of (BM2)
for push-forward and the axiom (CD). For the axiom (BMZ2), it suffices to
show that (f xId).(ax 8) = fi(«) x 3 for a projective morphism f : X/ — X
in Smg; this follows easily from the projection formula and (A2):

(f xId).(a x B) = (f x 1d).(pT () Ups(B))
= (f x1d)«(p1(e) U (f < 1d)" (p2(5)))

= (f x Id).(pi(a)) U p5(5) (projection formula)
= pi(f+(a)) Upz(B) (A2)
= fula) x B

For the axiom (CD), since ¥V = Smyg, the only choice for E (up to permut-
ing the factors in W := (PV)") is E = PN=1 x PV ... x PV. By repeated ap-
plications of the projective bundle formula, A*(W) is the free A*(S)-module

on the classes &' - ... - &', 0 < n; < N, where & = c1(p;(0(1))), and
: W — PV is the zth pI‘OJGCthH Similarly, A*(E) is the free A*(S)-module
ontheclasses{ o 0<n <K N=-1,0<n; <N,i=2,...,r, where

& is the restriction of &; to E. Let i : E — W be the inclusion, and let 15 be
the unit in A*(E). By lemma 5.1.11, we have

&1 = 1 (0(1) = & (PF O (Lw) = iu(i* (1w)) = iu(1p).

Using the projection formula we have

ME L E) =€ ) Up)
M Uin(lp)
_ent g
Thus i, : A*(E) — A*TY(W) is injective, verifying (CD). O

Remark 5.2.2. We have actually proved a bit more in proposition 5.2.1, in
that we never used the axiom (CD) in showing that an oriented Borel-Moore
homology theory gives rise to a cohomology theory. In particular, for V =
Smyg, the axiom (CD) is a consequence of the other axioms.

5.2.2 Cohomology and weak cohomology

In this section, k is an arbitrary field. We proceed to show that any oriented
cohomology theory on Smy, defines an oriented weak cohomology theory on
Smy,. Consider the following property (taken from definition 2.2.1):

(Sect*). Let L — Y be a line bundle on some ¥ € Smg, s : ¥ — L a
section transverse to the zero-section (in Smg) and i : D — Y the closed
immersion of the zero subscheme of s. Then

c1(L) = i.(1p).
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Lemma 5.2.3. Let A* be an oriented cohomology theory on Smg. The prop-
erty (Sect*) holds for A*.

Proof. Let A, be the oriented Borel-Moore homology theory on Smg given
by proposition 5.2.1. Since s : Y — L is transverse to the zero-section sg, we
have

TOI‘?L (Os(y), Oso(Y)) =0

for ¢ > 0; this easily implies that xs : Oy — L is injective, where L is the
sheaf of sections of L.
By lemma 5.1.11, we have

ci(L) =& (L)(1y) = ix(i*(1y)) = i(1p)

We now specialize to .S = Speck.

Proposition 5.2.4. Let k be a field and let A* be an oriented cohomology
theory on Smy. Then A* defines an an oriented weak cohomology theory on
Smy, with first Chern class operator é1(L) given by

c(L)(n) = i (L) Un.

Proof. Let A* be an oriented cohomology theory on Smy. Changing to ho-
mological notation, we have by proposition 5.2.1 the oriented Borel-Moore
homology theory A, with ¢ (L)(n) = ¢1(L) Un. In particular, A, is an ori-
ented Borel-Moore functor with product, satisfying the axioms (PB) and (EH)
of §4.1.1. We have just shown in lemma 5.2.3 that A* satisfies (Sect*), hence
A, satisfies (Sect). Thus by lemma 4.1.3, A, satisfies the axiom (Nilp) of
remark 2.2.3.

Next, we show that A, satisfies the axiom (Loc) of §4.1.1. For this, take
X € Smy with line bundle L and a smooth closed subscheme i : D — X
such that L admits a section s, transverse to the zero-section, with zero-locus
contained in D; we may suppose that D is the divisor of s. By (Sect*), ¢;(L)
is cup product with i.(1p), so for z € A*(X), we have

é1(L)(z) =i.(1p) Uz =i (i"2),

verifying (Loc) for A,.

Let Fa(u,v) € A.(k)[[u,v]] be the formal group law given by corol-
lary 4.1.8. To complete the proof, we need only show that A, satisfies the
axiom (FGL) for this group law. Since ¢;(L)(n) = ¢1(L) Un, we need to show
that, for line bundles L, M on X € Smy,

Fa(er(L), er(M)) = ex(L @ M)

in AY(X). Since X is quasi-projective over k, we may use Jouanolou’s trick
(and axiom (EH)) to replace X with a smooth affine scheme over k. Thus
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we may assume that L and M are globally generated on X, and so there are
morphisms [ : X — P* ¢g: X — P™ with L & f*(v,), M = g*(Vm). The
naturality of ¢; reduces us to the case X = P*xP™, L = pi (), M = p5(vm),
which follows from corollary 4.1.8. O

Remark 5.2.5. Proposition 5.2.4 implies lemma 1.1.3, clearing up that bit of
unfinished business.

5.2.3 Weak homology theories

Fix a field k. In this section V will be an admissible subcategory of Schy.
We relate the notions of oriented Borel-Moore homology and oriented Borel-
Moore weak homology (see definition 4.1.9).

Proposition 5.2.6. Let A, be an oriented Borel-Moore homology theory on
V. By restricting the pull-back maps f* to smooth quasi-projective morphisms
f Y — X inV having pure relative dimension, A, defines an oriented
Borel-Moore weak homology theory on V, also denoted A,.

Proof. We need to show (see remark 4.1.10(2)):

1. Let L be aline bundle on some X € V. If f : Y — X is a smooth morphism
inV, then é (f*L)of* = f*oé;(L). If f : Y — X is a projective morphism
in V, then f,o0¢(f*L) = ¢ (L) o f..

2. If L and M are line bundles on X € V, then é(L)o¢; (M) = é,(M)oéi(L).

3. Let X and Y be in V, and L — X be a line bundle on X. For o € A, (X),
B e A.(Y), we have

¢ (L)(a) x = éi(prL) (e x B),

where p; : X X3 Y — X is the projection.
4. A, has the structure of an oriented Borel-Moore L.-functor and the ax-
ioms (Sect), (FGL) and (Loc) of definition 2.2.1 are valid for A..

The property (1) follows easily from the functoriality of smooth pull-back
(BM1) and projective push-forward, plus axiom (BM2) applied to the trans-
verse cartesian diagram

vy L2

fJ |

For (2), we have the transverse cartesian diagram

X —r 5
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Applying (BM2) and the functoriality of smooth pull-back and projective
push-forward, we have

¢1(M) o ¢ (L) = sy Snm«SLSLx
= S\ 8L M«SLx
= ST80 80 S M
= STSL+SpSM+
=c¢1(L) o e (M).

(3) is an easy consequence of (BM3).

For (4), we note that A, satisfies the axiom (Sect): Let p : Y — Speck be
in Smy, and let 1y = p*(1). Let L — Y be a line bundle on some Y € Smy,
s:Y — L a section transverse to the zero-section (in Smy) and i : Z — Y
the closed immersion of the zero subscheme of s. Then

ci(L)(ly) = ix(12).

Indeed, by proposition 5.2.1, A, defines an oriented cohomology theory A* on
Smy,, and by lemma 5.2.3, (Sect*) holds for A*. Since é&(L)(n) = c1(L)Un
for L — X a line bundle on X € Smy, and for n € A*(X) (see the proof
of proposition 5.2.1), it follows that (Sect) holds for A.. We note that, by
lemma 4.1.3, A, satisfies the axiom (Nilp).

To give the L,-structure and to verify (FGL), we need to show: there is a
power series Fu(u,v) € A.(k)[[u,v]] such that, given line bundles L and M
on Y € Smy, we have

Fa(er(L),e1(M))(1y) = &(L ® M)(1y).

Indeed, by the axiom (Nilp), the left-hand side of this equation makes sense;
the commutativity and associativity of tensor product, together with the van-
ishing of ¢1(Oy)(1ly), imply that F4 is a formal group law, which yields the
L,-structure.

Since, by proposition 5.2.1, the oriented Borel-Moore homology theory
A,, restricted to Smy, defines an oriented cohomology theory on Smy, the
existence of F4 satisfying axiom (FGL) follows from lemma 1.1.3 and propo-
sition 5.2.4.

Finally, to prove (Loc), take X in V, L. — X a line bundle, and s a section
of L such that s is transverse in V to the zero-section of L. Let ¢ : D — X
be the zero-subscheme of s. In particular, s and the zero-section are Tor-
independent, which implies that s is a non-zero divisor on X. Also, D is in V.
We may therefore apply lemma 5.1.11 to yield the identity

for all x € A, (X), proving (Loc). O
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Remark 5.2.7. One consequence of propositions 5.2.1 and 5.2.6 is that an ori-
ented cohomology theory A* on Smy gives rise to an oriented Borel-Moore
weak homology theory A, on Smy.

Definition 5.2.8. Given an oriented Borel-Moore homology theory A, on
some admissible V C Schy, the oriented Borel-Moore weak homology theory it
defines is called the underlying one. Similarly, if A* is an oriented cohomology
theory on Smy,, the oriented Borel-Moore weak homology theory A, it defines
is called the underlying one.

Conwversely, given an oriented Borel-Moore weak homology theory A, on
V, we say that A, admits a structure of an oriented Borel-Moore homology
theory if there is such a theory A, whose underlying oriented Borel-Moore
weak homology theory is Ay. ForV = Smy, we say that A, admits a structure
of an oriented cohomology theory if there is such a theory A* whose underlying
oriented Borel-Moore weak homology theory is A,.

Remark 5.2.9 (Extended nilpotence and formal group law azioms). Let A, be
an oriented Borel-Moore homology theory. The axioms (Nilp) and (FGL) refer
only to identities satisfied by the first Chern class operators after evaluation
on a fundamental class 1y for Y € Smg, so it is natural to ask if these
identities are satisfied as operators on all of A,(X). In fact, this is the case,
at least for S affine, and X quasi-projective over S, or if X is itself affine
(without restriction on S); the operator version of (Dim) is likewise satisfied
for all affine X if S = Speck.

Indeed, we can use Jouanolou’s trick to replace X with an affine scheme
X' admitting a smooth quasi-projective morphism p : X’ — X such that
p* 1 A(X) — A,4r(X') is an isomorphism. Thus, for a line bundle L on
X, there is a morphism f : X’ — P” for some n such that p*L = f*(O(1));
in fact, we may take n to be the Krull dimension dim X’ of X’. Using the
properties (5.2) of the A~*(P™)-module structure on A.(X’) given by f, we
have

pr(@(L)(x)) = &(p"L)(p*(x)) = c1(O(1)) Ny p* ()

for allx € A, (X), where ¢1(O(1)) := ¢ (O(1))(1pn). Since & (O(1))" 1 (1pn) =
0, we see that ¢ (L)"*! = 0. In particular, if X is itself affine, we have the
identity

61(L>dimX+1 -0

for any line bundle L on X; since dim X = dimy X for X of finite type over a
field k, this verifies the operator version of (Dim) in this case.
The identity
Fa(é1(L),e1(M)) =& (Le M)

for L, M line bundles on X is proved similarly.
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5.2.4 The axiom (CD)

We conclude this section by showing that the axiom (CD’) of remark 5.1.7
implies the axiom (CD) of definition 5.1.3, and that the axiom (CD’) is implied
by a certain localization property. In this section, S is a noetherian separated
scheme and V is an admissible subcategory of Schg.

Lemma 5.2.10. Suppose V contains Lcig. Suppose we are given the data
from definition 5.1.3 (D1)-(D3) of an oriented Borel-Moore homology theory
A, on V, satisfying the azioms of definition 5.1.3, with the possible excep-
tion of the axiom (CD), and suppose that A, satisfies the axiom (CD') of
remark 5.1.7. Then A, satisfies the aziom (CD).

Proof. Let E be as in axiom (CD); Note that F is in Lcig, hence in V. We
may suppose that nq,...,n,, are non-zero and n,,41,...,n, are all zero.
Let Xo,..., Xy be the standard homogeneous coordinates on PV, and let
X, = p;(X;), where p; : W = (PV)" — PV is the ith projection.
We may thus write Ey¢q as a strict normal crossing divisor Freq = er;l E;,
with
Ei=PN x ... xP¥"1x .. xPN c (PV),

with the PN~1 the linearly imbedded subspace of PV defined by Xy,; = 0,
1=1,...,m.

By proposition 5.2.1 and remark 5.2.2, A, defines an oriented cohomology
theory A* on Smg; we have also shown in the proof of proposition 5.2.1 that

c(L)(n) = cr(L)Un

for L — Y a line bundle on ¥ € Smg and n € A.(Y) = A*(Y).
By lemma 5.2.3, the property (Sect*) is valid for A*. Using these two
properties, together with repeated applications of the axiom (PB), we see
that A, (P™ x ... x P) is a free A.(S)-module with basis the classes
%*(]{Pal x..xpar ), Where 0 < a; < nj for 1 < j <r, and where

1: P ox . x P P ox L x P

is the subscheme defined by the vanishing of m; — a; coordinates X ;, j =
1,...,r. It follows from the axiom (Sect*) that the class L(lpalxmxpa,,v) is
independent of the particular m; — a; coordinates chosen.

Using the standard cellular decomposition of each F;, we have a filtration
of Fyeq satisfying the conditions of axiom (CD’), and with each of the “closed
cells” of the form of an embedded product Pt x ... x P%" in some FE;, defined
by the vanishing of coordinates X; ; as above. If a given product Pt x.. . xP?"
should occur twice, say as a cell C' in E; and another cell C’ in E;/, then both
a; < N—1anday < N —1, so there is a cell C” of the same type in E; N E;.
Thus ic*(lc) = icf/*(lc//) = ic/*(lc/) in A*(E), where ic :C — E, i(j/7 iC//
are the inclusions. Therefore, by axiom (CD’) and our description of A.(E;)
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above, A, (E) is generated as an A, (S)-module by the classes i, (1pe1 .. xpar ),
where ~
1P x ... xP" - F

is the composition of a map 7 followed by the inclusion F; — FE, and the
indices (a1, ..., a,) run over all r-tuples with 0 < a; < N, j =1,...,r, with
at least one index a; < N — 1 for some ¢ < m. Comparing this with the
description of A,((PN)") as a free A.(S)-module with basis 7. (1pa .. xpar ),
0<a; <N,i=1,...,r, we see that the A,(S)-module generators for A.(E)
described above are actually an A, (S)-basis for A,(F), and therefore A.(E)
is a summand of A, ((PV)"), which verifies the axiom (CD). O

Lemma 5.2.11. Suppose we are given the data from definition 5.1.3 (D1)-
(D3) of an oriented Borel-Moore homology theory A, on Schg, satisfying the
azioms of definition 5.1.3, with the possible exception of the axiom (CD). Sup-
pose that A, satisfies the weak localization property (Loc') (see remark 4.1.1)
for V = Schg:

Leti : Z — X be a closed immersion of finite type k-schemes with complement
j:U — X. Then the sequence

-

A7) 25 AJX) L A(U)
18 exact.

Then A, satisfies the aziom (CD') of remark 5.1.7.

Proof. First take Z = E,eq. Then U is the empty scheme, hence Ay (Xyeq) —
A, (X) is surjective. Thus, it suffices to prove the axiom (CD’) for reduced E.
We proceed by noetherian induction. Take a filtration of E by closed sub-
schemes
@ZEQCElc...CEN:E

satisfying the conditions of axiom (CD’). By induction, the map
@iSNfl,jA*(Eij) - A*(ENfl)

is surjective, where E;; is the closure of the irreducible component E?j of E;,
i=1,...,N—1.

Let E%4,..., EY%;,, be the irreducible components of Eyx \ Ey_1, and let
En; be the closure of EY;. By assumption, each EY; is an affine space AN
over S and each Fy; is smooth and quasi-projective over S. Let p: En; — S
and p: ER,J. — S be the structure morphisms, and let f : E?Vj — Enj be the
inclusion. We have the commutative diagram

Is
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Since p* : A._n; (S) — A. (E?Vj) is an isomorphism by the homotopy property
(EH), it follows that f* : A.(En;) — A.(EY;) is surjective. Letting i : Enj —
Fand f: E?Vj — E be the inclusions, we have f*i, = f*, by axiom (BM2).
Thus the restriction map

AB) — A(E\ Ex) = &L, A.(ER;)

is surjective.
Adding these surjectivities to our weak localization property, we have the
exact sequences

A(En-1) = Au(By) = @] Au(EY;) = 0
A(EnjNEN_1) — A«(ENj) — A*(EJOVJ') —0

By an elementary diagram chase the map
i, jAx(Eij) — Ac(EN)

is surjective, and the induction goes through. a



6

Functoriality

In this chapter, we construct pull-back maps in {2, for l.c.i. morphisms, giving
{2, the structure of an oriented Borel-Moore homology theory. The basic idea
is to use Fulton’s method: first define the operation of intersection with a
Cartier divisor, then use the deformation to the normal bundle to extend this
operation to a pull-back map for a regular embedding. The case of a general
l.c.i. morphism f is handled by factoring f as the composition of a regular
embedding with a smooth morphism.

Since the generators of (2, are built out of smooth k-schemes, we need to
modify Fulton’s program. As it is difficult in algebraic geometry to make two
maps transverse, we use instead resolution of singularities to modify a given
Cartier divisor to a strict normal crossing divisor. This leads us to the notion
of “refined cobordism” with respect to a fixed Cartier divisor D on some X,
by restricting the maps f : Y — X to those for which either f*D is a strict
normal crossing divisor, or f(Y) is contained in D. Fulton’s program works
well for the refined groups 2.(X)p, and we are left with proving a “moving
lemma”, namely, that the map £2,(X)p — §2.(X) is an isomorphism. With
this extra complication resolved, Fulton’s method goes through to yield the
desired l.c.i. pull-back.

We conclude in section 6.6 with a discussion of refined pull-back and re-
fined intersection product, following again the ideas and methods of Fulton
[9, section 6].

6.1 Refined cobordism

We begin by constructing pull-back maps for the inclusion of a divisor 7 :
D — X. In fact, a more flexible notion, due to Fulton [9], is that of a pseudo-
divisor. In this section, we define a refined version (2,(X)p of the cobordism
group {2,(X) when one has the extra data of a pseudo-divisor D on X and
we define intersection with a pseudo-divisor D, D(—) : £2.(X)p — 2.(|D]),
in the following section.



160 6 Functoriality

We go on to prove the required properties of this product, most notably the
commutativity of intersection for two pseudo-divisors. For this, we will require
the auxiliary construction of groups (2,(X)p|p/, which we also give in this
section. We conclude the construction in §6.4 by proving the moving lemma,
showing that the homomorphism §2,.(X)p — 2,(X) is an isomorphism.

6.1.1 Pseudo-divisors

Let X be a finite type k-scheme. Following Fulton [9], a pseudo-divisor D
on X is a triple D := (Z,L,s), where Z C X is a closed subset, £ is an
invertible sheaf on X, and s is a section of £ on X, such that the subscheme
s = 0 has support contained in Z; we identify triples (Z,L,s), (Z,L',s') if
there is an isomorphism ¢ : £ — L' with s’ = ¢(s). In particular, having
fixed L, the section s is determined exactly up to a global unit on X. If we
have a morphism f : Y — X, we define f*(Z,L,s) := (f~%(Z), f*L, f*s);
clearly (fg)*(D) = g*(f*D) for a pseudo-divisor D. Also, an effective Cartier
divisor D on X uniquely determines a pseudo-divisor (|D|, Ox (D), sp), where
sp: Ox — Ox (D) is the canonical section and |D| is the support of D.

We call Z the support of a pseudo-divisor D := (Z, L, s), and write Z =
|D|. Similarly, we call s the defining equation of D, and write s = eq.(D). We
let div(D) denote the subscheme s = 0, and write Ox (D) for £. If X is in
Smy, if |D| = |divD| and if this subset has codimension one on X, then we
identify D with the Cartier divisor divD.

The zero pseudo-divisor is (0, Ox,1). If we have pseudo-divisors D =
(Z,L,s) and D' = (Z',L,¢"), define D+ D' = (ZUZ' LR L ,s® ).

Remark 6.1.1. The main advantage of pseudo-divisors over Cartier divisors is
that one has the functorial pull-back D — f*(D) for D a pseudo-divisor on
some X and f : Y — X an arbitrary morphism; this is of course not the
case for Cartier divisors. Even though we are mainly interested in defining
the operation of intersection with a Cartier divisor, we will need the added
flexibility of pseudo-divisors to handle the composition of two intersections,
especially when the two divisors involved have a common component.

6.1.2 The group 2.(X)p

Let X be a finite type k-scheme and D a pseudo-divisor on X. We define the
series of groups

analogous to the sequence
Zu(X) = Z,(X) = 2,(X) = L. @ 2,(X) = 2.(X)

used to define §2,(X) in chapter 2.
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Let E = )., n;E; be an effective strict normal crossing on a scheme
W € Smy, with irreducible components F1,..., E,. For each J C {1,...,r},
we have the face

EJ = ﬂje JEj,

which is smooth over k and has codimension |J| on W. We call E reduced if
all the n; = 1.

We recall from §2.1.1 that M(X) is the set of isomorphism classes of
projective morphisms f : ¥ — X, with ¥ in Sm; (where “isomorphism”
means isomorphism over X ). M(X) is a monoid under disjoint union; we
have the group completion M™(X), which is the free abelian group on the
isomorphism classes f: Y — X in M(X) with Y irreducible.

Let M(X)p be the submonoid of M(X) generated by f : Y — X, with
Y irreducible, and with either f(Y) C |D|, or with divf*D a strict normal
crossing divisor on Y. We let M*(X)p be the group completion of M(X)p;
M™(X)p is clearly a subgroup of M*(X).

Recall from definition 2.1.6 the notion of a cobordism cycle over X, and
the free abelian group Z.(X) on the isomorphism classes of cobordism cy-
cles, graded by giving (f : ¥ — X, Lq,...,L,) degree dimY — r. We
let Z.(X)p be the subgroup of Z.(X) generated by the cobordism cycles
(f:Y = X,Li,...,L,) with Y — X in M(X)p.

Definition 6.1.2. Let X be in Schy and let D be a pseudo-divisor on X. Let
(RP™Y(X)p be the subgroup of Z.(X)p generated by cobordism cycles of the
form

(f:Y =X, 7" (Ly),..., 7" (L), My, ..., M),

where ™ Y — Z is a smooth quasi-projective morphism, Z s in Smy,
Ly,...,L, are line bundles on Z and r > dimiZ. We set

Z.(X)p = Z.(X)p/(R?"™)(X)p.

Just as for M(X), Z.(X) and Z,(X), we have functoriality for smooth
quasi-projective morphisms of relative dimension d, f : X' — X:

f* : M(X)D — M(X/)f*(D)7
71 2.X)p = Zea(X') p+(p),
f* : é*(X)D - §*+d(X/)f*(D)a
and push-forward maps for projective morphisms f: X' — X:
f* : M(Xl)f*(D) - M(X)D,

f* : Z*(X/)f*(D) - Z*(X)Dv
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Also, for L — X a line bundle on X, we have the Chern class endomorphism
é(L): Z.(X)p — Z.1(X)p,
defined as for Z,(X)
a)((f:Y—>X,L,....L.)=(f:Y > X, Ly,...,L,, f*L).
This descends to the locally nilpotent endomorphism
a(L): Z,(X)p = Z,_1(X)p.
The operation of product over k defines external products
X : Z(X)p ® Z.(X")pr = Z(X X X')p: Dip3 D7

which descend to Z,(—)_, and have all the compatibilities with f,, f* and
¢1(L) as for Z,(—) and Z,(—). All these operations are compatible with
the corresponding ones defined for Z.(—) and Z,(—), via the natural maps

6.1.3 Good position

We define various notions of “good position” of a divisor E with respect to a
pseudo-divisor D.

Definition 6.1.3. Let f : W — X be in M(X), with W irreducible, and let
E be a strict normal crossing divisor on W. Let D be a pseudo-divisor on X.
We say that

1. F is in good position with respect to D if, for each face Ej of E, the
composition E; — W — X is in M(X)p.

2. E is in very good position with respect to D if either f(W) C |D|, or, if
not, £+ divf*D is a strict normal crossing divisor on W.

3. E is in general position with respect to D if E is in very good position
with respect to D and in addition, in case f(W) ¢ |D|, E and divf*D
have no common components.

We extend these notions to W mnot necessarily irreducible by imposing the
appropriate condition on each component of W.

Remarks 6.1.4. (1) It is easy to see that, for f : W — X in M(X) with
strict normal crossing divisor F, if E is in very good position, it is in good
position with respect to D.

2 If f: W — X isin M(X)p, and £ is a very ample invertible sheaf
on W, it follows from the Bertini theorem that, for a general section s of L,
the divisor of s is in general position with respect to D.



6.1 Refined cobordism 163

Definition 6.1.5. Let X be in Schy and let D be a pseudo-divisor on X . Let
(Rt (X)p be the subgroup of Z,(X)p generated by elements of the form

[f:Y = X,Li,..., L] — [foi:Z— X,i*(L1),....i*(Ly_1)],

withr >0, [f:Y — X, Lq,...,L.] a cobordism cycle in Z,(X)p and i :
Z — Y the closed immersion of the subscheme defined by the vanishing of
a transverse section s : 'Y — L,, such that Z is in very good position with
respect to D.
We set
2,(X)p = Z.(X)p/(RI*")(X)p.

We have the evident natural map 2,(X)p — £2,(X). The operations f*,
f+ and ¢ (L) descend to the quotient 2,(—)_ of Z,(—)_, and are compatible
with the corresponding operations on 2, (—) via the natural maps 2,(X)p —
£2,(X). Similarly, the external products for Z,(—)_ descend to £2,(—)_, and
these external products are compatible with the external products on £2,(—).

As in §1.1, we have the universal formal group law (FL,L,) with coefficient
ring L, the Lazard ring. If 77,75 : B — B are commuting locally nilpotent
operators on an abelian group B, and F(u,v) = 37, ; a;ju'v? is a power series
with L,-coefficients, we have the well-defined L,-linear operator F(17,T?) :
L, ® B — L, ® B defined by

F(Ty, To)(a®@b) := Y _aay; @ (T} o T4)(b).

Definition 6.1.6. For X in Schy, let (L,RECLY(X)p be the L, -submodule
of L, ® £2,(X)p generated by elements of the form

(Id ® f.)(FL(e1(L), e1(M))(n) = &1 (L ® M)(n)),

where f 1Y — X is in M(X)p, L and M are line bundles on' Y, and 1 is in
2,.(Y)p. We set

2.(X)p = L. ® 2,(X)p/(LRIE)(X) .

The natural transformation £2,(X)p — 2,(X) descends to a natural L,-
linear transformation (2,(X)p — §2.(X). The structures we have defined for
2.(=)=: f*, f«, ¢&1(L) and external products, all descend to £2.(—)_, and
are compatible with the corresponding structures on (2,(—), via the natural
transformation £2.(X)p — 2.(X).

If f:Y — X is an X-scheme, and D is a pseudo-divisor on X, we will
often write £2,(Y)p for 2,(Y)s+(p), and similarly for 2,(Y)p, etc.

6.1.4 Refined divisor classes

The operators
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é(L): 2.(X)p — 2. 1(X)p

are locally nilpotent and commute with one another, thus, if we have line
bundles Ly, ..., L, on X, and a power series F'(uq, ..., u,) with L,-coefficients,
we have the L,-linear endomorphism

F(él(Ll), )él(LT)) : .Q*(X)D — Q*—I(X)D-

If f: W — X is in M(X)p, we have the element 1}, = [Id : W — W] €
02,(W)p. Given line bundles Ly,..., L, on W we set

[F(Lt,... Lo)]p = FEn(Ly), .., (L))(12) € 2.(W)p.

We recall some notation from §3.1.1. Let ni,..., n, be positive integers.
We have the power series with L,-coefficients F"?» " giving the sum in the
universal group law (Fy,L.):

M yenns Ny _
F™ (Ui, yUp) =01 pUL+F o R Ny P U

We have as well the canonical decomposition

Frosmr(yy oo uy) = Z u‘]Fyl"“’"T(ul,...,u,ﬂ),
[l7]|=1

defining the power series F}*

IftE = 2;1 n; F; is a strict normal crossing divisor on a scheme W € Smy,
with support |E| := U}_, E;, and irreducible components E1, ..., E,, we have
defined the divisor class [E — |E|] of §2,(|E|) by the formula

[E—|E]:= Y J(F " Ow(EB)’,...,0w(E)).
gy 11J11=1

Suppose now that we have f : W — X in M(X), and a strict normal
crossing divisor E on W, such that FE is in good position with respect to D.
Write E = """ | n;E;, with the E; irreducible.

Since the subscheme EY is in good position with respect to D for each J,
the morphism fo:” : E/ — X is in M(X)p, so we have the class

[F;Ll"umr(OW(El)J, ey Ow(ET)J)]D S Q*(EJ)D,

giving the refined divisor class

[E = |Ellp =Y J[Fy " (Ow(Er)’,...,0w(E))]p
J
in 2.(|F])p.
The properties of ¢ (L), [F — |E|] and £2,(X) proved in §2.3 and §3.1

carry over without change to ¢;(L) (acting on §2.(X)p), [E — |E|]p and
2.(X)p.
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6.1.5 A further refinement

In order to discuss issues of functoriality, it will be necessary to make an
extension of the above construction.

Definition 6.1.7. Let X be a finite type k-scheme, with pseudo-divisors D,
D'. Leti:|D| — X be the inclusion. We let M(X)p|ps be the submonoid of
M(X)p generated by those f:Y — X, with Y irreducible, such that

1. If f(Y) C|D|, then f: Y — |D| is in M(|D|)p.
2. If f(Y) ¢ |D|, then, for each face F of divf*D, the map f : F — |D| is
in M(|D|)pr, i.e., divf*D is in good position with respect to D’.

Definition 6.1.8. Let f : W — X be in M(X), and let E be a strict normal
crossing divisor on W. We say that E is in good position with respect to
D|D’ if for each face E’ of E, the composition

B lw S x

18 N M(X)D|D’-

For f: W — X in M(X)p|p with W irreducible, we say that E is in
very good position with respect to D|D’ if E is in very good position with
respect to D and

1.4f f(W) C |D|, then E is in very good position with respect to D’

2.if f(W) ¢ |D|, then for each face F of divf*D not contained in E, the
normal crossing divisor F - E on F is in very good position with respect
to D'.

We say that E is in general position with respect to D|D’ if E is in very good
position with respect to D|D’ and in general position with respect to D.

We extended these notions to reducible W by requiring the appropriate
condition on each component of W.

Remark 6.1.9. Suppose that W — X is in M(X)p|p:. If E is a divisor on W,
in very good position with respect to D|D’, and E” is a face of F, then E” is
in M(X)p|p/. Indeed, if f(W) C |D|, this is evident, and if f(W) ¢ [D|, then
each face F of the normal crossing divisor E - divf*D on E” is of the form
EY.F for F aface of divf*D. Thus F is a face of the normal crossing divisor
F-Eon F,and hence Fg — |D| is in M(|D|)ps. This shows that E/ — X is
in M(X)p|pr, as claimed. In other words, if £ is in very good position with
respect to D|D’, then E is in good position with respect to D|D’.

Making the evident modifications to the constructions of the previous sec-
tion, we have the sequence of abelian groups

Z.(X)pipr = Z2.(X)pipr = 2,(X)pipr = 2(X)p|pr-
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Explicitly, Z.(X)p|p: is the subgroup of Z,(X) generated by the cobordism
cycles (Y — X, Ly,...,L,) with Y — X in M(X)p|p-.

Let <R,{?im>(X)D‘D/ be the subgroup generated by cobordism cycles of the
form

(f Y — X’T‘-*(Ll)a"'77T*(LT')7M17'"7Ms)a

where m : Y — Z is a smooth quasi-projective morphism, Z is in Smy,
Ly,...,L, are line bundles on Z and r > dimpZ. We let Z,(X)p|p be
the quotient group Z.(X)p|p'/(RP™)(X)p|p- £2,(X)p|ps is the quotient

of Z,(X)p|p by the subgroup (R{*)(X)p|p: generated by elements of the
form

(f:Y—>X,Ly,....L.)— (foi:Z— X,i"(L1),...,4"(Lr_1)),

with r > 0, (f : Y — X, Ly,...,L;) a cobordism cycle in Z,(X)p|p, and
i 1 Z — Y the closed immersion of the subscheme defined by the vanishing
of a transverse section s : Y — L,, such that Z is in very good position
with respect to D|D’. £2,(X)p|ps is the quotient of L, ® £2,(X)p|ps by the
L,-submodule (L,RESL)(X)p|p: generated by elements of the form

(Id @ f.) (FL(¢1(L), é1(M))(n) — é1(L ® M)(n)),

where f:Y — X is in M(X)p|p/, L and M are line bundles on Y, and 7 is
Forgetting D’ defines in an evident manner the natural transformations

Z.(X)pipr = 2«(X)p, Z.(X)p|pr = Z.(X)p,

ok

etc. The operations f*, f., ¢1(L) and external products defined on Z,(X)p,
2.(X)p, etc. have their evident refinements to Z.(X)p|p/, Z.(X)p|p,
2,(X)p|pr and £2,(X) p|pr, satisfying the same structural relations, and com-
patible with the operations on Z.(X)p, Z,(X)p, etc.

In particular, the operations ¢;(L) on Z,(X)p|p and £2,(X)p|p: are lo-
cally nilpotent and commute with one another, so the definition of £2,(X)p|p-
makes sense. Also, as for one pseudo-divisor, if we have an X-scheme f:Y —
X, we Write M(Y)D|D’7 Q*(Y)D|D’7 etc., fOI' ./\/l(Yr)f»«D”*D/7 Q*(Y)f*D\f*D’a
ete.

For f : W — X in M(X)p|ps, the identity map Idw : W — W
is in M(W)p|p/, giving the identity class 1{,3[,“3/ € 2.(W)p|ps. Thus, if
F(uy,...,u.) is a power series with L,-coefficients, and L, ..., L, are line
bundles on W, we have the class

[F(Ly,..., L) pypr i= F(é1(L1),- ., é (L) ARP") € 2. (W) pypr-

Therefore, given f : W — X in M(X) and a strict normal crossing divisor
E =3""_ n;E; on W which is in good position with respect to D|D’, we have
the class of E‘7 [E — |E|]D\D’ S Q*(|E|)D|D'7 defined by
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[E— |Ellpp = Y (F"(Ow(E),...,0w(E))pip).
J, [1J]|=1

We recover the groups M(X)p, £2,(X)p, etc., as a special case by tak-
ing D’ to be the 0 pseudo-divisor (#, Ox,1). Similarly, we recover M(X)p/,
£2,.(X)pr, ete., by taking D = (X, Ox,0).

As above, the properties of £2,(X), 2.(X), 2.(X), é&1(L) and [E —
|E|] discussed in §2.3 and §3.1 carry over without change to £2,(X)p|ps,
Q*(X)D\D’a Q*(X)D|D/a El(L) and [E — |EHD|D/ AISO7 as in §31, if £ is
a strict normal crossing divisor on some W, and f: W — X is in M(X)pp,
we let [E — W]pps denote i.([E2 — |E|lpp:), where i : |[E| — W is the
inclusion.

Remark 6.1.10. Let f : Y — X be in M(X)p|ps, with Y irreducible, and
suppose that f(Y) ¢ |D|. Then divf*D is a strict normal crossing divisor,
in good position with respect to D’, so if E is an effective divisor on Y with
f(E|) C |D], then E is in good position with respect to D’, hence the class
[E — ‘EHD’ in Q*(|E|)D/ is defined.

Remark 6.1.11. Among the results of §3.1 that extend to 2,(X)p|ps, we note
the analog of proposition 3.1.9: Let E be a strict normal crossing divisor on
some W € Smy,. Let D, D’ be pseudo-divisors on W. Suppose that F is in
good position with respect to D|D’. Then

[E — Wlp|p = [Ow (E)]p|p-

The proof is exactly the same as for proposition 3.1.9.

6.1.6 Some properties of 2.(X)p

In this section, we assume that k£ admits resolution of singularities.

Lemma 6.1.12. Let X be in Schy, and let D be a pseudo-divisor on X. Let
f:Y =X bein M(X)p, leti: F —Y be a closed subscheme of Y and let
w: W =Y be a projective birational morphism. Suppose that the exceptional
divisor E of 1 is in very good position with respect to D and that u(|E|) C F.
Then there is an element « € 2,(F)p with

fou:W—Xlp=1[f:Y - X]p+(foi)(a) € 2%(X)p.

Proof. Since F is in very good position with respect to D, E is a strict normal
crossing divisor on W. We may replace X with Y, so Idy is in M(Y)p, and
we may suppose that Y is irreducible. If |D| = Y, then 2.(Y)p = Q2.(Y),
02.(F)p = 2.(F), and the result is proposition 3.2.4. Suppose |D| # Y. Then
D is a strict normal crossing divisor on Y. Since E is in very good position
with respect to D, E + pu*D is a strict normal crossing divisor on W; in
particular, g : W — Y is in M(Y)p, so [ : W — Y]p is defined.
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We consider the deformation to the normal bundle, as in §3.2.1. Let Z C Y
be a closed subscheme supported in F' such that W — Y is the blow-up of
Y along Z, and let p' : 7" — Y x P! be the blow-up of Y x P! along Z x 0.
Without loss of generality, we may assume that F = Z,oq. Let (F x P1) C T”
be the proper transform of F'x P!, let (Y x0) be the proper transform of Y x 0,
and let £’ be the exceptional divisor of p/. Let U = T"\ (F x P') N E’. Then
(by lemma 3.2.1) U is smooth over k, U contains (Y x 0) and the induced
morphism (Y x 0) — Y is isomorphic to W — Y. In addition (see the proof
of loc. cit.) U — Y is locally isomorphic to gop; : W x Al — Y and, in these
coordinates, B’ NU — Y is locally isomorphic to gop; : E x Al — Y and
(Y x 0) C U is the subscheme W x 0. Thus, (p"*(D x PY)+ E/+ (Y x 0))NU is
a strict normal crossing divisor on U. Therefore, by resolution of singularities,
there is a projective birational morphism 7 : T — T’ which an isomorphism
over U, such that the induced morphism p: T — Y x P! satisfies:

1. T—>Y><AIP>1 is in M(Y x P)p, R
2. Letting E C T be the exceptional divisor of p, p*(D x P!) + E + (Y x 0)
is a strict normal crossing divisor on T'

Since p: T — Y x P! is an isomorphism away from Y x 0, p~1(Y x 1) is
isomorphic to Y. By (1) and (2) above, we have the classes [p*(Y x 1) — Tp
and [E+ (Y x 0) — T]p. Since E + (Y x 0) = p*(Y x 0), we have

[p"(Y 1) = T]p = [(p20p)*(Op1 (V)]p = [E+ (Y x0) = T]p  (6.1)

by remark 6.1.11. On the other hand, by definition of the divisor class [E+
(Y x0) = |E+ (Y x 0)|]p, there is a class 8 € 2.(|E|)p such that

[E+ (Y x0)—T]p =[(Y x0) = T]p +i.(3), (6.2)

where 7 : |E| — T is the inclusion.

Let p: T — Y be py oy, and let p¥ : |E| — F be the map induced by p.
Let a = pf'(B). Applying the push-forward p, to the identity (6.2) and using
(6.1) yields

[Idy]D = [f W — Y]D + i*(a),

as desired. O

Lemma 6.1.13. Let f : X — Z be a morphism in Schy with Z in Smy, and
let Ly, ..., L, be line bundles on Z with r > dimy Z. Let D be a pseudo-divisor
on X. Then the operator ¢1(f*Li) o...0¢1(f*L,) vanishes on 2.(X)p.

Proof. We proceed by induction on dimgZ. Since the operators é; (L) are L,-
linear and commute with each other, it suffices to show that the operator in
question vanishes on elements g : ¥ — X of M(X)p. Using the projection
formula reduces us to the case g = Idy, that is, it suffices to show that

(Idy, f*Ly, ..., f*L;) =0 in 2,(Y)p,
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assuming Idy is in M(Y)p

We may assume that Y is irreducible. Thus, either Y C |D|, or D is a
strict normal crossing divisor on Y. We give the proof in the second case; the
proof in the first case is essentially the same, but easier, and is left to the
reader.

Using the formal group law, we reduce to the case of very ample line
bundles L; (see the proof of lemma 3.2.6).

If dimy Z = 0, all the line bundles are trivial, hence have a nowhere vanish-
ing section. We may then use the relations in (R°*)(Y")p|p (for the empty
divisor) to conclude that (Idy, f*Ly,..., f*L,) =0

Suppose now that dimypZ > 0. Let s be a section of L,., chosen so that
f*s is not identically zero on Y. We may also assume that s = 0 is a smooth
divisor i : Z — Z on Z. Let H be the divisor of f*s with inclusion i : |[H| — Y,
and let f: |[H| — Z be the induced morphism.

By resolution of singularities, there is a projective birational morphism
w: W — Y such that p*(H + D) is a strict normal crossing divisor on W,
and with p an isomorphism over Y \ |H|. By lemma 6.1.12, there is a class
(VA Q*(H)D with

[W — Y]D = [Idy]D +ix ().

Since

a(f*Ly)o...ei(f"Ly)(in(@)) = iu (@ (f* (" L1)) o ... &2 (f* (" Ly)) (@),

(i
our induction hypothesis implies that & (f*Lq)o...¢é1(f*L,)(ix(c)) = 0. Thus,
it suffices to show that ¢ (f*Ly) o...é(f* L, )([W — Y] ) = 0. As this
element is just the push-forward of (W, (fu)*Lq,...,(fu)*L,) by u, we may
replace Y with W; changing notation, we may assume that H + D is a strict
normal crossing divisor on Y.
By remark 6.1.11, we have the identity in £2.(Y)p

[H —Y]p =[Oy (H)lp=[f"L:p
Thus

(Idy, f*Ly,..., f*L,)
ei(f*Li)o...oci(f*Lr—1)([H — Y]D)
in(ex(f (i *Ll)) coa(f* (" Ly))([H — |H|p))-
As this last element is zero by our induction hypothesis, the lemma is proved.
O

6.2 Intersection with a pseudo-divisor

In this section and for the remainder of this chapter, we assume that k& admits
resolution of singularities, unless explicitly stated otherwise.
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6.2.1 The intersection map on cobordism cycles

If L is a line bundle on a k-scheme X with sheaf of sections L, we write é; (L)
for 51 (L)

Let D = (|D|,0x(D), s) be a pseudo-divisor on X, let f : ¥ — X be
in M(X)p with Y irreducible, and consider a cobordism cycle n := (Y —
X,Ly,..., L) in Z.(X)p. We define the element D(n) € 2.(|D|) as follows:
If f(Y) C|D|,let f2:Y — |D| be the morphism induced by f. We have the
element é (f*Ox(D))(n) in £2,(Y); we then define

D(n) := (@ (f*Ox(D))(n)) € 2.(|D)).

If f(Y) & |DJ, then D :=divf*D is a strict normal crossing divisor on Y. We
let fP:|D| — |D| be the restriction of f, LP the restriction of L; to |D|, and
define

D(n) == fP(@(LY) o...0a(LY)([D — | D)) € 2.(D)).

We extend this operation to a homomorphism D(—) : Z,(X)p — 2.(|D]) by
linearity.

Suppose we have a second pseudo-divisor D’ on X. We refine the above
construction to give, for each n € Z.(X)p|ps, a class D(n)ps in £2.(|D])pr.
For this, take f : ¥ — X in M(X)p|ps with Y irreducible, and consider
n= (Y — X,Ly,...,L.). If f(Y) C|D|, then fP:Y — |D| is in M(|D|)p.
We may thus set

D(n)pr = [ (@(f*Ox(D))(n)),
giving a well-defined class in £2,(|D|)p:. If f(Y) ¢ |D|, then D := divf*D
is a strict normal crossing divisor contained in f~1(|D’|). The condition that
fis in M(X)p|p/ implies that D is in good position with respect to D,
hence the refined divisor class [D — |D|]ps € 2.(|D|)ps is defined. Letting
fP:|D| — |D| be the map induced by f, we then set

D(n)p = fP(@(Ly)o...e(L)([D — |D|]p))

in ‘Q*(l-Dl)D’

Extending by linearity gives D(n)p in £2,(|D|)p: for each n € Z.(X)p|p-.
If we take D’ = 0, then we recover the definitions for D(f) given above. We
sometimes omit the subscript D’ from the notation if the context makes the
meaning clear.

The next two results follow directly from the definitions:

Lemma 6.2.1. Let X be a finite type k-scheme, with pseudo-divisors D, D’.
Let g : X' — X be a morphism of finite type, and let gp : |g*D| — |D| be the
restriction of g.

1. Suppose that g is projective and let 1 be in Z.(X')pp:. Then g.n is in
Z*(X)D|D/7 and
9p+(9"D(n)p) = D(g1)pr-
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2. Suppose that g is smooth and quasi-projective. Take n € Z.(X)p. Then
g*n is in Z.(X')p, gp is smooth and quasi-projective, and

9p(Dm)p’) = (9" D)(g"n)p-

Lemma 6.2.2. Let X be a finite type k-scheme, with pseudo-divisors D, D’.
Letn bein Z.(X)p|ps, let L be a line bundle on X and let LP be the restriction
of L to D. Then

a(LP)(D(n)pr) = D(E(L)(m)pr

We extend the operation D(—)pr to L. ® Z.(X)pp by L-linearity.
More generally, let F'(uq,...,u,) be a power series with L,-coefficients, let
Li,...,L, be line bundles on X, and let f:Y — X be in M(X)p|p/. Let-
ting Fy denote the truncation of F' after total degree N, we have, for all
N > dimgY and all m >0

D(Fx(é(L1), -, & (L)) ([f])

Foe(f*D(FNE (L), &1 (f L)) (12P))
foe(En(@(f*Ly),. 61(f L) (f*D2""))
!

FoulFnem(@(F7 L), - &1 (F7 L)) (f* DAY
D(Fytm(E1(Ln), -, é0 (L)) () -

Thus, for n € Z.(X)p|p/, we may set

D(E(e(Lr),- -, (L)) (n)pr = lim D(Fn(é1(Ly),- .., (L)) (),

as the limit is eventually constant.
With this definition, we may extend lemma 6.2.2 to power series in the
Chern class operators:

Lemma 6.2.3. Let 1) be in Z,(X)p|p, let fP : |f*D| — |D| be the restriction
of fandleti: |f*D| — Y be the inclusion. Let F(uy,...,u,) be a power series
with L, -coefficients, and let L1, ..., L, be line bundles on Y. Then

D(f.([F(Ly,. .., L) pjp)) = fP(F (@ (" L), ... .é1 (" Ly)) (£ D) (17'7)).
The next result requires a bit more work.

Lemma 6.2.4. Let f : W — X be in M(X)ppr and let Y — W be a smooth
codimension one closed subscheme of W. Suppose that'Y is in general position
with respect to D|D’. Suppose further that W is irreducible and f(W) ¢ |D].
Let fP . |f*D| — |D| be the morphism induced by f and let i : |f*D| — W
be the inclusion. Then

D(Y — X])pr = £2 (@ Ow (Y))([div.f*D — [ f*Dl]pr))-
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Proof. Write D for divf*D. Let iy : Y — W denote the inclusion. Since Y is
in general position with respect to D|D’, Y — X is in M(X)p|ps, i} (D) is
a strict normal crossing divisor on ¥ and is in good position with respect to
D’. Furthermore, D([Y — X])p’ is by definition [i},(D) — |D|]p.

Write D = > n;D;, with each D; irreducible. We may write [[) —
|D|]pr as a sum over the faces D of D,

[DH|D|D/=ZL [EF (L, L)),

where ¢/ : D’ — | D] is the inclusion, L; = Ow (D;) and L7 is the restriction
of Li to DJ.

Since Y is in general position with respect to D, it follows that the in-
tersection Y7 := Y N D7 is transverse; since Y is in very good position with
respect to D|D’, the smooth codimension one subscheme ¥/ : Y7 — |D| of
DY is in very good position with respect to D’, for each index J. Thus, the
relations in (RS*)(|D|)ps imply that

& (i Ow(Y))(D — |Dllp) = D L (E " (LY, ..., Ly )p),
J

where ¥/ : Y/ — | D| is the inclusion, and LY is the restriction of L; to Y.
Letting i : [D|NY — |D| be the inclusion, the right-hand side above is clearly
the same as the class i, ([i%- (D) — |D| N Y] p7). Pushing this identity forward
via fP gives

6.2.2 Descent to £2.(X)p|p-

Let X be a finite type k-scheme with pseudo-divisors D and D’. We proceed to
show that intersection with a pseudo-divisor D descends to a homomorphism
D(=)p : £2.(X)pipr = 2e-1(|1D|)pr-

Lemma 6.2.5. Let f : Y — X a projective morphism in M(X)p|p:, and let
Lq,..., L, be line bundles on 'Y with r > dimgY . Then

D((Y > X,Ly,...,L,))p =0

in 2._1(1D))
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Proof. We may suppose Y to be irreducible. Write D for f*D, and let P
|divD| — |D| be the restriction of f. Using lemmas 6.2.1 and 6.2.2, we have

D((f:Y = X,L,....,L)) o = fP (& (L) o ... 0 & (L) (DAZPY)).
If (V) C |D|, then DAY = &, (0y(D))(12'P"), and thus
&1(Ly)o... 06 (L)(DADPY) = (1dy, Ly, ..., L,, Oy (D)) = 0
in Z,(Y)pr. If f(Y) ¢ |DJ, then D(12P") is a sum of terms of the form
(D7, My, ..., M),

with a € 2,(k), ¢/ : D/ — Y the inclusion of a face of D’, and the M; line

bundles on D”. Thus & (Ly)o...0 61(LT)(D(1€|D/)) is a sum of terms of the
form }
J(DT My, MLy L))

Since each face D’ has dimension < dim,Y’, the terms
(DY, My, ..., Mg, 0"*Ly,...,."*L,)
vanish in £2,(D”)p: (use the relations (RP")(D”)p.), whence the result. O

Lemma 6.2.6. Take X in Smy, D’ a pseudo-divisor on X. Let Z1, Zy be
smooth disjoint divisors on X, in good position with respect to D’.

1. Then ,
&1 (0x(21)) 0 61(0x(22)) (1% ) =0

in £2,(X)p

2. Let D be a strict normal crossing divisor on X, in good position with
respect to D', i : |D| — X the inclusion. Suppose that Zy and Zy are both
in very good position with respect to D and in good position with respect
to D|D'. Then

& (1" Ox(Z1)) 0 &1(i"Ox (Z2))([D — |D[lpr) =0
in £2.(|D|)p
Proof. For each J, write D as a disjoint union of irreducible components,
D’ =11;D]

and let L;j : D‘] — |D|, zJ DJ — X be the inclusions Write D = Y0, n; D;,
and let n;; = Lj*(cl( j*OX(Zl)) o¢é1(i J*OX(ZQ))( )) Then
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&1(i"0x(Z1)) 0 &1(i*Ox (Z2))([D — |Dllp1)

= S E @ Ox (D)), Ox (D) (n1y).
J,J

If D/ is not contained in Z; U Zs, then Z; N DY and Zy N Dy are smooth
disjoint divisors on Dj-] , in good position with respect to D’. Thus (2) follows
from (1) in this case. If DJJ is contained in say Z;, then D}-] NZy = 0, and
¢ (i;’*OX(ZQ))(lg:,)) = 0, using the relations (RY°**)(D”)p|p in the case of
an empty divisor, ]so (2) follows in this case as well.

For (1), let i; : Z; — X be the inclusion. We have

&1(0x(Z1)) 0 &1(0x(22)) (1K) = &1(i50x (21))(15))
1(02,)(12)

5
0

using (R5°)(Zs) pr, again in the case of an empty divisor. O
Finally, we need a strengthening of lemma 6.2.4.

Lemma 6.2.7. Let W be in Smy, and irreducible. Let iy :' Y — W be an
irreducible codimension one closed subscheme, smooth over k. Let D, D’ be
pseudo-divisors on W such that W # |D| and let ip : |D| — W be the
inclusion. Suppose that Y + D is a strict normal crossing divisor on W, in
very good position with respect to D'. Then

D([Y = W)pr = & (ipOw (Y)([D — |Dllpr) (6.3)

Proof. The condition that Y + D is a strict normal crossing divisor, in very
good position with respect to D’ implies that iy : Y — W is in M(W)ppr,
and that D is in good position with respect to D’. Thus, all the terms in (6.3)
are defined.

In case Y is not a component of D, Y is in general position with respect
to D|D’, so the result follows from lemma 6.2.4.

In what follows, we use the following notation to keep track of where
the various cycle classes are located: Let Lq,..., L, be line bundles on some
T € Smy, and F(uy,...,u,) € 2.(k)[[u1,...,u,]] a power series. We write
[T; F(Ly,...,L.)] for [F(L1,...,L;)] € 2.(T).

Now suppose that Y is a component of D. Write D = E:il n;D;, with
Y =Dy.Let oy : Y - |D,n) : D)nYy - Y, 7/ : D'ny — D/,
i :D'NY - W,/ : D/ — |D| and i’ : D/ — W be the inclusions. Since

UL, Um)

= ZUJF?"“’"W (U1y ..y Upm),
J

Ny pUL+F+.oFF Ny Uy = F00
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we have

& (Ow(D)) = &(Ow(D.))’ Fs(& (Ow(D1)),- .., &1(Ow (D)),
J

where Fjj := F}' " Also, if J = (ji,---,jm), then
é1(Ow(D,))” = é(Ow (D)) o...0 & (Ow (D)) ™.
Since we therefore have
D([Y — W])p = &1 (ipOw (D))([Y — |D]])
=Y (6150w (D)) (V3 Fy (350w (D1), - .., 5 Ow (D)) 1))
J

&1(i50w (V)(1D — |Dllp)
= 2@ Ow (D5 F 17 Ow (D). Ow (D))

it suffices to prove that

J (él(iJ*OW(Y))([DJ; F;(i”*Ow(Dy),... ,iJ*OW(Dm))]D/))
= 1y (€155, 0w (D)) (IY; F (i3 Ow (D1), . .., iy Ow (D)) (6.4)
in £2.(]D|)pr, for each index J.

Suppose that D7 is not contained in Y. Since Y 4+ D is a strict normal
crossing divisor, the intersection Y N DY is transverse. By symmetry, we may
assume that J = (1,...,1,0,...,0), with say s 1’s. Applying the relations
(RZ°) b/ repeatedly, we see that

&1(iy-Ow (D.)) ([Y; F (i3 Ow (D1), . .., iy Ow (D)) )
= ni[y n DJ; FJ(Z{/*Ow(Dl), ey Z)J/*Ow(Dm))]DI

Applying the same relations to the divisor Y N D7 on D”, we have

Tg[Y n DJ; FJ(?:'}]/*OW(Dl), e ,Z)J/*OW(Dm))]D/
=& (i7" ow (Y)) ([Y; F;(i"*Ow(Dy), . .. ,Z'J*OW(Dm))]D/).

Since tJ o 7/ = 1y, on/, these two identities yield the equality (6.4) in this

case.

In case D’ is contained in Y = D, then J = (1,j2,...,m). Letting
J' = (0,52,..,3m), we have D/ =Y N D7' and D7’ is not contained in Y.
Suppose that J' # (0,...,0). By the same argument as above, we have

(@@ ow (V) (DT Fy (i Ow (Dy), ..., i Ow (D))
= 1y« (&1 (i3 Ow (Dy))? ([Y;FJ(iyOW(Dl)’-~-7i§OW(Dm))}D'))
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in £2.(|D|)pr. Letting i : D/ — D”" be the inclusion, the relations (R5*)
yield the identity

& (i7" 0w ) (D7 Fy(i?*Ow (Dy), ..., i” *Ow (D)) pr)
=1, [DJ; FJ(i']*Ow(D1)7 . ,iJ*OW(Dm))]D’

DJ/)D/. Thus,

(

o (@7 Ow (V) ([Ds Fy(i7* Ow (D), .. )] b))

:L;”(em J*ow< )2(D”" Fy (i7" Ow (D1), .. )]pr))
*(1<H’*Ow< DD Fy (i7" Ow (Dy),.. )lpr)))
i Ow (D.)” (Y Fs (i3 Ow (D1), .. )p)))
[Y F;(i5Ow (Dy), .. .)]p)),

verifying (6.4). If J' = (0,...,0), then J = (1,0,...,0), D/ = D; =Y and
Hj(uy,...,Uy) =mn1. Thus in £2,(Y)ps, we have

I

~

b<

*
—~

—

(ol

[y

—

~.

%

o)
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—
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*
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\_/ (‘31
/\ A

[Y'; F; (i3 Ow (D1), - - ., iy Ow (D1))] pr
) 15/

= [DY5 Fy (i7" Ow(D1), «..,i”* Ow (D)) -

Similarly, é (i/*Ow (D.))” = & (i%Ow(Y)), which yields (6.4). This finishes
the proof. O

We now show that D(—)ps descends to £2,(X)p|ps in a series of steps.

Step 1: The descent to Z,(X)p|p. Let m : Y — Z be a smooth morphism
with Z and Y in Smy, L1, ..., L, line bundles on Z with r > dimyZ, and f :
Y — X a projective morphism in M(X)p|ps, with Y irreducible. Using lem-
mas 6.2.1 and 6.2.2, it suffices to show that (f*D)(Idy,n*Ly,...,7*L,.)p: =0
in 2,(|f*D|)p,. Changing notation, we may assume that X = Y, and that
either D is a strict normal crossing divisor on Y, or |D| = Y. We need to
show that D(Idy,ﬂ'*Ll, ey 7T*LT>D/ =0in Q*(|D|)D/
If |ID| =Y, then

D(Idy, 7'1'*.[/17 e ,’ﬂ'*Lr)D/ = él(Oy(D))(Idyﬂr*Ll, e ,W*LT)
= (IdYa ’/T*Lla v 77T*Lra OY(D))v
which is zero in £2,(|D|)pr = 2.(Y)ps by the relations (RP™)(Y)p..
If D is a strict normal crossing divisor on Y, with inclusion i : |[D| — Y,

then

D(Idy,ﬂ'*Ll,. .. ,W*LT)D/ = 61((7T0i)*L1) o. OCl((ﬂ'OZ) L )([D — |D|]D’)
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To see that this class vanishes, apply lemma 6.1.13 to 7o ¢ : |D| — Z.

Step 2: The descent to £2,(X)p|pr. Let f:Y — X be in M(X)p|p/, and let
Z — 'Y be a codimension one smooth closed subscheme in very good position
with respect to D|D’. Let i : |[D| — Y be the inclusion. We may suppose that
Y is irreducible. As in step 1, we reduce to the case X =Y. Also, it suffices
to show that

D([Oy (Z)|pip')p = D(1Z = Y])pr.

Write the divisor Z as a sum Z = Y.._, Z,. Since Z is smooth, we have
Z;NZ;=0fori+#j. Let Z' =3, Z; Using lemma 6.2.2 and the relations
(REGLN(|D|)pr, we have

- D|D’
D([0y(2)]pjp ) = D@0y (2)) 17" )
= a0y (2))(D(1y" ) p)
= F(&(0y(21)),&(0y (') (D17 ) ).

Suppose that Y # |D|, so divD is a strict normal crossing divisor in good
position with respect to D’. Since Fi.(u,v) = u+v+3_, ;5 a;;u'v’, it follows
from lemma 6.2.6 that -

FL(@(7 Oy (21)), &1 Oy (Z)(D(P™ ) pr)
= & (i Oy ()PP ) o) + &0y (Z)(D(P ) pr)
= D([Oy(Z1)|p|p’)pr + D([OY(Z/)]D\D’)D"

Thus, by induction, we have

T

D([0v(2)|pjp)p = Y, D(Oy (Z)|pjp) -

=1
If Y = |D|, then D(12'P")p, = &, (0y(D))(12"), and

& (Oy(Z:) 0 & (O (Z;)(17) = 0

by lemma 6.2.6(1). Since [Z — Y]p = >,[Z; — Y]ps, we reduce to the case
of an irreducible Z.

If Z ¢ |D|, then Z is in general position with respect to D. Using
lemma 6.2.2 and lemma 6.2.4, we have

as desired. If Z C |D|, then the same argument, using lemma 6.2.7 in place
of lemma 6.2.4, yields the desired identity.
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Step 3: The descent to £2.(X)pp. Let f:Y — X be in M(X)p|ps and let
L and M be line bundles on Y. It suffices to show that

D([FL(L, M)))pr = D(IL® M])p.

For this, let D = f*D, let fP :|D| — |D| be the morphism induced by f and
let i : |[D| — Y be the inclusion. Using the relations (REYL)(|f*D|)ps and
lemma 6.2.3, we have
D([FL(L, M)))pr = D(FL(@(L), & (M) (1517)) o
= FP(R@ (" L), & M)) (DY)
= fP@@ LMy (DAY")
= D([L® M])pr,

which finishes the descent to 2,(X)pp.

6.3 Intersection with a pseudo-divisor 11

We establish two basic properties of the operation D(—)pr.

6.3.1 Commutativity

The first important property is the commutativity of intersection. We begin
with some preliminary results.

Lemma 6.3.1. Let D and D’ be pseudo-divisors on some finite type k-scheme
X, and let i : |D| — X be the inclusion. Then, for n € 2.(X)pp,
ix(D(n)pr) = c1(Ox(D))(n) in £2.(X)pr.

Proof. Tt suffices to consider the case of n = [f : ¥ — X] for some f €
M(X)p|pr, with Y irreducible. If f(Y) C |D], then

D(f) = & (" Ox(D))([Y — [D]]p),

from which the desired formula follows directly. If f(Y) ¢ |D|, then D(f) =
fP(f*D — |f*D||p:), where fP :|f*D| — |D| is the map induced by f. By
remark 6.1.11, we have [f*D — Y|p = & (Oy (f*D))(12"). Thus

i(D(f)) = f([f*D — Yp)
F@(fox(D) (1)
= &(0x(D))(f).
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Write FL(u,v) = u + v + uwwFi1(u,v). Let G11(u,v) = vFi1(u,v).

Lemma 6.3.2. Let D, D’ be pseudo-divisors on W € Smy,. Suppose that D
is a strict normal crossing divisor, in good position with respect to D'. Write
D = Dy + Dy, with Dy > 0, D1 > 0 and Dy smooth. Let i : |D| — W be the
inclusion.

1. We have the identity
[D — |D|]D’ = [DO — |DHD’ + [Dl — |D|]D’
+ G11(61("Ow (D1)), &1 (" Ow (Do) )([D1 — |D|]pr).

2. Let f Y — W bein M(W)D‘D/ N M(W)D0|D/ N M(W)D1|D/, Let 2(1{ :
|f*Do| — |f*D|, i¥ : |f*D1| — |f*D| be the inclusions, and let f :
|f*Di| — W be the induced morphism. Suppose that' Y is irreducible and
either f(Y) C |D1| or f*Dy is a smooth divisor on'Y. Then

(D)) pr = il (£ Do) A7) pr) + i (( >< 1247 o)+
i}, (G11(é1(f*Ow (D1)), é1(f*Ow (Do) ((f DllD )pr))

Proof. For the second assertion, suppose first that f(Y) C |D|. Let i : |D| —
W be the inclusion. Then by definition

(f* D)2 b = & (Oy (£ D)) (1Y),
Since D = Dy + Dy, we have
¢1(Oy (f*D)) = FL(¢1(Oy (f*D1)),é1(Oy (f*Do))

= ¢1(Oy(f*D1)) + é1(Oy (f*Dy))
+¢1(Oy (f*D1))G11(E1(Oy (f* D)), é1(Oy (f* Do))-

Let z}/ :|f*Dj| — Y be the inclusion, j = 0,1. Then for j = 0,1, it follows
from lemma 6.3.1 that i, ((f*D;)(12'"") /) = & (Oy (f*D;))(12'). Thus

(D)1 ) o = i ((F Do) 12 ) ) + (£ D) (A7 ) )
+ & (0y (f*D1)) 0 G (&1 (f*Ow (D1)), & (f*Ow (Do) (12).
Using lemma 6.3.1 again, we have
&(f*Ow (D1)) o Gui (& (f*Ow (D1)), & (f*Ow (Do) (12)
= G11(@1(f*Ow(D1)), &(f*Ow (Do) (21 (Oy (£* D) (12))
=Y, (G (& (F*Ow (D)), & (F* Ow (Do) (£ D) (AP ) 1))

This verifies the second assertion in this case.
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If f(Y) ¢ |D|, the second assertion is a consequence of the first. Indeed, in
this case, f*D is a strict normal crossing divisor on Y, in good position with

respect to D', and thus (f*D)(lelD,) is [f*D — | f*D||p-. Thus, applying the
first assertion to f*D = f*Dy + f*D;, we have

(F D)1y = [f*D — Do

=iy, [f*Do — |f*Dollp + Y. [f*D1 — | f* D1l pr
+iY, (Gr1 (el (i50y (£ D1)), &1(i50y (£* Do) ([f* D1 — | £* D1 p))
= i3.(Do(1y")p) + (DL (1) )
+iY. (G (@ (f 0w (D1)), & (F* Ow (Do) (D1 (1917 ) 1))

To prove (1), we first reduce to the case of irreducible D;. Write D; =
Ey + Dqq, with E; > 0 and Dy, irreducible. Since Dy; and E; are disjoint,
él(iBMOW(El))([Dll — ‘Dlll]D’) = 0. Thus

G11(¢1(Ow (D11)), é1(Ow (Do + E1))([D11 — |D11llp)
= G11(&1(Ow (D11)), F1(&1(Ow (Do), é1(E1)))([D11 — [D11llp)
= G11(¢1(Ow (D11)), &1 (Ow (Do))([D11 — [D11l]pr)

(we omit the pull-back of the line bundles here and for the remainder of the
argument to simplify the notation). Similarly,

G (G ( w (E1 + D11)), ¢1(Ow (Do)))([D1 — | D] pr)
= G11(&1(Ow (E1)) + &1 (Ow (D11)), €1 (Ow (Do)))([D1 — [Dl]pr)
G11(¢1(Ow (E1), e1(Ow (Do) ([Er — |Dllpr)
+ G11(¢1(Ow (D11), ¢1(Ow (Do) ([D11 — |D|]pr),

using lemma 6.2.6. With these formulas, one easily shows that (1) for the
decompositions E = DO + El, D=F+ D11 and D1 = E1 + D11 1mphes (1)
fOI‘ D = DO —+ Dl.

We now assume D; irreducible. Write D = Z:’;l n;D;, with the D; irre-
ducible. For each face D7 of D properly contained in Dy, let i{ : D7 — Dy
be the inclusion.

Let F,, denote the n-fold sum in the formal group (FL,L,). The identity
FL(uy, Fo—1(ug, ... up)) = Fy(ug, ... uy,) gives us the identity

ZuJFyl’m’nm (U1, RN um) =u +V + U1VF11(U1, V)

where
V = Fn1—1,-.~,nm(u17.“’um) if ny > 1’
- Fn2s--nm (U/2a .. 7’U,m) if ny = 1.

Thus
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v — {ZJ, 'F"ﬁ1 2T (g Uy U if g >,

YU F}l?’ (U Uy, ifng =1,
where ), is over all faces of Dy.
We write F(%T:m_] )(Ul,UQ,... Uy,) for ng;t:)(u%,um) and set
Frene — 0f jy # 0.

Write w1V F11(ug, V) = ulGu(ul, V') as the sum

2 : K
U1VF11 U1, (A FK ULy oy, U ),

where the sum is over all indices K = (k1,...,kny) with 0 < k; <1, ky =1 (if
ny =1 Fj =0 unless ), k; > 2). Note that

G11 Ul, ZUK IFK (65)

where K — 1:=(0,ka,...,ky). For each index K = (1, ks,...,k,), we have
Frbeomm (ug, o ) = F;}l_l’m"'""m (ug, U,y ey U) + Fre (U1, ooy Unm)-
Referring to the definition of [D — |D|]p/, and noting that
V(& (O(Dy)), ..., é(0(Dn))) = &1(0(Do)),
we thus need to show

S F@(O(D), -, & (0(D)) (155)
K

= G11(¢1(0(D1)),¢1(0O(Do)))([D1 — |Dl]pr), (6.6)

where > means the sum over all K = (1, ks,...,k,) if ny > 1, and with the
added restriction that ), k; > 2 if ny = 1.
For each K = (1,ka,...,km), let

E1(O0(D.)) S = &1(0(D2)" 0+ 0 &1 (O(Dy)) .
By repeated applications of the relations <Rf“t> D/, We have
ifs (F (21(0(D1)), .-, &1(0(Dim))) (1))
= (Fi(@1(0(D1)),...,&1(0(Dyn))) 0 &1 (0(D) 1) (15,)-

Thus, as tX =iy, 0 the relation (6.5) implies

S (@ (0(D), - &1 (0(D)) (155)

K
= 1. (@(O(D.) T (@ (0(D), .. e1(0(Dw)) (1))
K

= i1, (G11(&1(0(D1)), V(&L(O(D1)), ..., &1 (O(D))) (1))
G11(¢1(O(D1)), ¢1(0(Do)))([D1 — |Dl]pr)-
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This verifies the identity (6.6), completing the proof. O

Proposition 6.3.3 (Commutativity). Let D" be a pseudo-divisor on a
finite type k-scheme X. Let f : T — X be in M(X), and let D, D’ be pseudo-
divisors on T. Suppose that

1. D+ D' is a strict normal crossing divisor on T.
2. D is in good position with respect to D'|D" .
3. D' is in good position with respect to D|D" .

Letip :|D| = T andip: : |D'| — T be the inclusions. Then
(ip D)D" — |D'[[pjp)pr = (ip D) (D — [ Dl pripr) o
m Q*(|D| N |D/|)DH.

Proof. Write D = ). n;D; with each D; irreducible, and similarly D" =
>_; ;D). We show more generally that

(i E)(E" — |E'|pjpr)pr = (i5E")([E — |Ellp/ D7) D

in 2,(|E|N|E’|) for all divisors 0 < E < D,0< E' <D'jif E =), m;D;
and E' = > . m} D}, we may proceed by induction on m =}, m; and m’ :=
> M.

Suppose m = m’ = 1; we may suppose £ = Dy and E' = D}. If Dy # D},
then D; and Dj intersect transversely and (i}, D1)([D1 — |D1l]pp»)pr is
the element 157, in 2.(|D1|N|D}[)prr, as is (i3, D1)([D} — | D} |]pjpr) pr-
If D1 = D,17 then Dl([Dll — |D11HD|D”)D” and D/l([Dl — |D1|]D’|D”)D” are
obviously the same in £2,(|D1| N |D}|)p~.

In the general case, we may assume that D; is a component of E. Let

Ey = E — D;. By symmetry, it suffices to induct on m and assume the result
for the pairs Ey, E’ and D1, E’. Thus

(i Eo)([E" — |E'[|py - pr) = (i, E")([Eo — |Eollprip») b7
in Q*(|Eo‘ N |E/DD” and
(i DI)([E" — |E'|pjpr)pr = (ip, E')([Dr — |Dillprjpr) pr

in Q*(|D1| N |El|)DH.

The divisor class [E" — |E'||p|p~ is an (2,(k)-linear combination of maps
of the form ¢ : Y — |E'|, with g(Y) C |D1], or g*(D1) smooth, so we may
apply lemma 6.3.2(2) to give

(ip E)([E" — ‘E/l]DlD”)D” =

iox (15 Eo)([E" — |E'|lpjp) D) + i1s (i3 D1)([E" — |E' | pjp+) D7)
+ i1 (G11 (61 (Ow (D1)), &1 (Ow (Eo))) (i D1 ) ([E" — |E'| pjp) D7),
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where iy : |Eo| N |E'| — |E|N|E'|, i1 : |D1| N |E'| — |E| N |E'| are the
inclusions. Using our induction hypothesis, together with lemma 6.2.3, we
have the identity in £2,(|E| N |E'|)pr:

(i E)(E" — |E"|p|p) D7
= (ixE')([Eo — |E|]p/ipr)pr + (i5E)([D1 — |Ellpr o) D7
+ G11(&1(Ow (D1)), e1(Ow (Eo) ) ({5 E")([D1 — |E|]pripr) D)
= (ipE")([Eo — |E|lp/\p)pr + (ipE")([D1 — |Ellprp) D
+ (i5E)(G11(¢1(Ow (D1)), é1(Ow (Eo)))([D1 — |El]pjpr)) Do
= (ixE")([Eo — |Ellp/pr + [D1 — |E|]prpr
+ G11(&1(0Ow (D1)), & (Ow (Eo)))([D1 — |Ellp/1p)) pir
= (ixE)([E — |Ellp/p") D7,

the last identity following from lemma 6.3.2(1). O

6.3.2 Linear equivalent pseudo-divisors

We show how to relate the operations Do(—)p and D;(—)p for linearly equiv-
alent pseudo-divisors Dy and D;.

Proposition 6.3.4. Let W be in Smy, with pseudo-divisors Dy, Dy and D,
such that Ow (Do) = Ow (D1). Let i : |Dj| — W be the inclusion, j =0, 1.

1. Let n be in Z.(W)pyp N Z«(W)p,|p. Then
i0+(Do(n)p) = i1.(D1(n)p)

in 2.(W)p
2. Let E be a strict normal crossing divisor on W, in good position with
respect to D;|D, j =0,1. Then

i0x(Do([E — |Ellpy|p)p) = i1+(D1([E — |Ellp,|p)D)

Proof. Clearly (2) is a special case of (1). To prove (1), the operations D;(—)
commute with the Chern class operators ¢ (L). Thus, it suffices to prove (1)
for the case of f : Y — W in M(W)p,|p, j = 0,1. Using lemma 6.2.1, we
reduce to the case Y = W, f = Id. But by lemma 6.3.1

i« (Do(13*"”)p) = [Ow (Do)lp = [Ow (D) = i1 (D1(13'P) ).
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6.4 A moving lemma

The next step is to show that the canonical map 2.(X)p — 2.(X) is an
isomorphism.

6.4.1 Distinguished liftings

Given a finite type k-scheme X with a pseudo-divisor D, we give a method
for lifting elements of Z,(X) to 2.(X)p.

Lemma 6.4.1. Let Y be in Smy, and let D be an effective divisor on'Y . Then
there is a projective birational morphism p : W — Y x P!, with W € Smy,
such that

1. The fundamental locus of p is contained in |D| x 0.

2. The proper transforms to W of Y x 0 and |D| x P*, denoted (Y x 0) and
(D] x P respectively, are disjoint.

3. (Y x 0) is smooth. Letting E be the exceptional divisor of p, (Y x 0) + E
is a strict normal crossing divisor on W.

(6.7)

Proof. We may assume that Y is irreducible. To construct such a p, first
blow up Y x P! along the reduced subscheme |D| % 0, forming the projective
birational morphism

p1: W, —Y xPL

Let U = Y xP'\|D| x 0. Since | D|x0 = Y x0N|D| x P, the proper transforms
of Y x 0 and |D| x P! to W, are disjoint. By Hironaka [13, Main Theorem
I*, pg.132], we may resolve the singularities of W7 by a projective birational
morphism Wy — W, which is an isomorphism over U. Let py : Wo — Y x P!
be the induced morphism, let E5 be the exceptional divisor of ps, and consider
the Cartier divisor D’ := p3(Y x0)+ Fsy. Clearly D'Np, *(U) is a strict normal
crossing divisor; by corollary A.3, there is a projective birational morphism
w: W — Wy, with W € Smy, such that g is an isomorphism over pgl(U),
and with p*D’ + E’ a strict normal crossing divisor on W, where E’ is the
exceptional divisor of u. Letting p : W — Y x P! be the induced morphism,
it is clear that p has all the necessary properties. ad

Let X be a finite type k-scheme, and D a pseudo-divisor on X. Let f :
Y — X be in M(X), with Y irreducible. Suppose that f(Y) ¢ |D|. Then
D :=divf*D is an effective Cartier divisor on Y. Take a projective birational
morphism p : W — Y x P! satisfying the conditions (6.7). We claim that
p*(Y x 0) is in good position with respect to D. Indeed, E is supported in
|p*pt f*D|, and divp*p; f*D is supported in |E| U (|pjf*D|). Since (|pj f*D|)
is disjoint from (Y x 0) and (Y x 0) + E is a strict normal crossing divisor,
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(Y x 0) + E is in good position with respect to D. Since p*(Y x 0) has the
same support as (Y x 0) + E, p*(Y x 0) is in good position with respect to
D, as claimed.

Note that p*(Y x 0) is linearly equivalent to p*(Y x 1) 2 Y, so [f] =
(1 0 p)u([p*(Y x 0) = W]) in 2u(X). Thus (f o1 0 p)a([p" (¥ x 0) — W]p)
gives a lifting of f to an element of 2,(X)p.

Definition 6.4.2. (1) Given an element f : Y — X of M(X) with Y irre-
ducible, f(Y) ¢ |D|, and a birational morphism p : W — Y x P! satisfying
the conditions (6.7), we call the element

(foprop)([p"(Y x 0) = W]p)

of 2.(X)p a distinguished lifting of f € M(X). If f(Y) C |D|, a distin-
guished lifting of f is just [f] € 2.(X)p.

(2) Let n = (f : Y — X, Lq,...,L.) be a cobordism cycle on X, with Y
irreducible. Suppose that f(Y) ¢ |D|. Choose p: W — Y x P! as in (1), and
let L; = (p1p)*Li. We call the element

(foprop)u(@(Ln)o...ot(L)([p" (Y x 0) — W]p))

of 2.(X)p a distinguished lifting of n. If f(Y) C |D|, then [n] € 2.(X)p
is a distinguished lifting of n. We extend this notion to arbitrary elements of

Z.(X) by linearity.

Remark 6.4.3. The comment immediately preceding definition 6.4.2 justifies
our terminology: if np € £2,(X)p is a distinguished lifting of n € Z,(X), then
np and n both map to the same element in £2,(X).

Remark 6.4.4. Using the notation of definition 6.4.2(2), we can write a distin-
guished lifting of (f : Y — X, Lq,...,L,) as

fe(@i(Lr) oo (Ly)((prop)s([p" (Y x 0) — W]p))),
noting that (p1 o p)«([p*(Y x 0) = W]p) is in 2,(Y) f+p.

Remark 6.4.5. Let T be a smooth projective k-scheme, and let f : Y — X
be in M(X). If 4 : W — Y x P! satisfies the conditions (6.7) for f*D on
Y, then clearly Idy x u: T x W — T x Y x P! satisfies the conditions (6.7)
for the divisor (f o p2)*D on T x Y. From this, it easily follows that, if 7 is
a distinguished lifting of some 1 € Z,(X), and « is in Z,(k), then o7 is a
distinguished lifting of an.

Lemma 6.4.6. Let n be in Z,.(X), and let n1,m2 be distinguished liftings of
n. Then ny =n9 in 2.(X)p.



186 6 Functoriality

Proof. First of all, we may assume that 7 is a cobordism cycle (f : ¥ —
X, Ly,...,L), with Y irreducible. Next, it follows from the formula in re-
mark 6.4.4 that, if 7 is a distinguished lifting of (f, L1, ..., L, ), then there is
a distinguished lifting Id € 2.(Y)sp of the cobordism cycle Idy € 2.(Y)
with ~

7= fu(¢1(L1) o...0¢1(L,)(Id))

Thus, it suffices to consider the case of X € Smy, and to show that two
distinguished liftings of Idx € M(X) agree in £2,(X)p.

We may assume that X is irreducible. If |[D| = X, then Z.(X) = Z.(X)p,
02.(X) = 2.(X)p, and the unique distinguished lifting of Idx is the class of
Idx in £2,(X)p. Thus, we may assume that D is a Cartier divisor on X. Let
11 and 72 be two distinguished liftings of Idx.

Suppose 7; is constructed via a birational morphism p; : W; — X x P!
satisfying (6.7), for i = 1,2. Let Z; be a subscheme of X x P!, supported in
|D| x 0, such that W; is the blow-up of X x P* along Z;, i =1, 2.

Let T — X x P! x P! be the blow-up along Z; x P!, and let (Z5) denote
the proper transform of pi;(Z2) to Ti. Let To — T3 be the blow-up of T}
along (Z5), with structure morphism ¢ : To — X x P! x PL.

We claim there is a blow-up of T at a closed subscheme Z supported
over |D| x 0 x 0, T — Ty, such that T is smooth over k, and such that the
divisor X x P! x 0+ X x 0 x P! pulls back to a strict normal crossing divisor
on T, in good position with respect to D. To see this, let U be the open
subscheme Ty \ ¢~ 1(|D| x 0 x 0). We note that U is smooth and the pull-back
of X x P! x 04+ X x 0 x P! to U is a strict normal crossing divisor, and
the proper transform of X x P! x 0+ X x 0 x P! is disjoint from the proper
transform of D x P! x P!, after restricting to U. Arguing as in the proof of
lemma 6.4.1, we construct a projective birational morphism 7' — T5, with T
smooth over k and isomorphic to T5 over U, such that X x P! x 0+ X x 0 x P!
pulls back to a strict normal crossing divisor and the proper transform of
X x P! x 0+ X x 0 x P! is disjoint from the proper transform of D x P! x P!.
This verifies our claim. We let p : T — X x P! x P! be the induced morphism,
and let g : T — X be p followed by the projection px : X x P! x P! — X.

Clearly p~1(X x P! x 1) is isomorphic to Wy, and p~1(X x 1 x P1) is
isomorphic to Wa, as schemes over X x P!. Let Dy = X x P! x 0 and D}, =
X x0xP! Dy =X xP!x1and D} = X x1x P! By our construction, we
have the classes [p*Do — Tp/|p, [p*Dy — Tp,p, i =0, 1.

Let i; : |[p*D;| — T, i} : [p*Dj| — T, j = 0,1, be the inclusions. We first
note that

m = (qir)- (" D1)([p* Dy — Ty p)p)-

Indeed, by proposition 6.3.3,

i1« ((p*D1)([p* Dy — Tlpy1p)p) = i6. ((0*DG)([p* D1 — Tlpyip)D)-

Let j1: X x 0 — X x P! be the inclusion. As p~*(X x P! x 1) is isomorphic
to Wi over X x P!, we have
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(¢i0)« ((0* DY) ([p* D1 — Tpyp)p) = (pj1)«((X x 0)(W1 — X x P')p)
=M
Similarly,
n2 = (1)« (2" D1)([p" Do — T)pyp)D)-

From proposition 6.3.4, we have

i0+ ((p* Do)([p* Dy — Tlpyp)p) = i1+ ((p*D1)([p* Dy — T)p,1p)D)
i0 (p* DG)([p* Do — T py1p)p) = i1.((p* DY) ([p* Do — Tlp;1p)p)

in £2.(T)p. By proposition 6.3.3, we have

i0x (0" Do) ([p* Do — Tlpyp) ) = o« ((p*Do)([p* Diy — T)pyp)D)

in 2,(T)p. Pushing forward to X, we have

m = (gi1)«((p*D1)([p* Dy — T)p,p)D)
= (¢i1)«((»* D})([p* Do — Tlpyp)D)
=12,

as desired. O

Remark 6.4.7. Via this result, we may speak of the distinguished lifting of
an element of Z,(X) to £2,(X)p. We have the following properties of the
distinguished lifting:

1. Sending n € Z,(X) to its distinguished lifting 7 defines a Z,(k)-linear
homomorphism Z,(X) — 2,(X)p, lifting the canonical map Z,(X) —
02.(X).

2. Given f : X' — X projective, if 7 € £2,(X’) s+ p is the distinguished lifting
of n € Z,(X’), then f.7 € 2.(X)p is the distinguished lifting of f,.n.

3.1f Ly,..., L, are line bundles on X, and 7 is the distinguished lifting of
n € Z.(X), then ¢ (Ly) o...0é&(Ly)(7) is the distinguished lifting of
él(Ll) ©...0 El(Lr)(ﬁ)

The Z,(k)-linearity in (1) follows from remark 6.4.5, and the lifting property
follows from remark 6.4.3. These last two properties follow from the formula
in remark 6.4.4.

We extend the distinguished lifting to L. ® Z,.(X) by L.-linearity.

Lemma 6.4.8. Let F be in L.[[ug,...,u.]], let f: W — X be in M(X), and
let Ly, ..., L, be line bundles on W. Take an elementn € Z,(W) and let 7} be
the distinguished lifting of n to $2.(W)s+«p. Let Fy denote the truncation of
F after total degree N. Then f.(F(¢1(L1),...,¢1(L.))(7)) is the distinguished
lifting of f«(En(¢1(L1),...,é1(Lyr))(n)) for all N sufficiently large.



188 6 Functoriality
Proof. This follows from remark 6.4.7. a

Remark 6.4.9. As an application, consider the case of a strict normal crossing
divisor £ = Y77 n;Fj on Y € Smy, with inclusion i : [E] — Y, and a
projective map f:Y — X. The class [E — |E|] € 2.(|E|) is

> U Fm (@ (Oy (B)), - 6 (Oy (Bm)))(Idgs). (6.8)
J

where 17 : B/ — |E| is the inclusion. Let [Iﬁ;]p be the distinguished lifting

of Idgs, and let [E — |E|] be a lifting of [E — |E|] to Z.(|E|) defined by
truncating F70 "™ (uq, ..., um) after total degree N, for some N > dim, E”.
By remark 6.4.7 and lemma 6.4.8, the element

E—Bllp = i F " &0y (B)), ..., é1(Oy (E)))([[dps ).
J

of 2,(|E|)p is the distinguished lifting of [E/;\/EH

Lemma 6.4.10. Let n be in Z,(X)p, and let 77 be the distinguished lifting
of the image of n in Z.(X). Then 7 is the image of n in 2.(X)p under the
canonical homomorphism Z.(X)p — 2.,(X)p.

Proof. From the relations described in remark 6.4.7, we reduce to the case
of n = Idx € M(X)p, with X irreducible and in Smy. The case |D| = X
is evident, so assume that D is a strict normal crossing divisor on X. Let
p: W — X x P! be a projective birational morphism such that the conditions
(6.7) are satisfied, and let g = pyop. Then the divisors pu*(X x 1) and p*(X x0)
are both in good position with respect to D. As both are divisors of sections
of p*(Oxxp1(1)), we have

g+ (" (X x 1) = W]p) = g ([" (X x 0) = W]p)

in 2,(X)p, by remark 6.1.11. As g.([p*(X x 1) — W]p) = Idx and
9«([u*(X x 0) — W]p) is the distinguished lifting of Idx, the result fol-
lows. O

6.4.2 Lifting divisor classes

We need some information on the distinguished lifting of divisor classes before
proving the main moving lemma.

Let f: Y — X bein M(X), and let i : S — Y be a smooth Cartier divisor
on Y. Let D be a pseudo-divisor on X. Suppose that f(Y) ¢ |D|, and that Y
is irreducible. Let D = divf*D.

We apply the construction of §6.4.1: blow up Y x P! along a subscheme
contained in |D| x 0, forming the scheme p : T — Y x P!, satisfying the
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conditions (6.7). Note that S x P! +Y x 0 is a strict normal crossing divisor
on Y x P!, By corollary A.3, we may blow up 7' along smooth centers over
|D\ x 0, forming the scheme 7 : T — Y x P! which satisfies the conditions
(6.7) and in addition has the property that 7*(S x P* +Y x 0) is a strict
normal crossing divisor. Finally, letting E be the exceptional divisor of 7, we
may suppose that

[7=1(D % 0)| = ||

We let (Y x 0) denote the proper transform of Y x 0 and (S x P') the proper

transform of S x P!. Let S = 7*(S x P!), Y = 7%(Y x 0).
Lemma 6.4.11.

1.S+Y is in good position with respect to }7|D R
2. Let q : [Y|N[S| — X be the composition of the inclusion into Y with
for. Then q.(Y([S — |Slly|p)p) € 2.(X)p is the distinguished lifting

Proof. (1) follows directly from the construction: Since S+ is a strict normal
crossing divisor, S+ Y is in M(T)y. Since

IT*(S x P +Y x 0)| = (Y x0) + E+ S|

and |[771(D x 0)| = |E|, it follows that, for each face F of S +Y, FNY is in
good position with respect to D.
For (2), we first claim that

Y([S = ISllyp)p = Y([(S x P) =[Sz p)p (6.9)
in 2.(]Y|N|S|)p. Indeed we may write
S =(SxP) + A,

where A is an effective divisor, supported in El N |E|. Since the exceptional
divisor E is supported in |Y'|, A is supported in [Y]. From the above decom-
position of S, we have

(S — |‘§|]Y\D =[(SxP!) — |§|]Y|D + v,
where a is a class in £2,(|A|)y|p, and i : [A] — |S| is the inclusion. Then
Y([S = ISllyp)p = Y([(S x P!) — [Sllgp)p + ixé1 (" O7(V)) ().

But Y = 7*(Y x 0), hence Oz(Y) = O; in a neighborhood of |A|. Thus
é1(i*O7(Y)) (@) = 0, proving our claim.

We are thus reduced to showing that ¢.(Y ([(S x P! — \5‘|>]3~,|D))D is
the distinguished lifting of f,([S — Y]). For this, the fact that S + F is a
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strict normal crossing divisor, that 7=1(D x 0) = |E| and that 7 satisfies the
conditions (6.7) for D imply that the restriction of 7,

75 : (S x Pt — S x P!
satisfies the conditions (6.7) for the pull-back of D to S. Thus, the class
[75(S x 0) — X]
is the distinguished lifting of [S — X]. Since
75(S x 0) =Y N (S x P')
as divisors on (S x P1), and since
[V (S xPY) — SN [Y]lp = Y[(S x P') — |S]lyp));

the proof is complete. a

6.4.3 The proof of the moving lemma
We are now ready to prove the main result of this section.

Theorem 6.4.12. Let X be a finite type k-scheme, and D a pseudo-divisor
on X. Then the canonical map Ox : 2.(X)p — 2.(X) is an isomorphism.

Proof. As noted in remark 6.4.7, taking the distinguished lifting defines a
Z,(k)-linear homomorphism ¢ : Z,(X) — 2.(X)p, with 9x(¢(n)) the image
of  in £2,(X). In fact, by lemma 6.4.10, we have a commutative diagram

o)

Z(X) — 02.(X)

where 9 x is the canonical map, and the horizontal arrows are the canonical
maps.

Since Z.(X) — £2.(X) is surjective (lemma 2.5.9), the surjectivity of
¥x follows. To show that ¥x is injective, it suffices to show that the distin-
guished lifting homomorphism ¢ descends to an (2, (k)-linear homomorphism
¢ 2.(X) — 2.(X)p. Indeed, 2,(X)p is generated as an L,-module by the
image of Z,(X)p, and thus £2,(X)p is generated as an {2, (k)-module by the

image of Z,(X)p. Therefore, ¢ is surjective, and Jx o ¢ = Id, hence ¥ is
injective. We proceed to show that ¢ descends to ¢.

First, we show that ¢ descends to ¢1 : Z,(X) — 2.(X)p. For this, take a
generator 1 := (f : Y — X, 7" Ly,..., 7% L., My,..., M) of (RP"™)(X) (see

lemma 2.4.2), which is the kernel of Z,(X) — Z,(X). Here f : Y — X is
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in M(X), 7:Y — Z is a smooth morphism to some Z € Smy, Ly,...,L,
are line bundles on Z, Mj,..., M are line bundles on Y, and r > dimyZ.
Let u: W — Y x P! be a projective birational morphism used to construct
a distinguished lifting of f : Y — X. Let g = fopiopu, 7 =mop; op and
p = p1 o . Then the distinguished lifting of 7 is

g (€1(T"Ly)o... 0 (7" Ly) o &1 (p*My) 0
o a1 (p M) ([ (Y % 0) = W]p)).

By lemma 6.1.13, the operator ¢ (7*Li) o...0 & (7*L,) is zero on 2,(W)p,
so the distinguished lifting of 7 is zero, as desired.

Next, we check that ¢ descends to ¢o : 2,(X) — 2.(X)p. Since ¢ inter-
twines the operators ¢;(L) on Z,(X) and £2(X)p, it suffices by lemma 2.4.7
to check that ¢; vanishes on elements of the form

[f:Y =X 0y(S)]—[foi:S— X],

where f is in M(X), and ¢ : S — Y is the inclusion of a smooth divisor.

Let n € £2,(Y)s+p be the distinguished lifting of Idy. By lemma 6.4.8,
f+(@1(0Oy(9))(n)) is the distinguished lifting of (f : ¥V — X,0y(5)) =
f+(€1(Oy (5))(Idy)).

On the other hand, let p: W — Y x P! be a blow-up used to define the
distinguished lifting 7, so 7 is represented by (p1 o p)«([p* (Y x 0) — W]p).
Blowing up W further, and changing notation, we may assume that p* (S x P')
is a normal crossing divisor on W, in good position with respect to Y x 0| f*D
By lemma 6.4.11,

Fo((Y X 0)((p1 0 p)«[p"(S X P') = Wy oip) D

is the distinguished lifting of f.[S — Y] to £2.(X)p. Let is: |p (SXxPYH| — W
and 4o : [p*(Y x 0)] — W be the inclusions. By lemma 6.3.1 and proposi-
tion 6.3.3, we have

F((Y X 0)((p1 0 p)slp" (S x P) = Wlyois+D))
= ( op1 0 p)s(io ( (Y < 0)([p"(S x PY) = Wlyxop)))
= (fop10p)s(is:(p*(S x Pl)([p*(Y x 0) = Wlsxp1p)))
)« (e (( ( p10p) Oy (9))([p* (Y x 0) = W]p))
= f*(cl(OY( ) ())-

Thus f.[S — Y] and f.(¢1 (O (5))(1y)) have the same distinguished lift-
ing to 2,(X)p, that is ¢1([ — X, 0y (S)] —[foi: S — X]) =0, as
desired. -

Finally, we check that ¢o descends to ¢ : £2,(X) — $2.(X)p. For this we
use the description of the kernel of the surjection £2,(X) — $2.(X) given by
definition 2.5.13 and proposition 2.5.15. To describe this kernel, we consider

= (fopi1op).
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the power series Fio(u,v) = u+v+3", 5, ajju'v’ giving the formal group law
on $2.(k). We choose liftings a;; € MT (k) of a;; € 2.(k), and let F(u,v) =
u+ v+ Zi,j>1 a;ju'v? be the resulting lifting of Fy,. Then the kernel of
2,.(X) — 02.(X) is generated by elements of the form

f*(él(Ll) ... Oél(Lr)([F(L’M)] - [L®M]))7

where f:Y — X is in M(X), and Ly,..., L., L and M are line bundles on
Y. Given such an element, it suffices to show that

$a([F(L, M)] = [L © M]) = 0

in £2.(Y)p, since ¢ is compatible with f., and with the Chern class op-
erators ¢1(L;). Now, [F(L,M)] = F(¢i1(L),¢1(M))(Idy), and [L ® M| =
é1(L @ M)(Idy). Thus, if n € 2,(Y)p is the distinguished lifting of Idy,
it follows from the definition of distinguished liftings that

$2([F (L, M)]) = F(¢1(L), &1(M))(n),
¢2([L @ M]) = &1 (L @ M)(n).

Since F(u,v) and Fp,(u,v) both have image Fq(u,v) in 2.(k)[[w,v]], it fol-
lows that F(¢1(L),¢1(M))(n) = FL(¢1(L),¢1(M))(n). Thus, using the rela-
tions (L.RECLY(Y)p, we see that ¢o([F(L,M)] — [L ® M]) = 0, which
completes the descent and the proof of the theorem. a

6.5 Pull-back for l.c.i. morphisms

Starting with the pull-back for a divisor, defined using the results of the
previous sections, we use the deformation to the normal bundle to define
the Gysin morphism for a regular embedding of k-schemes. Combined with
smooth pull-back, this gives us functorial pull-back maps for 1.c.i. morphisms
of k-schemes, in particular, for arbitrary morphisms in Smy.

6.5.1 Pull-back for divisors
The results of §6.2-§6.4 allow us to make the following definition:

Definition 6.5.1. Let D be a pseudo-divisor on a finite type k-scheme X. We
define the operation of “pull-back by D7,

ih : 2.(X) = 2.1 (ID)),
to be the composition

v —
2.%) 2 0.0 254 9. (D).
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6.5.2 The Gysin morphism

Let iz : Z — X be a regular embedding in Schy, of codimension d > 0. We
proceed to define the map %, : 2,(X) — 2._q(Z).

We form the deformation diagram for ¢, being the Fulton-MacPherson
deformation diagram (2.4) with the proper transform of X x 0 removed: Let
pw: M — X x P! be the blow-up of X x P! along Z x 0, let (X x 0) and
(Z x P) denote the proper transforms of X x 0 and Z x P! respectively, let
E be the exceptional divisor of u, let N = E\ (X x0) and U = M \ (X x 0).
Let j : U\ N — U, and iy : N — U be the inclusions. This yields the
commutative diagram

& U+—2U\N (6.10)
\ / X T
mN (Z x PLYyg —— (Z x PY) n X
Zx0 ; ZxPl—— X xPl+— X x 1
10 K3

The equalities are isomorphisms induced by p, gy is the morphism induced
by p and (Z x P1)g is the fiber of (Z x P!) over 0 € P!. We also have the
identity (Z x P1)g = (Z x P') N N, which gives the map s.

Letting v be the conormal sheaf of Z in X, up : £ — Z x 0 = Z is the
projective bundle P(v & Oz) — Z, and uny : N — Z is the vector bundle
Spec (Sym*(v)) — Z, i.e., the normal bundle NzX of Z in X. Note that u
restricts to an isomorphism

p:U\N = X x (P 0).

When we need to indicate explicitly X and Z in the notation, we write Mz X
for M, Uz X for U, etc.

Lemma 6.5.2. The map iy 0 ins : 2:41(N) — 2,(N) is the zero map

Proof. If f : T — N is in M(N), then iy o f : T — U is clearly in M(U)y,
and N(iy o f) = fu(é1(f*Ou(N))(Idr)). But on U, the divisor N is linearly
equivalent to p*(X x 1), which is disjoint from N. Thus f*Oy(N) = Or and
hence & (f*Oy(N))(Idp) = 0. Thus iy in.(f) = N(iyof) =0, as desired. O

We have the diagram
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2.(X) " 201 (X x (P 0)) (6.11)
201 (U\ N) S 0.1(0)

<k
ZNJ/

Qs a(Z) ————— Q,(N).

*

KN
We call (6.11) the zigzag diagram for the regular embedding iz. We have as
well the exact localization sequence (theorem 3.2.7)
2er1(N) 25 2,11 (U) £ 2y (U\N) = 0

by lemma 6.5.2, the composition

2o (X % (P 0) 25 0\ N) LD 0 0) X 2,v)

gives a well-defined homomorphism 9y 7 : £2,41(X x (P \ 0)) — 2.(N).

Since the map uxy : N — Z makes N into a vector bundle over Z, it
follows from the homotopy property for algebraic cobordism (theorem 3.6.3)
that the smooth pull-back

it Qu_a(Z) — Qu(N)
is an isomorphism.

Definition 6.5.3. Let iy : Z — X be a reqular embedding of codimension
d in Schy. The Gysin morphism % : 2,(X) — 2._4(Z) is defined as the
composition

Yy, z (a) ™"

2.(X) 25 0, (X x (P 0)) 225 0, (N ) U2 0, _y(2).

6.5.3 Properties of the Gysin morphism

Let f:Y — X, g: Z — X be morphisms in Schy. Recall that f and g are
called Tor-independent if Tor®X (Oy, 0z) = 0 for i > 0.

Proposition 6.5.4. Let f : Y — X, g : Z — X be Tor-independent mor-
phisms in Schy, giving the cartesian diagram

/

YxyZ-—1 sz

| b
Y——mX

f

Suppose that g is a reqular embedding.
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1. If f is projective, then g* o fy. = fL o g'*.
2. If f is smooth and quasi-projective, then f'™* o g* = g"* o f*.

Proof. Since f and g are Tor-independent, the map ¢’ is a regular embedding,
so g’* is defined. Also, if we apply the functor Y x x — to zigzag diagram (6.11)
for the regular embedding g : Z — X, we arrive at the zigzag diagram for
the regular embedding ¢’ : Y xx Z — Y. Calling the first diagram D(g) and
the second D(g’), the projection py : Yxx? —7 gives the map of diagrams
p2s« = D(¢') — D(g) in case f is projective, and the map of diagrams p} :
D(g) — D(¢’) if f is smooth and quasi-projective (with shift in the grading).

We note that the diagrams pa. : D(¢’) — D(g) and p3 : D(g) — D(¢’) are
commutative. Indeed, this follows from the following facts:

1. projective push-forward commutes with smooth pull-back in cartesian di-
agrams (definition 2.1.2(A3)).

2. pull-back by a divisor satisfies a projection formula with respect to pro-
jective push-forward (lemma 6.2.1(1)).

3. pull-back by a divisor commutes with smooth pull-back (lemma 6.2.1(2)).

This proves the proposition. a
Corollary 6.5.5. Let Z and X be in Schy,.

1. Let i : Z — X be a regular embedding, and let f : Y — X be in M(X).
Suppose [ and i are Tor-independent and that Y X x Z is in Smy,. Then
1*(f) is represented by pa : Y xXx Z — Z.

2. Letp: X — Z be a smooth morphism with a section i : Z — X. Then i
is a regular embedding and i* o p* =1d on 2.(Z).

3. Let p: X — Z be a rank n vector bundle over Z, and let i : Z — X be a
section. Then 1 is a reqular embedding and i* is the inverse of p*.

Proof. For (3), the fact that p* is an isomorphism if p : X — Z is a vector
bundle over Z, theorem 3.6.3 shows that (2) implies (3). Also, (2) follows from
(1), since p*(f : Y — Z) is represented by ps : Y xz X — X. It remains to
prove (1).

By proposition 6.5.4, we have i* f.(n) = fli"*(n) for n € 2.(Y), where
VY xxZ Y, f :Y xx Z — Z are the projections. Thus, it suffices
to show that i*(Idy) = Idyx,z. Denoting Y xx Z by Z’, we form the
deformation diagram (6.11) for ', letting 4 : M — Y x P! be the blow-up of
Y x P! along Z’ x 0 with exceptional divisor E, N := ENU, iy : N — U the
inclusion of the normal bundle Nz Y, j: U\ N — U the open complement of
N, and py : N — Z’ the projection.

Clearly j*(Idy) = pi;(Idy) in £2,41(U \ N), hence

" (Idy) = (nz) ™" iy (1dv)) = (uz) " (dy).

Since u%, (Idz ) = Idy, we have i"*(Idy) = Idz/, as desired. O
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We check that our two definitions of pull-back for a Cartier divisor agree.

Lemma 6.5.6. Let i : Z — X be a regular embedding, with codimxZ = 1.
Then, for f 1Y — X in M(X)z, we have Z(f) = i*(f) in 2*(Z), so i* = i},.

Proof. Form the deformation diagram (6.10) for i; we have the blow-up u :
M — X x P! of X x P! along Z x 0.

Let p : T —Y x P! be a blow- up of Y x P! along smooth centers lying
over f=1(Z) x 0 so that the rational map u~to(f xId) : Y x P! — M defines
a morphism qﬁ T — M. Blowing up further over Y x 0, if necessary, we may
assume that ¢ is in M(M)g|zxp1)-

Let ¢ : T — U be the pull-back of gz~$ via the open immersion U — M.
Clearly

p:TxyU\N =Y x (P'\0)

is an isomorphism. Thus, by definition of i*, we have

Let ig : Z — N be the zero section, giving the divisor i¢(Z) on N. Since
i0(Z)(wyg) = g for g € 2%(Z), the map io(Z)(—) : 2*(N) — 2*(Z) is inverse
to p*. Thus

i*(f) = i0(Z)(ix (¢)) = i0(Z)(N(9)) = i0(Z) (n" (X x 0)(¢)).

Let 71 : Z — X x 1 be the evident inclusion.

Write D for (Z x P!), and let ip : |D| — M, 1o : |u*(X x 0)] — M and
11 |p*(X x 1)] — M be the inclusions. Since (Z x P') 22 Z x P!, we have the
projection py : |D| — Z. Noting that ig(Z) = (D) as Cartier divisors, and
using the projection formula (lemma 6.2.1(1)) and proposition 6.3.4, we have

i*(f) = i0(Z2)(n* (X x 0)(9)) = (LoD) (1" (X x 0)(9))
= p1x 00« (15 D) (1 (X x 0)(6)))
= P (D(0x (1 (X x 0)(9))) = pra (D1 (0" (X x 1)(9)))
=i (2) (" (X x 1)(¢)) = Z(f)-

O

Lemma 6.5.7. Let i : Z — X be a reqular embedding, let p :' Y — X be a
smooth quasi-projective morphism, and let s : Z —'Y be a section of Y over
Z. Then s* op* = i*.

Proof. Form the deformation diagram for the inclusion s : Z — Y, letting
ps : My — Y x P! be the blow-up of Y x P! along s(Z) x 0, Uy := M\ (Y x0),
and jn, : Ny — Uy the inclusion of the normal bundle N,(z),y. Similarly, let
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pi » M; — X x P! be the blow-up of X x P! along i(Z) x 0; we change s to i
in the notation.

Checking in local coordinates, one sees that the projection p : ¥ — X
extends to a smooth morphism p : Us — U;, inducing the natural map Np :
NzY — NzX from Ng to N;. Take an element n € 2*(X), and let 7; be a
lifting of pin to £2*(U;). Then 75 := p*7); is a lifting of pip*n to 2*(Us). Since
P is smooth, we have

in, (71s) = Np“iy, (7).

Letting ps : Ny — Z, p; : N; — Z be the projections, we have p; = Np* o p},
hence, by proposition 6.5.4,

s"(p*n) = (7)™ ik, (7s)) = (7)™ (ix, 1) = 7.
O

Theorem 6.5.8. Let i : Z — 7', i’ : Z' — X be reqular embeddings. Then
(i 0d)* =i* 04>

Proof. Form the deformation diagram (6.10) for i’ : Z' — X by blowing up
X x P! along Z' x 0, giving the birational morphism pu : M — X x P! with
exceptional divisor F, let U := M \ (X x 0), let iy : N — U be the inclusion
of the normal bundle Nz X and uy : N — Z' the projection.

Restricting to Z, we have the closed subscheme (Z x P!) of (Z' x P1),
which is isomorphic to Z x P! via u, and the restriction of s defines a section

: Z — N over Z, with sq(Z) = NN{(Z x P1). Letting s; : Z - X x1C M
be the map s1(z) = (i'(i(z)), 1), we similarly have s1(Z) = X x 1N (Z x P!).

Let n be an element of 2*(U)ytxx1. We claim that

so(N(n)) = s1((X x 1)(n)) (6.12)

in 2*(Z). Indeed, form the deformation diagram for the inclusion i" : (Z x
PY) - U: Let ¢ : T — U x P! be the blow-up of U x P! along (Z x P!) x 0,
let 52 : U4 — T be open subscheme T\ (U x 0), let iz : N2 — U?Z be
the inclusion of the normal bundle of Nz, p1y . The structure morphism
M — P! induces the morphism 7 : U4 — P!. Via 7 the deformation diagram
for iz is a diagram of schemes over P!, where the fiber over 0 € P! is the
deformation diagram for the inclusion sy : Z — N, and the fiber over 1 € P! is
the deformation diagram for the inclusion s; : Z — X x 1. Let NZ, UZ, etc.,
denote the fibers over 0, and NZ, UZ, etc. the fibers over 1. Let po : N& — Z,
p1:Nf — Z and p: N? — Z x P! denote the projections. Take an element
N € Q*(UZ)UOZ+U1Z|NZ lifting pj(n). Then UZ(7) lifts (p}(X x 1))(n) and
U () lifts (piN) (1), so

Po(s6(N(n))) = N§ (UG (1)) (6.13)
pi(s1((X x 1)(n))) = N7 (U (7).
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Here, we consider NZ as a pseudo-divisor on UZ and N{ as a pseudo-divisor
on UZ.

Let ig : UZ — Uz, i) : N¢ — NZ be the inclusions. We have NZ = ijNZ
(as pseudo-divisors), hence by lemma 6.2.1(1)

i (NG (UG (1)) = 1. (iGN (UG (7)) = N (io« (U (1))

Similarly, letting % : NZ — NZ be the inclusion, we have

iN(NEUEZ @) = N? (i1 (UE (7))

Also, by proposition 6.3.4, we have ig. (UZ (7)) = i1.(UZ (7)) in 2*(U#). Thus,
in 2*(N?) we have

i (NG (UL (7)) = N (i (UZ (7)) (6.14)
= N7 (ir.(UF (7))
=i (NF (U (7))

Leti¥ : Z — ZxP', i : Z — Z x P! be the 0 and 1 sections, respectively.
Since p* : 2*(ZxP') — 2*(N#) is an isomorphism by the homotopy property
theorem 3.6.3, (6.13) and (6.14) imply 3%, (s5(N(n))) = iZ.(s5((X x 1)(n))).
Projecting to £2,.(Z) by p1. shows that s5(N(n)) = s7((X x 1)(n)) in £2%(2),
as claimed.

Now take an element x of 2*(X), and let n be a lifting of piz to
2*(U)ntxx1- Then (X x 1)(n) =z, so s5((X x 1)(n)) = (i 0¢')*(x). On the
other hand, letting pz : N — Z’ be the projection, we have N(n) = u¥,i"*(x).
By lemma 6.5.7, we have

so(N(m) = s5(uzi"™ (x)) = i (i" (2)),

hence *(i"*(z)) = (¢ 0 i)*(z). O

6.5.4 L.c.i. pull-back

Let f : X — Y be an l.ci. morphism in Schy. By definition, there is a
factorization f = qo, with ¢ : X — P a regular embedding and ¢ : P — Y a
smooth quasi-projective morphism.

Lemma 6.5.9. Let f : X — Y be an l.c.i. morphism. If we have factorizations
f=aqoi1 = qooiy, withi; : X — P; regular embeddings and q; : P; — Y
smooth and quasi-projective, then

- * -k *
11041 =120°4>.

Proof. Form the diagonal embedding (i1,i2) : X — P; Xy Ps. By re-
mark 5.1.2(2), (i1,42) is a regular embedding. Form the cartesian diagram
(j=12)
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i’
Pi—— P xy Py

X——PF
vj

Then p; : Py Xy P, — P; is smooth and quasi-projective, so by proposi-
tion 6.5.4(2), we have

* Lk VS * .
gjoi; =1; op;; j=12.

Also, the map (i1,i2) induces a section s; : X — PJ to g;. Applying
lemma 6.5.7 and theorem 6.5.8 gives

oqj o1;

*
J J
*

= [¢] o
SJ Z p]

= (il,ZQ) Opj.
Let ¢ : P1 Xy P» — Y be the map q1p1 = ¢2p2. Using the functoriality of
smooth pull-back, we have
i 0q; = (i1,42)" o pj oq;

= (i1,12)" o gq".

We may therefore make the following definition:

Definition 6.5.10. Let f: X — Y be an l.c.i. morphism in Schy, of relative
dimension d. Define f* : Q2.(Y) — 2.14(X) as i* o ¢*, where f = qoi
s a factorization of f with i a reqular embedding and q smooth and quasi-
projective.

Theorem 6.5.11. Let f1 : X — Y, fo:Y — Z be l.c.i. morphisms in Schy,.
Then (fao f1)* = fi o f3.

Proof. As in remark 5.1.2, we have a commutative diagram

X—2sp—t,p

Nl

Y — P

i2
q2
N

VA

)
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with g1, g2 and ¢ smooth and quasi-projective, 71, 72 and ¢ regular embed-
dings, and the square cartesian. Using the functoriality of smooth pull-back,
proposition 6.5.4(2) and theorem 6.5.8, we have

(fao f1)* = (ii1)" o (q2q9)"
ijoi*oq*o qs
=110y 0i300q3

fiofs

O

Theorem 6.5.12. Let f : X — Z, g: Y — Z be Tor-independent morphisms
in Schy, giving the cartesian diagram

Xx,V -2y

g

X7

Suppose that f is an l.c.i. morphism and that g projective. Then
[0 ge =pirsops.

Proof. Since f and g are Tor-independent, ps is an l.c.i. morphism, so the
statement makes sense.

Write f = qoi, with ¢ : P — Z smooth and quasi-projective, and i : X —
P a regular embedding. This gives us the diagram

ixId P
XxzV 255 Px, Y ——

N l

X P

i q

with both squares cartesian. Using the functoriality of projective push-forward
and theorem 6.5.11, it suffices to prove the case of f a regular embedding, or
f a smooth quasi-projective morphism. The first case is proposition 6.5.4(1),
the second follows easily from the definition of algebraic cobordism given in
§2.4.

O

Proposition 6.5.13. Let f; : X; — Y;, i = 1,2 be l.c.i. morphisms in Schy.
Then for n; € 2.(Y;), i = 1,2, we have

(f1 x f2)"(m x m2) = f1(m) x f5(n2).
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Proof. We first note that f; x fo : X7 X Xo — Y7 X Y5 is indeed an l.c.i.
morphism: if Xo = Y5 and fy = Id, this is clear, and we have the factorization
f1 x fo=(f1 xId) o (Id x f3). Similarly, it suffices to prove the case Xy = Y5,
fo=1d.

We may assume 7 is a cobordism cycle (¢ : Z — Y3, L4,...,L,). Since
both smooth pull-back and the Gysin morphism are compatible with the
Chern class operators ¢; (L), we may assume that r = 0.

Note that 72 = g«(Idz), so m x 12 = (Id x g)«(m x Idz). Similarly,
fiim) xn2 = (Id x ¢)«(ff(m) x Idz,). Thus, using theorem 6.5.12, we may
replace Yo with Z and 7y with Idyz, so it suffices to prove the result with
Y5 € Smy, and o = Idy2.

In this case 11 X 72 = p*(n1), where p : Y7 X Y5 — Y] is the projection.
Similarly, f{(m) xn2 = ¢*(fy(m)), where ¢ : X7 x Yo — X is the projection.
Thus we need to show

(f1 x Id)*(p*(m)) = ¢" (f7 (m))-

This follows from the functoriality of 1.c.i. pull-back, theorem 6.5.11. a

6.6 Refined pull-back and refined intersections

Let g : Y — X be a morphism in Schy, f : Z — X an l.c.i. morphism in
Schy, of relative codimension d and W := Z x x Y the fiber product. Following
Fulton [9], we define the refined pull-back

e 2,(Y) = 2._q(W).

The construction and the proofs of all the basic properties of ' are taken from
Fulton [9, Chapter 6] with minor modifications; we will therefore be somewhat
sketchy with the arguments, concentrating on the main ideas and the places
where the arguments need modification.

In this section, we will abuse notation slightly: if ¢ : Z — Y is a regular
embedding of codimension one (i.e., Z is a Cartier divisor on Y), and « is in
2,(Y) we write Z(a) for i%(a) € 2,_1(2).

We call a diagram in Schy consisting of squares a fiber diagram if all
squares commute and are cartesian.

We remind the reader that we are assuming throughout this section that
k is a field admitting resolution of singularities.

6.6.1 Normal cone and normal bundle

For i/ : W — Y a closed immersion with ideal sheaf Z, we have the normal
cone of i', namely, the W-scheme

CwY := Spec o, (B2, I"/I").
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If p: My Y — Y x P! is the blow-up of Y x P! along W with exceptional
divisor Ey, then
CwY = Eyw \ <Y X 0>;

in particular, CyY is a Cartier divisor on UwY = MY \ (Y x 0), and we
have the following generalization of the deformation diagram (6.10)

CwY te UwY 22 UpY \ CyY
HC <WXP1>OT—><WX]PJ1> H Y
/ 10
W x 0 . WxPlﬁYxIPﬂ(inl
(6.15)

In case ¢’ is a regular embedding, then Cy Y is just the normal bundle Ny Y,
and the diagram (6.15) is just (6.10) with ¢’ : W — Y replacing i : Z — X.
Now suppose we are given a cartesian square in Schy:

/

W——y (6.16)

with ¢ a regular embedding. We have the surjections ¢*Z7 — Iy, which give

the closed immersion
iW/Z . Cwy — q*NzX.

Let pg«n : ¢*NzX — W be the structure morphism. The cartesian square
(6.16) defines a morphism ¥ of the diagram (6.15) to the diagram (6.10).

6.6.2 Refined Gysin morphism

Suppose we have a cartesian square (6.16) with 7 a regular embedding of pure
codimension d. The facts that allow us to define the pull-back for ¢ have their
direct analogs for ¢/ : W — Y

1. The sequence

Qi1 (CwY) 225 Q1 (U Y) 2% 0,1 (Un Y \ CyY) — 0

is exact.
2. CwY is a Cartier divisor on UwY and i}, o icy = 0.
3. pg=n 1 ¢*NzX — W induces an isomorphism

[LZ*N . Q*_d(W) — Q*(q*NzX).
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The proofs are exactly the same as in §6.5, and are left to the reader.
We thus have the extended zig-zag diagram:

0.Y) =2 0 (Y x (P 0) (6.17)

Nlﬂ*

Qo1 (U Y \ O Y) <2 2,1 (UwY)

.

Qe a(W) ——— (" Nz X) ——— 0,(CwY)

Hax N W/ Zx
and the composition

wopy

2.(V) 22 0 (UnY \ Oy Y)

(H;*N)iloiw/z*
B e S dlulN

i* o(i* )—1
feoUw) 0 (CwY) Qs_a(W)

gives a well-defined homomorphism

i 2,(Y) = 2u_g(W).

(2
. . .1 .1 .
We sometimes write ¢ for ¢;, when the context makes the meaning clear.

Remark 6.6.1. In the situation considered above, the zero-section s : W —
q¢*N is a regular embedding, so s* : 2,(¢*"N) — 2._4(W) is defined, and is
in fact the inverse to p.  (corollary 6.5.5(3)). Thus for a given a € 2.(Y)
we can describe i, (a) as follows: choose an element & € 2,.1(UwY) with
Ji(@) = i* o pi(a). Then

iy (@) = " (iwz:(CwY (@))).

6.6.3 Properties of the refined Gysin morphism

The results and proofs of §6.5 on the Gysin morphisms ¢* extend with only
minor changes to the refined Gysin morphisms i'. We give a sketch of the
arguments, indicating the points one needs to change. In what follows, 7 :
Z — X will be a regular embedding of codimension d and

Wy
QJ lg
7— X

i

is a cartesian square.
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Lemma 6.6.2. Suppose we have a fiber diagram

<

3

Q\
<—
+—=

Q\

Lok

w Y
ql Jg

Suppose that i and g are Tor-independent. Then i’ is a reqular embedding and
A ; r_ Ak
i =15. As a particular case (¢ =1d) we have i;, = i"*.

Proof. Since i and g are Tor-independent, i’ is a regular embedding, and

¢ NzX 2 NyY =2 CwY. The result follows directly from this. a

The proof of the following result is essentially the same as that of propo-
sition 6.5.4 and is left to the reader.

Proposition 6.6.3. Let ¢’ : Y’ — Y, be a morphism in Schy,, giving the fiber
diagram

S
E

)Q\
%
. ~
m\

S
~

/

=}
N+—
Sy
. Q

%

3

1. If ¢’ is projective, then i}, o gl = ¢l 0 i',,.
2. If ¢’ is smooth and quasi-projective, then ii»,, og*=q*o z'z/

A
ql lg
7 — X

2

Lemma 6.6.4. Let

%

|

be a cartesian diagram in Schy, with i a reqular embedding of codimension
one, i.e., Z is a Cartier divisor on X. Then we have the pseudo-divisor g*Z
on'Y with support W and

i'(a) = g"Z(a) € 2.1 (W)

for all a € 2,(Y).
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Proof. Let h : Y - Y bea projective morphism and suppose there is an
element & € £2,(Y) with h,(&) = «. By proposition 6.6.3, we may replace
(Y,a) with (Y, &). Since £2.(Y) is generated by elements h,(15) with Y ir-
reducible and in Smy, we may assume that Y is irreducible and in Smy, and
that a = 1y. Let s : Y — ¢*NzX be the zero-section.

If g(Y) C i(2), then CwY =Y = W, iy,z = s. Using the notation of
remark 6.6.1 we may take & = 1y, v, and we have

i'(ly) = 5" (5. (Y (luyv))) = 8" (s:(1y)) = e1(g" Nz X)(Ly).

Since NzX = Ox(Z), this agrees with ¢*Z(1y), proving the result in this
case.

If g(Y) is not contained in Z, then W = ¢g*Z is a Cartier divisor on Y.
Thus g and ¢ are Tor-independent and by lemma 6.6.2

i'(ly) = i (1y).
By lemma 6.5.6, i"”*(1y) = g*Z(1y ), which completes the proof. O

Theorem 6.6.5. Let is : Zo — Zy, 11 : Z1 — X be reqular embeddings, giving
the fiber diagram

il it
Wy —2> Wi ;> Y

[

Z2 —>Zl —>X
12 11

.y N .l
Then (i} o) = 15 0143.

Proof. We first reduce to the case in which X is a vector bundle £ — Z; with
i1 the zero-section, Y = ¢ F and 4] is the zero-section.

For this, we form the deformation diagram over P! x P! as in the proof of
theorem 6.5.8: We start with the deformation diagram Uz, X — P! for iy, and
then form the deformation diagram Uy, pi1Uz, — P! for Zy x P — Uz, X.
Forming the deformation diagram Uy, Y for i} gives us the cartesian diagram

= =7

Wy x P! —= W, x P! —— Uy, Y (6.18)

L]

Zo x PL ~—>Zl x P1 7—>UZIX.
12 1
Forming the deformation diagrams for 7} o 7 and i; o i; yields the cartesian
diagram
Wo x P! x P! —— UW2><IP1 UW1Y (619)

| I

Zy x Pl x Pl —— Uz, xpUz, X
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with a projection to P! x P!. The order of the product is chosen so that the
fiber of (6.19) over P! x 1 is the diagram (6.18) (with the middle column
omitted) and the fiber over P* x 0 is

WQ X ]P)l B CW2 xP1 UW1Y (620)

o E

ZQ X Pl E— NZ2><]P’1U21X

The fiber of (6.18) over 0 € P! is

Wy L>VV1 L)Cwly

| Lk

Lo —— /4 T)Nle.
is

and the fiber of (6.18) over 1 € P! is the original diagram. Arguing as in the
proof of theorem 6.5.8 proves the following statement: for o € 2,41(Uw,Y),

s (Cw,Y (o)) = i1 (X x 1(a))
(5 02) (Cw, Y (@) = (i1 02) (X x 1)

This reduces us to proving the result with X replaced by Nz X, and Y re-
placed by Cy, Y:

Wo —25 Wy — Cyp, Y
QZ\L QIl J{g/
ZQ —_— Zl T) NZlX
io

with s and s’ the zero-sections. Letting f : Cw, Y — ¢} Nz, X be the canonical
closed immersion, we have the fiber diagram

Wy —2 Wy —— Oy, Y
1’2 7

Wy —— Wy s—>quZ1X

RN

Zy —— 2

iz

s 1

with s” the zero-section. Using proposition 6.6.3(1), this reduces us to the
case Y = q¢i Nz, X, i1 the zero-section, as desired.
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In this case, we have the isomorphism (see [9, proof of theorem 6.5])
Cw,Y = Cw,W1 Xw, (i20¢2)"Nz X,

and similarly Uw,Y = Uw, W1 Xw, ¢f Nz, X.
Since the square

Wll;)Y

| |

Z1 z—> X
1
is Tor-independent, i' = i}*, hence 4} : 2,(Y) — §2._4(W) is the inverse to

P 2 a(Wh) — £2.(qi Nz, X).
We have the fiber diagram

(i1002)*"Nsy X ——y

ql lp

Wy ——— W

|

Zs T — A

2
which identifies (i1 0i2)' : 2,(Y) — 2,_q_.(W>) with the composition of
(i)l : 2(V) = Quo((i1 0 42)" Nz, X)
followed by the inverse of the pull-back isomorphism
q": 2a—e(Wa) = 24_c((i10G2)" Nz, X).
Since ¢* o (22)'15 = (i)}, o p*, we have
(i1 0dz)' = (¢°) 7" o (ia)ir = (i2)yy o () " = in 0y,

as desired. O
6.6.4 Refined pull-back for l.c.i. morphisms
The same program we used for extending the Gysin morphism 7* for a regular
embedding to the pull-back f* for an l.c.i. morphism gives an extension of

the refined Gysin morphism 7' to a refined pull-back f' for an l.c.i. morphism.
Indeed, let
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SEANN (6.21)

—

w Y
Z X

be a cartesian square in Schy, with f an l.c.i. morphism of relative codi-
mension d. Factor f as f = poi, with i : Z — P a regular embedding of
codimension d + e and p : P — X smooth and quasi-projective of relative
dimension e. This gives us the fiber diagram

L

fpr 1 2.(Y) = Qu_a(W)

B N

h<

><: i)

—— P—

Define

to be the composition

/%

Q.Y) 2 0o (T) 25 0u_gW).

The basic properties of f' are essentially the same as for f*. We list these
results in the following omnibus theorem; the proofs are also essentially the
same as for f*, and we leave the details to the reader.

Theorem 6.6.6. (1) Let

Iy

|

Z—>X

be a cartesian square in Schy, with f an l.c.i. morphism of relative codimen-
sion d.

(a) f}, : 02,(Y) — 02,_q(W) is independent of the choice of factorization of
f-

(b) If f and g are Tor-independent, then f}, = f’*.

(c) Let E be a vector bundle on' Y. Then f}, 0én(F)=2¢y(f*E) o f},

(2) Let
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f//

!/

~

S

’

q

’

g

<—
+—

—
f/
—

I
)-<

Q
N—
%
Q

e

—
f
a fiber diagram in Schy, with f an [.c.i. morphism.

(a) if g’ is projective, then f}/ ogh=¢, o0 f},,.
(b) if g’ is smooth and quasi-projective, then ¢ o f}, = f},/ og™.

(3) Let

W, fa W f1 v

[

Jog—— 71— X
f2 f1

209

be a fiber diagram in Schy,, with fi and fa lc.i. morphisms. Then (fio fo)' =

fyofi-

(4) Fori=1,2, let
Wi LY,
qll lgi
Z; T>X1

be a cartesian square in Schy, with f; an l.c.i. morphism of relative codimen-

sion d;. For a; € 02.(Y;), we have

(fi % f2)' (a1 x a2) = fi(o) x fi(az).

6.6.5 Excess intersection formula

We show how Fulton’s excess intersection formula [9, Theorem 6.3] extends

to algebraic cobordism.

Lemma 6.6.7. Let p : E — X be a vector bundle of rank d on some X €
Schy,. Suppose that E has a section s : X — E such that the zero-subscheme
of s, 1:Z — X is a regularly embedded closed subscheme of codimension d.

Then
Ci(E) =i, 01",
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Proof. The case d = 1 is lemma 5.1.11. We may use the splitting principle
(remark 4.1.2) to reduce to the case E = @& L;, with the L; line bundles on
X; the Whitney product formula gives us the identity

d
ca(E) = Hél (Ly).

The homotopy property allows us to prove the result for any section s such
that the zero-subscheme of s is a regularly embedded subscheme, as in the
proof of lemma 5.1.11. We may use the homotopy property again to pull back
to E and replace s with the tautological section of p* E. In this case, the section
of ®]_,¢*L; induced by the tautological section ¢* E and the surjection ¢*FE —
®i_1q¢"L; has zero-subscheme which is a codimension r regularly embedded
closed subscheme, so we may use induction and the case d = 1 to finish the
result. O

Lemma 6.6.8. Let 0 — E' 5 E — E” — 0 be an ezact sequence of vector
bundles on some X € Schy, let d be the rank of E". Let s : X — E, s : X —
E’ be the zero-sections. Then

/%

s 0i, = cq(E") 0 s™.

Proof. Let p: E — X be the structure morphism. The closed subscheme i(E")
is the zero-subscheme of canonical section of p*E” induced by the surjection
E — E". Also, s=1035', so
s*o0i,=8%0i*oi,
_ SI* Oéd(p*E“)
— 6d(E//) OS,*’

using lemma 6.6.7. O

We can now state and prove the excess intersection formula; we take the
formulation and proof from Fulton [9, Theorem 6.3].
Start with a fiber diagram in Schy:

1"

Wi—>Y

|, L

72— X

Z—i>X

such that ¢ and 7’ are both regular embeddings, with 4 of codimension d and
7' of codimension d’. Write N := NzX, N’ := Nz X’. The bottom square
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gives the inclusion iz /7 : N' — ¢*N; we define E to be the quotient bundle
¢*N/N'. E is of rank e := d — d'. F is called the excess normal bundle for

(i,4").
Theorem 6.6.9 (Excess intersection formula).
Z‘i// = &e(q/*E) o Z;'//

Proof. Form the deformation diagram (6.15) for i” : W — Y. For a € £2,(Y),
let & € 2.41(UwY) be an element restricting to pja on Uw'Y \ CY. We
have the closed immersions

iW/Z’

CWY AN q/*N/
CwY e, (qog)*N
Ny X' 2212, N
with
iwz = q"(igr)z) otz
Let s : W — (qo ¢ )*N, s’ : W — ¢*N' be the zero sections. Then
ill(a) = S/* (ZWI/ZI*(CWY(d)))
i'(a) = 8" (iw/2+(CwY (@)))
=5"0(q"(iz/2))«(iwr /2. (CwY (a)))

and the result thus follows from lemma 6.6.8. O

6.6.6 Commutativity of refined pull-backs

We consider a fiber diagram

"

W’f—>Y/—>Z,

L,

W—Y ——X'

|
7 T> X
with f and g l.c.i. morphisms of relative codimension d and e, respectively.

Theorem 6.6.10. f'¢' = ¢'f' : 2. (V) — 2. _4_.(W').
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Proof. The result is easy to prove if either f or ¢ is smooth and quasi-
projective; we may therefore assume that f and g are both regular embeddings;
in this case all the maps in the diagram are closed immersions.

Take a € £2,(Y). Suppose we have a projective morphism A : Y =Y and
an element @ € £2,(Y). Using proposition 6.6.3, we may replace Y with Y
and o with @&. Since §2,(Y’) is generated by elements of the form h,(1y) with
Y irreducible and in Smy, we may assume that Y is irreducible and in Smy,.
We proceed by induction on dimgY.

Ifnow h:Y — Y isa blow-up of Y along a smooth center F', the local-
ization theorem for i : F — Y and h=}(F) — Y imply that the map

(h*,l

Q2.(V) o 2.(F) L 0 (v)

is surjective. By our induction hypothesis, we may replace Y with ¥ and
assume that o = 1y. In particular, we may replace Y with any sequence of
blow-ups of Y along smooth centers, so we may assume that either W is a
Cartier divisor on Y or that W = Y. Similarly, we may assume that either
Y’ is a Cartier divisor on Y or that Y’ = Y. In case both W and Y’ are
Cartier divisors on Y, we may blow-up further and assume that W +Y” is a
strict normal crossing divisor on Y. In particular, both f/ and p are regular
embeddings, so we may apply the excess intersection theorem 6.6.9. Let E be
the excess normal bundle for (f, f’) and F' the excess bundle for (g, p).

Suppose that W = Y. Then f}, = cq(F), f},, = ¢q(p*E) and the excess
intersection formula gives

g o ¢a(E)
éa(p*E)og,
— flg!
Similarly, f'¢' = ¢'f' if Y/ = Y. Thus we may assume that W and Y’ are
both Cartier divisors on Y.
In this case, W and Y’ determine pseudo-divisors p*W on Y’ and f*Y”’

on W, respectively. By lemma 6.6.2 and lemma 6.6.4, we have

g'f'(a) = f*Y'(W(a))

f'g'(a) = pW(Y'(a)).

Since f*Y'(W(«)) = p*W(Y'(«)) by proposition 6.3.3, the proof is complete.
O

glf!

6.6.7 Refined intersections

Take Z € Smy of dimension d over k, so the diagonal § : Z — Z Xy Z
is a regular embedding of codimension d. Suppose we have X,Y € Schy and
projective morphisms f : X — Z, g : Y — Z. This gives the cartesian diagram
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Xx,V 2o X s, Y

(f,g)l fog

Z———2Zxx 2
For a € 2,(X), 8 € £2,,(Y), define

a-zBE€ pimalX xzY)
by
a-zfB:=25axp).

The following are easy consequences of the properties of refined pull-back:

1. Let 7: Y xz X — X Xz Y be the symmetry. Then
™ azB) =Bz
If we have h: W — Z and v € 2,(W), then
(a-zB)zy=az(B z7).

2. Given projective morphisms f': X' — X, ¢/ : Y’ = Y and o/ € 2.(X'),
B € 02.(Y’), then

(f's9)(a -z B) = fila) -z g.(B).
In particular,
(f,9)(a -z B) = fi(a) U g.(B).
3. Let p: Z' — Z be a morphism in Smyg. Then

p(a) 2 p'(B)=p(azB).
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The universality of algebraic cobordism

In this chapter, we complete our program, finishing the proofs of the results
stated in chapter 1. We also extend a number of our results on oriented coho-
mology of smooth schemes to oriented Borel-Moore homology of l.c.i. schemes.

7.1 Statement of results

The main aim of this chapter is to establish the following results:

Theorem 7.1.1. Let k be a field admitting resolution of singularities. Let V
be an l.c.i.-closed admissible subcategory of Schy. Then the oriented Borel-
Moore weak homology theory

X — 2,(X)

on V admits one and only one structure of an oriented Borel-Moore homology
theory on V, which we still denote (2.

Theorem 7.1.2. Let k be a field admitting resolution of singularities. Then
the oriented Borel-Moore weak homology theory §2, on Smy admits one and
only one structure of an oriented cohomology theory 2* on Smy,.

We will also show

Theorem 7.1.3. Assume k admits resolution of singularities.

(1) Let V be an l.c.i.-closed admissible subcategory of Schy. Then algebraic
cobordism, X +— (2,(X), is the universal oriented Borel-Moore homology the-
ory on V.

(2) Algebraic cobordism, considered as an oriented cohomology theory on Smy,
is the universal oriented cohomology theory on Smy.
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These results complete the proof of theorem 1.2.6. Similarly, we have so
far proved theorem 1.2.18 and theorem 1.2.19 only for the underlying Borel-
Moore weak homology theories (see theorem 4.2.10 and theorem 4.5.1); theo-
rem 7.1.3(2) completes the proofs of these results for the respective oriented
cohomology theories on Smy. For the sake of completeness, we state these
results here, in their full generality:

Let L* — Z and L* — Z[3,37!] be the homomorphisms classifying the
additive formal group law F,(u,v) = u + v and the multiplicative periodic
formal group law Fy,,(u,v) = u + v — Buv.

Theorem 7.1.4. Assume k admits resolution of singularities.
(1) The canonical morphism 2% — K°[3, 3] of oriented cohomology theories
on Smy, induces an isomorphism of such theories

Q* ®]L* Z[ﬁ,ﬁ_l] - KO[ﬁ?ﬁ_l}'

(2) Suppose that k has characteristic zero. Then the canonical morphism
2, — CH, of oriented Borel-Moore homology theories on Schy induces an
isomorphism of such theories

2, Q- Z — CH,.

In particular, this isomorphism restricts to an isomorphism of oriented coho-
mology theories on Smy,.

Theorem 1.2.2 is a direct consequence of theorem 7.1.3(2) and theo-
rem 7.1.4(2). Indeed, theorem 7.1.3(2) shows that {2, ®p+ Z is the univer-
sal ordinary oriented cohomology theory on Smy, and thus the isomorphism
2, @+ Z — CH" of theorem 7.1.4 yields theorem 1.2.2.

Some of the degree formulas of §4.4 can be improved, if one considers a
Borel-Moore homology theory instead of a weak homology theory. For ex-
ample, one can replace “smooth” with “l.c.i.” in theorem 4.4.7, yielding the
following result:

Theorem 7.1.5. Let k be a field. Let A, be an oriented Borel-Moore homology
theory on Schy. Assume A, is generically constant and has the localization
property.

Let X be a reduced finite type k-scheme. Assume that, for each closed
integral subscheme Z C X, we are given a projective birational morphism Z —
Z with Z reduced and in Leiyg. Let X1, ..., X, be the irreducible components
of X, and let a be in A.(X). Then for each integral closed subscheme Z C X
with codimx Z > 0, there is an element wz € Ai_dim,z(k), all but finitely
many being zero, such that

a—Zdegi(a)-[f(ieX]: Z wz[Z — X].

Z, codimx Z>0
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Similarly, corollary 4.4.8 can be modified as follows:

Corollary 7.1.6. With the assumptions as in theorem 7.1.5, suppose that
each irreducible component X; is in Lciy.

1. Let f: Y — X be a projective morphism with Y in Lciy. Then for each
integral closed subscheme Z C X with codimxZ > 0, there is an element
wz € As_dim, z(k), all but finitely many being zero, such that

[f:Y — X] —Zdegi(f)~[Xi—>X] = > wzlZ—X]

Z, codimx Z>0

2. Let f : Y — X be a projective birational morphism, with Y in Lcig. Then,
for each integral closed subscheme Z C X with codimxZ > 0, there is an
element wz € As_dim, z(k), all but finitely many being zero, such that

[f:YHX]:Z[XiHX]+ Y wz [Z- X

i Z, codimx Z>0

Here, if Y is an l.c.i. k-scheme and f : Y — X is a projective morphism, we
write deg,(f) for deg,;([f : Y — X]).

For example, if k is perfect, X is in Smy and has dimension at most four
over k, then, as one has resolution of singularities for finite type k-schemes of
dimension at most two, and since each codimension one subvariety of X is an
l.c.i. k-scheme, we may apply these two results without having resolution of
singularities for arbitrary finite type k-schemes.

Also, suppose as in corollary 7.1.6 that X is a reduced finite type k-scheme
such that the irreducible components Xi,..., X are all in Lcig. Let d; =
dimy X;. We have the map p} : A,_4, (k) — A.(X) defined by

pi(a) =a-[X; — X].
Letting A, (X) be the kernel of the total degree map

Hdegi P A(X) = D=1 Av—, (K),

the maps p; define the splitting

AL(X) = A, (X) ® @3y Av_a, (R). (7.1)

7.2 Pull-back in Borel-Moore homology theories

As algebraic cobordism is already universal as a Borel-Moore weak homology
theory, the main point we need to resolve is the universal nature of the pull-
back maps we have defined for (2,.
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7.2.1 Divisor classes

Let A, be an oriented Borel-Moore homology theory on V. Restricting A,
to Smy, we have by proposition 5.2.1 the associated oriented cohomology
theory A* on Smy. In particular, there is a formal group law (Fga, A*(k)),
Fa(u,v) € A*(k)[[u,v]], such that, for X in Smy, and for line bundles L, M
on X, we have Fy(c1(L),c1(M)) = c1(L® M). Considering A, as an oriented
Borel-Moore homology theory, this gives the identity of endomorphisms of
AL(X)
Fa(é1(L),e1(M)) = ¢ (L@ M).

Also, since (F4, A.(k)) is a formal group law, there is a canonical ring homo-
morphism ¢4 : L, — A.(k) with ¢4 (FL) = Fa.

Thus, given positive integers nq, . .., n,, we may form the power series with
A, (k)-coefficients

M1 gy Ny o
F™ (W1, Up) A i= 00 Fy UL FEy e EL N Fy Uy

and F7" " (ug,...,up)a with

MY yenny Ny _ J rmni,...n
e (Ugy...,up)a = E u’ F} "(Ugy e, Ur) A,
J, 11711<1

by the methods of §3.1.1 (see also §6.1.4).

If £ = Z:Zl n;F; is a strict normal crossing divisor on some W € Smy,
let i : |E| — W denote the closed subscheme (not necessarily reduced) defined
by E. We have the inclusions of the faces 1’ : E/ — |E|, and we may define
the class [E — |E|]a € A.(|E]) by

[E—[Bla= Y d(Fy" (0 Ow(B),....." Ow(E)]a),
J, 17111

where [F7" " (07*Ow (E1), ..., t”*Ow(E;))]a denotes the element

F;“““’"T (51(LJ*OW(E1)), R ,51(LJ*OW(E7')))(1E~’) € A (EJ)

If i : |E] — W is the inclusion we write [E — W], for i.([E — |E|]a).
Lemma 7.2.1. [E — W]a = & (Ow(E))(1w).

Proof. For A, = {2, this is proved in proposition 3.1.9. One can either repeat
the proof, replacing (2, with A, throughout, or use the universality of (2,
as an oriented Borel-Moore homology weak theory (theorem 4.1.11): if 94 :
2, — A, is the natural transformation of oriented Borel-Moore homology
weak theories on Smy, 94(f : Y — X) = f.(14}), then it is easy to check that
Ya([E — Wlgp) = [E — W]a. As 94 intertwines the respective Chern class
operators, the formula for (2, implies the formula for A,. a
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Proposition 7.2.2. Let A, be an oriented Borel-Moore homology theory on
V. Let W be in Smy, and let E be a strict normal crossing divisor on W.
Then

[E — |E|]la = 1jg

in A, (|E)).

Proof. Write E = Y|, n;E;, with E; irreducible. Note that |E| is an lLc.i.
scheme over k, so we have a fundamental class 1/g|. Using Jouanolou’s trick
and the homotopy invariance of A,, we may assume that W is an affine scheme.
Thus, the line bundles Oy (E;) are all very ample, hence there are morphisms
fi: W — P (for N sufficiently large) with E; = f/(Xy = 0), Xo,...,Xn
being the standard homogeneous coordinates on PV. Let f = (f1,..., f.) :
W — (PN)" := W, and let E; be the subscheme pi(Xn = 0), where p; :
(PN)" — PV is the projection on the ith factor. Let E = >.7_ n;E;. Then
f~Y|E|) = |E| and f*(E) = E. Letting fg : |E| — |E| be the restriction
of f, fg is the Tor-independent pull-back of the l.c.i. morphism f by the
regular embedding |E| — (PV)", hence fg is an lLc.i. morphism. It follows
from the functoriality of the fundamental class that f ;3(1‘ EI) = 1)g|- Similarly,

Lps = [5(15,) and

[Frem (17 Oy (By), . ., Ow (Ey))]a
= [E(E " (O (B, . O ()] ).

Thus, f5([E — |E|]a) = [E — |E|]a. Therefore, it suffices to prove the result
for W = (PV)", E ="' np;(Xy = 0). In this case, applying the axiom
(CD), the map i, : A(|E]) — A.(W) is injective, where ¢ : |[E| — W is the
inclusion, so it suffices to show that

i([E — |E|]a) = ix(11p)).

By proposition 5.1.12 and lemma 7.2.1, both sides are & (Ow(E))(1w),
whence the result. O

7.2.2 The deformation diagram revisited

In this section, we show that the method used to define the Gysin morphism
for algebraic cobordism is compatible with the pull-back in a Borel-Moore
homology theory A..

Let i : Z — X be a regular embedding in V. We refer to the deformation
diagram (6.10) and retain the notations involving that diagram.

It follows from the next lemma and the condition (5.1) that all the schemes
in the above diagram are in V.

Lemma 7.2.3. The map i : (Z x P') — U is a reqular embedding.
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Proof. The assertion is local on X, so we may assume that X is affine, X =
Spec R, and that Z is a complete intersection, defined by a regular sequence
fos- -, fn. We may also replace P* with A! := P!\ cc.

Let k[yo,...,yn] be a polynomial ring, and consider the k-algebra homo-
morphism 1 : k[yo, ..., yn] — R defined by sending y; to f;. Since fo,..., fx
is a regular sequence, ¥ is a flat extension, at least after inverting some ele-
ment z € R outside (fo,..., fn). Since a flat extension of a regular embed-
ding is still a regular embedding, we see that it suffices to prove the result for
X = Specklyo,...,yn] and Z the subscheme defined by the maximal ideal
(Yo, - - -,yn)- Letting ¢ be the standard coordinate on A!, Z x 0 is a complete
intersection in X x A!, defined by the regular sequence %o, . .., yn,t.

We therefore have the identification of W with the subscheme of X x A' x
PN+ defined by the equations

Xiy; — X5 =0,0<4, <N
Xit—Xn11y:=0, 0< e <N,

where Xo,...,Xy41 are standard homogeneous coordinates on PY+1. Also,
we have noted in lemma 3.2.1 that (X x 0) is the subscheme defined by
Xn41 = 0. This gives the description of U as the subscheme of AN x Al x
ANt = Speck[yo,--.,yn,t, 2o - .., 7N]| defined by the equations

zy; — 29, =0, 0< 4,5 <N

Clearly, this gives an isomorphism U 2 Speck[t, xo, ...,z n], and identifies
(Z x A') with the subscheme defined by the ideal (zo, ...,z x), showing that
(Z x Ay — U is a regular embedding. O

Proposition 7.2.4. Let A, be an oriented Borel-Moore homology theory on
V, and let iy : Z — X be a regular embedding in V. Form the diagram (6.10)
and take n € A.(X). Suppose there is an element 7 of A.11(U) such that

ix*(7) = n. Then
q"(iz(n) = iv (7).

Proof. Let ig : Z — (Z x P') be the inclusion of the fiber over 0 € P!, and
let 7, : Z — (Z x P') be the inclusions of the fiber over 1 € P'. Let 7 = 7*(7).
Then i} (1) = i%(i%*(7)) = i%(n). By the homotopy property (EH) for A., we
have i$(7) = 5 (1) = i%(n). But i (1) = s*(i% (7)) and ¢*s* = Id, so

q*(iz(m) = q*i(7)
= q"s"(iv (1))
= iy (7).
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We can also use the deformation diagram to compute ¢7, of a special type
of element.

Lemma 7.2.5. Let i : Z — X be a reqular codimension one embedding, and
let f:Y — X be a projective morphism of finite type k-schemes. Suppose that
f(Y) C Z and that Y is l.c.i. over k. Then

*(fo(ly)) = &(i50x (2))(fZ (1y)),
where fZ 1Y — Z is the map induced by f.

Proof. We use the diagram (6.10). The map fZ gives the map f% x Id :
Y x P! — Z xP!. Mapping Z x P! to U by identifying with (Z x P!), we have
the map f : Y x P! — U. Clearly f,(1yyp) is an element 7 of A,(U) with
i7*(7}) = f«(1y). By proposition 7.2.4, we have

¢ (iz(f+(1y))) = iv (7).

Since 1y «pr = pi(ly), we have

iv () = s«(f+(1y))-

Since s* and ¢* are inverse, we thus have

iz(f«(ly)) = s"s.(f+(1y)),
and the right-hand side is & (i5O0x (2))(fZ(1y)), by definition. O

7.3 Universality

We are now ready to prove the main universality results.

Proof (of theorem 7.1.1 and theorem 7.1.2). It follows from theorem 4.1.11
that §2, has the structure of an oriented Borel-Moore weak homology theory
on V and is in fact the universal such theory. From the results of §6.5, we have
pull-back maps f* : £2,(X) — 2,44(Y) for each l.c.i. morphism f:Y — X in
Schy, satisfying the axioms (BM1), (BM2) and (BM3). The axioms (PB) and
(EH) are already valid for an oriented Borel-Moore weak homology theory, so
we need only verify the axiom (CD). This follows from lemma 5.2.11, as (2,
satisfies the required localization property by theorem 1.2.8. Thus, (2, defines
an oriented Borel-Moore homology theory on Schy. By proposition 5.2.1, the
restriction of the oriented Borel-Moore homology theory {2, to Smy defines
an extension of the oriented Borel-Moore weak homology theory (2, on Smy
to an oriented cohomology theory (2, on Smy.

The uniqueness of the extension of (2, to an an oriented Borel-Moore
homology theory on V follows from the universality of {2, as a Borel-Moore
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homology theory on V (theorem 7.1.3, which we prove below). Indeed, suppose
the oriented Borel-Moore weak homology theory (2, on Sch; has a second
extension (2, to an oriented Borel-Moore homology theory on V, with pull-
back maps f * for each l.c.i. morphism f : Y — X in Schy. By the universality
of (2, as an oriented Borel-Moore homology theory, there is a unique natural
transformation of oriented Borel-Moore homology theories on V, ¢ : 2, — fZ*
But the underlying oriented Borel-Moore weak homology theory (2, on V is
also universal, and both (2, and (2, agree as weak homology theories, so ¥ is
the identity transformation, forcing f* = f* for all l.c.i. morphisms f. The
uniqueness of the extension of {2, to an oriented cohomology theory on Smy
is proved the same way. O

Proof (of theorem 7.1.3). (1) Let V be an l.c.i. closed admissible subcate-
gory of Schy, and let A, be an oriented Borel-Moore homology theory on V.
By theorem 4.1.11, {2, is the universal oriented Borel-Moore weak homology
theory on Schy, so there is a unique natural transformation

Va4 02, — A,

of the underlying oriented Borel-Moore weak homology theories, i.e., ¥4 is
compatible with projective push-forward, smooth pull-back, Chern class op-

erators and external products. It thus suffices to show that 94 is compatible

with pull-backs for l.c.i. morphisms in V. We use the notation f}, A etc., to

indicate which theory we are using.

As ¥4 is already compatible with smooth pull-back, we need only check
compatibility with respect to regular embeddings iz : Z — X in V.

It suffices to check that, for f: Y — X in M(X), we have

iza(@a(lf Y — X])) =dalizo(lf : Y — X])).
Note that, as p : Y — Speck is smooth and quasi-projective, we have
94(19) = 9a(p5(10)) = pi(1a) = 15
Thus
dallf Y — X)) = 9a(£7(19)
= £115).
Therefore, we need to show
iy a(F2(13) = Dalizo(f2(13))).

We first reduce to the case of a codimension one regular embedding by
using the deformation diagram (6.10); we retain the notations surrounding
that diagram. Let n = f2(1%) and let no = f£2(1%7).
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As the map p: U — X x P! is an isomorphism over X x P!\ Z x 0, we
can lift pino € 2.11(X x P!) to an element 1}, € 2.41(U \ V). In particular,

i*(n},) = ng. Since the (smooth) restriction map

7" 24(U) = 2. U\ V)
is surjective, we can lift 7}, to an element 7, € 2,41(U). Let 77 = 94(70).
Then, as i35 o pt 4 = Id, we have

4 (7) = 1.

We may therefore apply proposition 7.2.4, giving
Galiza@a(f2(9)) = iva(Waliie)).

On the {2 side, we similarly have

0650 (F2(19)) = it o(ia).

Since ¢ is smooth, and ¢%, ¢f, are isomorphisms, this reduces us to the case
of a codimension one regular embedding iz : |Z| — X, where Z is a Cartier
divisor on X.

If f(Y) C|Z],let fZ:Y — |Z| be the map induced by f. By lemma 7.2.5,
we have

iza(F2(13) = & (iZ0x (2))(f24(13))
io(f2(19) = & (i0x (2)(F7° (1))
Since ¥4 is compatible with Chern class operators, push-forward and units

ly for Y € Smy, we have the desired compatibility in this case. Thus, we
have

i74(0a(i5.(p))) = Valizo(iZ.(p)))

for all p € 2,(Z).

If f(Y) ¢ |Z|, then there is a projective birational map 7 : Y/ — Y,
which is an isomorphism over X \ |Z|, such that (f7)*(Z) is a strict normal
crossing divisor on Y. As f — (f7) vanishes in 2,(X \ |Z]), it follows from
the localization sequence

2.(2) 5 2,(X) — 2, (X\|Z]) — 0

that f = (f7) + i.(p) for some p € §2,(]Z]), Thus, we may assume that
f*Z is a strict normal crossing divisor on Y with associated codimension one
subscheme iz : |[f*Z| = Y.

Let fZ : |f*Z| — |Z| be the map induced by f. Since Y is smooth, the
maps f:Y — X and iz : |Z] — X are Tor-independent, hence transverse in
Schy,. But, as the diagram
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1z Ly

o

\Z\TX

is cartesian, it follows from axiom (BM2) that, for both the theory (2, and
the theory A,, we have

iy (fe(y)) = f2 (i} 5 (1y))
=72

By proposition 7.2.2, we have (in both theories)
Loz =2 — |f*Z]).
Thus

ipa(fA3) = P2 Z — 17 Z)) ), (7.2)
io(FP(A9) = 222 — |1 Zllo)-

Let E be a Cartier divisor on some W € Smy. Since the divisor class
[E — |E|]a € A.(]E|) depends only on the weak homology theory underlying
A,, we have

Va(lE = [Elle) = [E — [Ella

This, together with (7.2), shows that

iya(F209) = F2A0AfZ = |f*Z))2))
=9A(f2°f Z — |f*Z)]0))
=Da(izo(f2(19))).

This completes the proof of the universality of {2, as an oriented Borel-Moore
homology theory on V.

For (2), we use proposition 5.2.1 to reduce the proof to showing that (2,
is the universal oriented Borel-Moore homology theory on Smy; for this, we
will use proposition 3.3.1 as the essential point.

Let A, be an oriented Borel-Moore homology theory on Smy. As above,
we have the unique natural transformation ¥4 : 2, — A, of weak homology
theories on Smy,, and we need to show that 194 intertwines the pull-back maps
g5 and g% for each morphism g: X' — X in Smy,.

It suffices to prove the result for g a regular embedding i : Z — X, and for
elements of 2, (X) of the form [f : Y — X], f € M(X). By proposition 3.3.1,
we need only consider maps f which are transverse to ¢ in Smy. Form the
cartesian diagram
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7

—

~h

~hy
«—

N

—.>

7

Y
Jf
X
Using axiom (BM3), we have
in(f:Y = X)=in(f01
- fﬂ(l*n(l
2 (15).
Similarly, as 94(f : Y — X) = fA(13), we have
TA(0a(f) = FA(13).
Thus, as 94 is compatible with push-forward and units, we have
Dalin(f) = ia(Walf)),

as desired. O

)
)

2
Y
2
Y

7.4 Some applications

Having extended (2, to an oriented Borel-Moore homology theory on Schy
(assuming k admits resolution of singularities), we are able to extend some of
the main applications of the theory from smooth varieties to l.c.i. schemes over
k. For most of this section, k will be a field of characteristic zero, although
the results of §7.4.1 and §7.4.2 are valid over an arbitrary field.

7.4.1 Chern classes and Conner-Floyd classes

Let A, be an oriented Borel-Moore weak homology theory on an admissi-
ble V C Schy. In proposition 4.1.15 we showed how to define Chern class
operators ¢(E) : A(X) — A._i(X), i = 0,...,n, for each rank n vec-
tor bundle £ — X, X € V), satisfying the standard properties. Also, given
a sequence 7 = (1;) € [[;2,Ai(k) with 79 = 1, we defined in proposi-
tion 4.1.20, for each vector bundle £ — X, X € V, a degree zero endo-
morphism 'fc/lT t A (X) — A.(X), with properties listed in that lemma.
Now let A, be an oriented Borel-Moore homology theory on an admissible
V C Schy. Exactly the same construction gives the Chern class operators
Gi(E) : Au(X) — Au_i(X) for E — X a vector bundle on X € V, and, given

a sequence T as above, the degree-zero endomorphisms ”f&T 1(E) of A,(X).
These satisfy exactly the same properties as in the case of the weak homology
theory, with the added property of functoriality with respect to l.c.i. pull-back.
For the sake of precision, we list these properties here:
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Lemma 7.4.1. Let A, be an oriented Borel-Moore homology theory on V.
Then the Chern classes satisfy the following properties:

(0) Given vector bundles E — X and F — X on X €V one has

for any (i,7).

(1) For any line bundle L, ¢ (L) agrees with the one given in axiom (PB)
applied to A,.

(2) For any l.c.i. morphismY — X €V, and any vector bundle E — X over
X one has

(8)If0 - E' - E — E" — 0 is an exact sequence of vector bundles over X,
then for each integer n > 0 one has the following equation in End(A.(X)):

Z é; E//)

=0

(4) For any projective morphism'Y — X in V and any vector bundle E — X
over X, one has

Moreover, the Chern class operators are characterized by the properties (0)-

(3)-

Lemma 7.4.2. Let A, be an oriented Borel-Moore homology theory onV and
let 7= (1) € Iy Ai(k), with 1o = 1. Then one can define in a unique way,
for each X € V and each vector bundle E on X, an endomorphism (of degree
zero)

—~ 1

Td, (F):A(X)— A(X)
such that the following holds:
(0) Given vector bundles E — X and F' — X one has

—~ 1 —~ —1 —~ —1 —~ —1
Td, (E)oTd, (F)=Td, (F)oTd, (E).
(1) For a line bundle L one has:

ERTE A

i=0

(2) For any l.c.i. morphism'Y — X inV, and any vector bundle E — X over
X one has

Td, (f'E)e f* = f* o Td, (E).
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(8)If0 - E' - E — E" — 0 is an exact sequence of vector bundles over X,
then one has: I I -
Td, (E)=Td, (E')oTd, (E").

(4) For any projective morphism' Y — X in V and any vector bundle E — X
over X, one has

JooTd, (f°E)=Td, (E)o f.

Remark 7.4.3.1f E — X is a vector bundle on an l.c.i. k-scheme X in V,

— 1
we may evaluate the operators ¢;(F) or Td, (F) on lx, yielding the Chern
classes ¢;(E) € A*(X) and the total inverse Todd class (or Conner-Floyd class)
—~—1
Td, (E)e€ A%X).

It follows directly from the two lemmas above that the Chern class opera-
~—1
tors ¢;(E) and the inverse Todd class operator Td, (E) depend only on the
class of E in KY(X).

As in example 4.1.22, we consider the “universal” example:. Let A, be
a Borel-Moore homology theory on V, let Z[t] := Z[t1,ta,...,tn,...], with
t; having degree i, and consider the Borel-Moore homology theory X —
A (X)[t] := Au(X) ® Z[t]. Let t be the family (1,¢1,ts,...). For each line
bundle L — X, X € V, we thus have the automorphism

T, (L) = Y& (L)'t AX)[t) = A (Dl

(2

~ 1
and for each vector bundle £ — X the automorphism Td; (E), which we
expand as

1 ~ . -
Tdt (E) = Z cnl,nz,“”nT(E)tll taet t’r‘ .

(n1,m2,...)

As in loc. cit., we call the endomorphisms ¢y, n,...n,(E) the Conner-Floyd
Chern class endomorphisms for E. For X an l.c.i. k-scheme, we have as well
the Conner-Floyd classes

Cny iz, (B) 1= Cny gy, (B)(1x) € Ad*Zi ing (X)),

We write 6;‘317 E)orc (E) if we need to specify A.

nzy--an( MN1,M2,.. Ny

7.4.2 Twisting a Borel-Moore homology theory

We extend the twisting constructions of §4.1.9 from oriented Borel-Moore
weak homology theories to oriented Borel-Moore homology theories, and from
smooth k-schemes to l.c.i. k-schemes.
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Let f : Y — X be an l.c.i. morphism. Choose a factorization of f as f = gz,
with ¢ : ¥ — P a regular embedding and ¢ : P — X a smooth morphism.
We have the relative tangent bundle T, — P, defined as the vector bundle
whose dual has sheaf of sections the relative differentials (2}, .. Letting Z be
the ideal sheaf of Y in P, we let N; — Y be the bundle whose dual has sheaf
of sections Z/Z2. We let [Nf] € K°(Y') be the class N; —i*T,. It is easy to see
that [Ny] is independent of the choice of the factorization of f.

If X = Speck, we write [Ny| for [N], and set [Ty] :== —=[Ny|.If f: Y — X
is an arbitrary morphism of l.c.i. k-schemes, define the virtual tangent bundle
of f by [Ty] := [Ty] - f*[Tx] € KO(Y).

Given a Borel-Moore homology theory A, on V, and a family 7 as in
the previous section §7.4.1, we may twist A, by 7, forming the Borel-Moore

)

homology theory A with the same push-forward maps as A,, and with

S5y =T, (INf])o f*

for an l.c.i. morphism f. For a line bundle L — X, one has the Chern class
operator

&7(L) = Td, (L) o & (L).

One easily checks that this does define an oriented Borel-Moore homology
theory on V.

We can extend the second construction given in 4.1.9 from V C Smy to
VY C Lci. We have the Todd class operator

Td,(E) := Td, (~[E]) = (Td, (E))™".

Define the Borel-Moore homology theory AL on V as having the same l.c.i.
pull-backs as A,, with push-forward

fi=feo TdT([Tf])
for f:Y — X projective. The Chern class operators are given by
(L) =& (L) o Td,(~L) = &7 (L)

for each line bundle L — X, X € V.
As in lemma 4.1.23, the isomorphisms

—_ 1 N
Td, ([Tx]): A7(X) & AT(X)
determine an isomorphism of oriented Borel-Moore homology theories AP -
A7 for V C Lci.
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7.4.3 Operations on {2,

For the remainder of this section, we assume that k admits resolution of
singularities.

Take V = Lcig, and consider the universal twisting 2, [t]* of 2,. By the
universality of (2., we have a canonical transformation of Borel-Moore homol-
ogy theories

9N 0, — 0t

which we expand as
N = N s
I=(n1,...,np,...)

The individual terms S, ... n,) : 2« — 2., n = ), in;, are the Landweber-
Novikov operations defined in example 4.1.25; our extension of 92V to the set-
ting of Borel-Moore homology theories has just verified that the Landweber-
Novikov operations are natural with respect to l.c.i. pull-back.

Taking V = Schy, and using the other twisting (2, [t] (t), we have the natural
transformation 92V 1 2, — 2, [t]®) of homology theories on Schy,. Using the
canonical transformation {2, — CH,, we have the natural transformation

e 2, — CH,[t]®.
Expanding 9°F as
9CF — Z CF
I
defines the transformations cgan 102, = CHy_p, n =), in,.
Explicitly, we have

Lemma 7.4.4. Let 7 : Y — Speck be an l.c.i. k-scheme. For f : Y — X a
projective morphism with X € Schy, we have

C o, (Y = X]) = £, (INY])).

ny,..one\L o5 T AL T S g

Proof. Note that 1y = 7*(1) by definition, and [f : ¥ — X] = fi(1y).
Thus, since ¥ is a natural transformation of oriented Borel-Moore homology
theories, we have

IE(f Y = X]) =97 (f2(75(1)))
= f*CH*[t]O:) (WEH*[t](t)(l))

=3 SO (EH(INy]) (e (1))
I

=D IS D)
I

Equating the coefficients of t7* - ... - ¢}" yields the result. O
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The same proof shows that, for l.c.i. k-schemes X and Y and a projective
morphism f:Y — X, we have

Ss e, (If 1Y — X)) = 2], (INf])) € 2:(X). (7.3)

Let P(x1,...,zq) be a degree d weighted-homogeneous polynomial with
coefficients in a commutative ring R, where we give x; degree i. Let m: X —
Spec k be a projective l.c.i. k-scheme of dimension d over k. Define P(X) € R
by

P(X) := deg(P(c™,. .., cg™)([Nx]))-

Here deg : CHo(X) ® R — R is map induced by the composition of the
push-forward 7, : CHo(X) — CHg(k) followed by the canonical isomorphism
CHg(k) = Z.

Using lemma 7.4.4, the same proof as for lemma 4.4.19 yields the following
result.

Proposition 7.4.5. Let P(x1,...,24) be a degree d weighted-homogeneous
polynomial with coefficients in a commutative ring R, with x; having degree i.
There 1s a unique homomorphism

Pg:QdHR

with Po(m.«(1x)) = P(X) for each projective l.c.i. k-scheme m: X — Speck
of dimension d over k.

7.4.4 Degree formulas for (2,

For the remainder of this section, k will be a field of characteristic zero. We can
now extend many of the results of §4.4.3 and §4.4.4 from smooth k-schemes
to l.c.i. k-schemes.

Let m : X — Speck be a projective l.c.i. k-scheme of dimension d over k.
We write [X] € £24(k) for m.(1x); this agrees with the notation we have used
for X smooth and projective over k.

For X a projective purely d dimensional k-scheme, we have the ideal M (X)
of 2, (k), defined as the ideal generated by the classes [Y] € §2.(k), for those Y
smooth and projective over k, of dimension < d, for which there is a morphism
f:Y — X over k (see §4.4.2). More generally, if X is locally equi-dimensional
over k, define M(X) as the ideal generated by the M(X;), as X; runs over
the connected components of X.

With these notations, theorem 4.4.15 generalizes to

Theorem 7.4.6. Let k be a field of characteristic zero. Let X and 'Y be re-
duced projective l.c.i. k-schemes and let f: Y — X be a morphism. Suppose
that X 1s irreducible. Then one has

[Y] = deg(f) - [X] € M(X).
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The proof is exactly the same as for theorem 4.4.15.

Remark 7.4.7. Let X be a finite type k-scheme of dimension d over k, and let
7 be an arbitrary element of 2,(X). It follows from the generalized degree
formula (theorem 4.4.7) applied to A, = 2, that £2,(X) is generated as an
£2,(k)-module by classes of the form f:Y — X € M(X), with dim;Y < d.
Thus M (X) is the ideal in 2.(k) generated by the classes [Y], where YV is
a projective lL.c.i. k-scheme of dimension < d for which there is a morphism
f:Yy—-X.

Recall from §4.4.3 the Z-valued characteristic class sq and the F,-valued
characteristic classes t4,, d = p™ — 1. By lemma 7.4.4 and proposition 7.4.5,
these characteristic classes extend uniquely to projective l.c.i. k-schemes Y by
the formulas

salY) = %degwd(cl,...,cd><[NyD>,

tar(Y) :=deg(tar(ci,...,car)([Ny])),
and these functions uniquely define homomorphisms
s (k) — Z,
tgr 2 2ar (k) — Fp,
with s4(Y) = s7([Y]) and t4,.(Y) = tfjr([Y]) for all projective l.c.i. k-schemes
Y

Noting these remarks, the proofs of theorem 4.4.23 and theorem 4.4.24
yield the following extensions of these results to l.c.i. schemes:

Theorem 7.4.8. Let f : Y — X be a morphism of reduced projective I.c.i.
k-schemes, both of dimension d, with X irreducible. Suppose that d = p™ — 1
for some prime p and some integer n > 0. Then there is a zero-cycle n on X
such that

sa(Y) — (deg f)sa(X) = deg(n).
Theorem 7.4.9. Let f : Y — X be a morphism of reduced projective l.c.i.
k-schemes, with X irreducible. Suppose both X and Y have dimension rd over
k, where r > 0 is an integer and d = p™ —1 for some prime p and some integer

n > 0. Suppose in addition that X admits a sequence of surjective morphisms
to reduced finite type k-schemes

X=Xo—» X1 —...— X,_1 — X, = Speck
such that:

1. Fach X; is in Leiy and dimg X; = d(r — 4).
2. Let n be a zero-cycle on X; Xx,., Speck(X;y1). Then p|deg(n).

Then

i+1

tar(Y) = deg(f)ta.r(X).
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Resolution of singularities

In this appendix, we make precise the statements we use from resolution of
singularities. We first recall a version of the well-known theorem of Hironaka
[13].

For a rational map f : ¥ — X of reduced k-schemes of finite type, let
Sing f denote the closed subset of Y of points at which Y is not smooth over
k, or at which f is not a morphism.

Theorem A.1. Let k be a field of characteristic zero, and let f :' Y — X be
a rational map of reduced k-schemes of finite type. Then there is a projective
birational morphism p:Y' —'Y such that

1. Y is smooth over k.

2. The induced birational map fou:Y' — X is a morphism.

3. The morphism p can be factored as a sequence of blow-ups of Y along
smooth centers lying over Sing f.

For instance, taking f = Idy : Y — Y, one has the result that there is
a sequence of blow-ups of Y along smooth centers lying over Sing Y which
resolves the singularities of Y.

Throughout this paper, we have used the phrase “k admits resolution of
singularities” to mean that, at the least, the conclusion of theorem A.1 is valid
for varieties over k. There are two additional results that we will require to
be valid when we say that k admits resolution of singularities. For a field of
characteristic zero these results may be found in [32]; we give a short proof here
for the reader’s convenience. We are indebted to D. Cutkosky for supplying
the arguments given below.

Theorem A.2. Let X be a smooth quasi-projective variety over a field k of
characteristic zero, let D be a strict normal crossing divisor on X, and let S
be a reduced and irreducible codimension one subscheme of X. Let V be an
open subset of X containing each generic point of |D+S| such that VN (D+.S)
s a strict normal crossing divisor on V. Then there is a sequence of blow-ups
of smooth centers lying over X \'V,



234 A Resolution of singularities
X =X,—-.. -Xo=X

such that, letting E; be the exceptional divisor of X; — X, and D;, S; the
proper transforms of D, S to X;:

(1) E; + D; is a strict normal crossing divisor for all j,

(2) E. + D, + S, is a strict normal crossing divisor on X'.

Proof. This is a special case of [13, Theorem Iév’", pg. 170], where, in the
notation of that result, we take N = dim; X, n =N — 1, and (%?’Nﬁl, U) is
the resolution datum ((|D[; X;5), V). O

Corollary A.3. Let X be a quasi-projective variety over a field k of charac-
teristic zero, and let D and D' be effective divisors on X, with D' a strict
normal crossing divisor on X. Let U be a smooth open subscheme of X, con-
taining each generic point of |D + D'|, such that (D + D')NU is a strict
normal crossing divisor on U.

(1) There is a sequence of blow-ups of smooth centers lying over X \ U
X, —...—»Xo=X

such that, letting E be the exceptional divisor of p: X, — X and D,, D.. the
proper transform of D to X,., E+ D, + D.., is a strict normal crossing divisor
on X,.

(2) If X is smooth, we may take U such that X \ U C |D + D’|. In this
case, E is supported in u*(D+ D'), and we may take the sequence of blow-ups
so that, letting E; be the exceptional divisor of X; — X and D} the proper
transform of D' to X;, Ej + D; is a strict normal crossing divisor on X; for
all j.

Proof. We note that |D’| is contained in the smooth locus of X. By resolving
the singularities of X via a sequence of blow-ups of smooth centers lying over
Xging [13, Main Theorem I*, pg.132], and taking the proper transforms of
D and D', we reduce to the case of a smooth X. We may assume that D is
reduced; write D = 7" | D" with the D’ irreducible. We proceed by induction
on m.

Let D* = ZZ’;l D?. Assuming the result for m — 1, we have a sequence of
blow-ups as above such that E, + D} + D! is a strict normal crossing divisor,
and Ej; + Dj is a strict normal crossing divisor for all j. Replacing X with X,
D with the proper transform of D™, and D" with E, + D} + D,., we reduce

to the case m = 1, which is theorem A.2. a

We conclude with the statement of the result on weak factorization that
we will need.
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Conjecture A.4 (Weak factorization). Let i : Y — Y be a projective bi-
rational morphism in Smy. Then there is a commutative diagram of projective
Y -schemes, with each Y' € Smy,,

NN

Yn 1 Yn+1 Y

“w

such that each slanted arrow is the blow-up of the base along a smooth (over
k) subscheme.

This weak factorization conjecture is consequence of the main result of [2]
or [37] in case k has characteristic zero; in case the conjecture is true for a
given field k, we will say that k admits weak factorization.



References

10.

11.

12.

13.

14.

15.

16.

Séminaire Chevalley: Classification de groupes de Lie, t. 1, (1956-1958)
Abramovich, D., Karu, K. ; Matsuki, K., Wlodarczyk, J.: Torification and fac-
torization of birational maps. J. Amer. Math. Soc. 15 no. 3, 531-572 (2002)
Adams, J.F.: Stable homotopy and generalised homology. Chicago Lectures in
Mathematics. University of Chicago Press, Chicago-London, 1974.

Borghesi, S.: Algebraic Morava K-theories and the higher degree formula.
Preprint. http://www.math.uiuc.edu/K-theory/0412/ (2000)

Conner, P.E.; Floyd, E.E.: The relation of cobordism to K-theories. Lecture
Notes in Mathematics, 28 Springer-Verlag, Berlin-New York (1966)

de Jong, A.J.: Smoothness, semi-stability and alterations. Publ. Math. Inst.
Hautes Etudes Sci., 83 (1996)

Douady, A., Verdier, J.-L.: Séminaire de géométrie analytique.

Eagon, J., Hochster, M.: Cohen-Macaulay rings, invariant theory and the generic
perfection of determinantal loci, Amer.J.Math. 93, 1020-1058 (1971)

Fulton, W.: Intersection theory. Ergebnisse der Mathematik und ihrer Grenz-
gebiete, (3) 2, Springer-Verlag, Berlin-New York, (1984)

Fulton, W.: Rational equivalence on singular varieties. Publ. Math. Inst. Hautes
Etudes Sci., 45, 147-167 (1975)

Grothendieck, A.: La théorie des classes de Chern, Bull. Soc. Math. France, 86,
137-154 (1958)

Hartshorne, R.: Algebraic Geometry. Graduate Texts in Math., 52, Springer-
Verlag, Berlin-New York, 1977.

Hironaka, H.: Resolution of singularities of an algebraic variety over a field of
characteristic zero. I, II. Ann. of Math., (2) 79, 109-203 (1964) ; ibid. (2) 79,
205-326 (1964)

Jouanolou, J.-P.: Une suite exacte de Mayer-Vietoris en K-théorie algébrique.
In: Algebraic K-theory, I: Higher K-theories (Proc. Conf., Battelle Memorial
Inst., Seattle, Wash., 1972). 293-316. Lecture Notes in Math., 341, Springer,
Berlin (1973)

Kleiman, S.: The transversality of a general translate. Comp. Math., 28 fasc. 3,
287-297 (1974)

Lazard, M.: Sur les groupes de Lie formels & un parametre. Bull. Soc. Math.
France, 83, 251-274 (1955)



238

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

References

Levine, M.: Fundamental classes in algebraic cobordism. K-Theory, 30 (2), 129—
135 (2003)

Levine, M., Morel, F.: Algebraic Cobordism I. Preprint. http://www.math.uiuc.
edu/K-theory/0547/ (2002)

Levine, M.: Algebraic Cobordism II. Preprint. http://www.math.uiuc.edu/K-
theory/0577/ (2002)

Levine, M., Morel, F.: Cobordisme algébrique I. C.R. Acad. Sci. Paris, 332 Série
I, 723-728 (2001)

Levine, M., Morel, F.: Cobordisme algébrique II. C.R. Acad. Sci. Paris, 332
Série I, 815-820 (2001)

Milnor, J.: On the cobordism ring 2 and a complex analogue. I. Amer. J.
Math., 82, 505-521 (1960)

Merkurjev, A.: Steenrod operations and degree formulas. J. Reine Angew.
Math., 565, 13-26 (2003)

Merkurjev, A.: Algebraic oriented cohomology theories. In: Algebraic number
theory and algebraic geometry, 171-193, Contemp. Math., 300, Amer. Math.
Soc., Providence, RI (2002)

Murthy, P.: Zero cycles and projective modules. Ann. of Math., (2) 140, 405-434
(1994)

Novikov, S.: Algebraic topological methods from the point of view of cobordism
theory, Izv. Akad. Nausk SSSR, 31, 855-951 (1967) [Math. USSR-Izv., 1, 827—
913 (1967)]

Panin, I.: Oriented cohomology theories of algebraic varieties. Special issue in
honor of Hyman Bass on his seventieth birthday. Part III. K-Theory, 30 no. 3,
265-314 (2003)

Panin, I.: Riemann-Roch theorems for oriented cohomology. In: Axiomatic, en-
riched and motivic homotopy theory, 261-333, NATO Sci. Ser. IT Math. Phys.
Chem., 131, Kluwer Acad. Publ., Dordrecht (2004)

Quillen, D.G.: On the formal group laws of unoriented and complex cobordism
theory. Bull. Amer. Math. Soc., 75, 1293-1298 (1969)

Quillen, D.G.: Elementary proofs of some results of cobordism theory using
Steenrod operations. Advances in Math., 7, 29-56 (1971)

Ravenel, D.C.: Complex cobordism and stable homotopy groups of spheres. Pure
and Applied Mathematics, 121, Academic Press, Inc. (1986)

Szabé, E.: Divisorial log terminal singularities. J. Math. Sci. Univ. Tokyo, 1 no.
3, 631-639 (1994)

Thom, R.: Quelques propriétés globales des variétés différentiables. Comment.
Math. Helv., 28, 17-86 (1954)

Totaro, B.: The Chow ring of a classifying space. In: Algebraic K-theory (Seat-
tle, WA, 1997), 249-281, Proc. Sympos. Pure Math., 67, Amer. Math. Soc.,
Providence, RI (1999)

Voevodsky, V.: Motivic cohomology with Z/2-coefficients. Publ. Math. Inst.
Hautes Etudes Sci., 98, 59-104 (2003)

Voevodsky, V.: Al-homotopy theory. Proceedings of the International Congress
of Mathematicians, Vol. I (Berlin, 1998). Doc. Math., Extra Vol. I, 579-604
(1998)

Wlodarczyk, J.: Toroidal varieties and the weak factorization theorem, Invent.
Math., 154 no. 2, 223-331 (2003)



Index

additive functor 2,17
admissible subcategory 1
l.c.i. closed 142
algebraic cobordism VII, 7
and K° 6,140,216
and complex cobordism 8,13
and MGL 14
and the Chow ring 12,136, 139, 140,
216
and the Lazard ring 7,118,119
as oriented Borel-Moore homology
theory 215,221
as oriented cohomology theory 215,
221
computations in low degree 139, 140
definition 38
degree formula 11,129, 134, 230, 231
generalized degree formula 10, 129,
216, 217, 230
higher degree formula 134,231
homotopy property 76
extended 81
in degree 0 47
localization property 7,63
made additive 103, 136,216
made multiplicative 115,216
birational invariance 121
projective bundle formula 79
refined 160, 165
topological filtration 139
universality 7,39, 92,215, 222
algebraic pre-cobordism 37
axiom

(BM1) 144
(BM2) 144
(BM3) 144

(CD) 145,156
(CD') 145

(Dim) 26, 33, 36, 91
(EH) 2,84,91,145
(FGL) 27,91
(Loc) 84,91,94
(Nilp) 27,91

(PB)  2,84,91, 144
(Sect) 26,29, 37
(Triv) 84

(Loc’) 85

blow-up formula 43,109

cellular decomposition property 145
Chern character 6
Chern character operator 110
Chern class operator 19,22, 35,
225-227
for vector bundles 93
refined 164
Whitney product formula 95
Chern classes 3,83
and Chern class operators 94
in an oriented cohomology theory
94
Chow groups
and algebraic cobordism 216
as oriented Borel-Moore functor 27
as oriented Borel-Moore homology
theory 145



240 Index

formal group law 27
universal property 216
Chow ring
and algebraic cobordism
139, 216
as oriented cohomology 5
universal property 6,136,216
cobordism cycle 20
Chern class operator 22
external product 23
pull-back 22
push-forward 21
complex cobordism VII, 7-9, 12, 117
Conner-Floyd
Chern class endomorphism 99,
225-227
theorem 6,12, 14, 115,216

12, 136,

deformation diagram 56, 193, 205, 219,

221, 222
extended 202
deformation to the normal bundle 41,
168
deformation to the normal cone 56
degree formula 11,122

for algebraic cobordism 129, 134,
230, 231
generalized 125,127-129, 216, 217

degree homomorphism 9,124

distinguished lifting 184, 185
of divisor classes 188
uniqueness 187

divisor class 53, 58,218
refined 164, 167

elementary cobordism 38
excess intersection formula 209, 211
extended homotopy property 3,85
as axiom 85,91, 145
in algebraic cobordism 81
external product 144

face 53
formal group law 4,26, 44
additive 5,92

geometric construction 87
logarithm 103

multiplicative 5,92

of an oriented Borel-Moore functor of
geometric type 26
of an oriented theory 4

of CH, 27
of Go 28
of K 5

of the Chow ring 5
periodic 92
universal VII
Fulton, William VIII, X, 5, 28,41, 73,
111, 113, 145, 159, 160, 201, 207,
209, 210
fundamental class 146

Go
as oriented Borel-Moore functor 27
as oriented Borel-Moore homology
theory 145
formal group law 28
general position 162,165
with respect to D 162
general position with respect to D|D’
165
generalized degree formula
216
for algebraic cobordism 230
geometric cobordism 29
good position 162,165
with respect to D 162
with respect to D|D’ 165
Grothendieck, Alexander VIII, 3,77,
83,93
Grothendieck-Riemann-Roch theorem
6,115
Gysin morphism 194
functoriality 197
properties 194-197
refined 202, 203
functoriality 205

10, 125,

higher degree formula 134,231
Hironaka, Heisuki X, 119,184,233
homotopy property

as axiom 145

in algebraic cobordism 76, 81
intersection homomorphism 170, 172
commutativity 182
moving lemma 184



refined 170
inverse Todd class operator
99, 227

97,227

universal

KO
as oriented cohomology 5
and algebraic cobordism 6, 115, 140,
216
formal group law 5
universal property 6,114,115

l.c.i. closed admissible subcategory
142
l.c.i. morphism 141
pull-back for 198-200
l.c.i. scheme 143
Landweber-Novikov operations
130, 229
Lazard ring VII, 4
and algebraic cobordism 7,118,119
grading b5
localization
property 125
theorem 63

102,

MacPherson, Robert 41
Milnor hypersurface 44
relation with a formal group law 44,
45
moving lemma 190

naive cobordism 38
normal cone 201

operational structure of an oriented
theory 148
oriented Borel-Moore functor 18
and oriented cohomological functors
26
detected by smooth schemes 19
generated by smooth schemes 19
of geometric type 26,91
birational invariance 110
examples 27
quotient 25
with product 23
universal 24
oriented Borel-Moore homology theory
143

Index 241

and oriented Borel-Moore weak
homology theories 153
and oriented cohomology theories
149
examples 145
operational structure 148
twisting 227-228
oriented Borel-Moore weak homology
theory IX,91
associated to an oriented Borel-Moore
homology theory 153
associated to an oriented cohomology
theory 155
generically constant 123
twisting 99
oriented Borel-Moore R-functor 24
oriented cohomological functor 26
and oriented Borel-Moore functors
26
with product 26
oriented cohomology theory VII, 2,92
and oriented Borel-Moore homology
theories 149
and oriented weak cohomology
theories 152
multiplicative 6
ordinary 6,7

periodic 6
oriented weak cohomology theory IX,
92
associated to an oriented cohomology
theory 152

projective bundle X
projective bundle formula
as axiom 84,85,91,144
pseudo-divisor 160
defining equation 160
pull-back 192
support 160
pull-back
for pseudo-divisors 192
Lci. 198-200
refined 201, 207
commutativity 211
excess intersection formula 209,
211
properties 208

3,79,85
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Quillen’s theorem VII
Quillen, Daniel VII, VIII, 2, 3, 7-9, 13,
14, 20, 83, 99, 102, 117

refined algebraic cobordism

refined intersection 201, 212

refined pull-back 201, 207
commutativity 211

160, 165

excess intersection formula 209, 211
properties 208

regular embedding 141

relative dimension 1

resolution of singularities IX, X, 12,

40, 51, 60, 63, 76, 79, 81, 83, 116,
119-121, 167, 169, 201, 215, 217,
229, 233-234

Rost’s degree formula 134

Rost, Markus VIII, 83, 122,129, 131

splitting principle 85

standard cycle 24

strict normal crossing divisor 53
class in A* 218

cobordism class 53, 58
refined 164, 167
face 53

tangent bundle

of a smooth morphism 100
virtual 101, 228
Todd class operator 100

inverse 97

universal 99
Tor-independent morphism 1
transversality theorem 66
transverse morphism 1
twisting construction 99

examples 101-103

first form 99
Grothendieck-Riemann-Roch 115
Landweber-Novikov operations 102
second form 101

unoriented cobordism 13

very good position 162,165
with respect to D 162
with respect to D|D’ 165
virtual normal bundle 100, 101

weak factorization 12,40, 74, 83, 116,
119-121, 234-235
Whitney product formula 3,95
zigzag diagram 194
extended 203



Glossary of Notation

Schgs: separated schemes of finite type

over S IX
Smg: smooth quasi-projective schemes
over § IX

mx: structure morphism IX

Ox: structure sheaf IX

Ox: trivial line bundle IX

Ox (D): invertible sheaf determined by
a divisor D IX

Ox (D): line bundle associated to
Ox(D) IX

Ox (E): sheaf of sections of a vector
bundle £ IX

P(E): projective space bundle X

% trivial rank n bundle X
vn: tautological quotient line bundle on

P X
dimg(Z, z): dimension of Z over S at
zeZ 1

R™: category of commutative, graded
rings with unit 2

L: Lazard ring 4

FL: universal formal group law 4

L2

CH*: Chow ring 5

K°(X): Grothendieck group of locally
free coherent sheaves on X 5

K°(X)[3,87] 5

2" algebraic cobordism 7

M(X) 10

Ng: Newton polynomial 10

Sa(X): Segre class 11

Sd(X) 11

V': subcategory of projective morphisms

inyV 17
Ab.: category of graded abelian groups
17

¢1: first Chern class operator 18

ABM 19

M(X) 19

ME(X) 19

Z,(X): cobordism cycles on X 21

[f:Y — X,Li,...,L,]: class of a
cobordism cycle 21

A. 24

[f:Y — X, Li,...,L;]a: standard
cycle 24

H,/R.: quotient Borel-Moore functor
25

(R+): oriented Borel-Moore sub-functor
generated by R. 25

Go[ﬂ:ﬁ_l} 28
[F(L1,...,L,)] 36
Z, 36

RDim 36

REect 37

{2, : algebraic pre-cobordism 37

RECGL 38

{2, algebraic cobordism 38

Ya 39

Hyp, mm: Milnor hypersurface 44

Fnlenm 592

[[J]] 52

F;Ll ,,,,, Nom 52

FEr: face of a strict normal crossing
divisor E 53
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|E|: support of a divisor E 53

[E — |E]]: cobordism class of a strict
normal crossing divisor £ 53

(W x0) 56
(T xP') 56
nF 77

¢;: Chern class operator 93

ﬁ:lz inverse Todd class operator 97

¢r: Conner-Floyd Chern class operator
99

A{7): twisted theory (first form) 100

Ty: tangent bundle of a smooth f 100

Ny: virtual normal bundle 100

(T) : twisted first Chern class operator

100

Td,: Todd class operator 100

T: virtual tangent bundle 101

A% twisted theory (second form) 101

0%4: algebraic cobordism made additive
103

Lcis: category of local complete
intersection schemes over S 143

[f:Y — X]a 146

|D|: support of a pseudo-divisor D 160

M(X)p 161
MT(X)p 161
Z.(X)p 161

(RP™\(X)p 161

Z.(X)p 161
(R (X)p 163
2.(X)p 163
(L.RECEV(X)p 163
2.(X)p 163

[F(L1,...,Ly)]p 164

[E — |E||p: refined divisor class 164

M(X)pjpr 165

Z.(X)ppr 166

(RP™(X)pipr 166

Z.(X)pipr 166

2,.(X)ppr 166

(RS“’S)(X)D‘D/ 166

2.(X)ppr 166

(L.RECEY(X)ppr 166

[E — |E|]p|p: refined divisor class
167

D(—): intersection homomorphism for a
pseudo-divisor D 170

D(—)p: refined intersection homomor-
phism 170

CwY:normal cone of W inY 201

i!i/: refined Gysin morphism 203

i': refined Gysin morphism 203

fjs: refined pull-back 208

f*: refined pull-back 208

[E — |E|]a: divisor class in A*(|E|)
218
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